
Nuclear Fusion 
and Plasma Physics

Lecture 7 

Ambrogio Fasoli
Swiss Plasma Center

Ecole Polytechnique Fédérale de Lausanne



Tokamak and stellarator

A.Fasoli | Accademia dei Lincei | 
October 2024 2

Tokamak Stellarator

Need helical field lines to 
confine particle orbits



The Tokamak



Why a vertical field in a tokamak ? reminder



Main features of Tokamaks

Axi-symmetric torus, large toroidal magnetic field, small 

poloidal magnetic field, large pressure

Four main features/components

Toroidal field coils

main confinement field

‘Ohmic’ transformer

current for equilibrium, heating

Vertical field system

toroidal force balance, contrasts hoop force

Shaping coils

to improve MHD stability and alleviate plasma-wall interactions



Plasma equilibrium jB = p

Nested magnetic surfaces on 

which p is constant and current lies



Plasma equilibrium jB = p

Nested magnetic surfaces on 

which p is constant and current lies

Ex. of TCV plasma evolution

q=10

q=2



Plasma equilibrium jB = p

Nested magnetic surfaces on 

which p is constant and current lies

Tokamak equilibrium characterised by

Safety factor q  = toroidal turns / poloidal 

turns (pitch of field lines)

Normalised pressure b = nT/(B2/2m0)
q=10

q=2



Plasma stability 

Stability

Destabilising: gradients of current and pressure

Stabilising: B-field line bending and compression

Instabilities

Ideal (h=0): fast, no change in B-field topology

Resistive (h0): slower, possibility of feedback control, 

change in B-field topology (magnetic islands)



MHD stability imposes limits on 
optimisation of fusion parameters

Current limit
Limits energy confinement time

tE  1/q~Ip for fixed B-field

Can be improved by shaping the plasma

Limit in normalised pressure b  nT/B2

Limits fusion power for given B (cost!)
Pfus  b2 B4

Can be improved by shaping the plasma

Density limit
Limits fusion power

Pfus  n2sv

Can be improved by peaked radial profiles



Ideal plasma stability

Ideal limit in b and current 

is generally understood

The need to optimise 

fusion power (Pfus  b2 ) 

pushes operation close to 

limits

bN=b/(I/aB)=3.5 

b

[%]

Violation of linear stability results in 

rapid loss of plasma: disruptions

Toroidal E-field can lead to runaway electrons, damaging wall

Plasma currents intercepted by conducting surfaces and fast 

variation of flux lead to large thermal loads and e.m. forces



Tokamak physics challenges

Large power density and gradients (10MW/m3), 

anisotropy, no thermal equilibrium

Macro-instabilities and relaxation processes

solar flares, substorms

Dual fluid/particle nature

Wave-particle interaction (resonant, nonlinear)

coronal heating

Turbulent medium

Non-collisional transport and losses 

accretion disks

Plasma-neutral transition, wall interaction

plasma manufacturing

Huge range in temporal (10-10
→105 s) and spatial scales (10-6

→104 m)

http://antwrp.gsfc.nasa.gov/apod/image/0009/coronaloop_trace_big.jpg


The Tokamak à Configuration Variable (TCV)

See C. Theiler et al 2026 Nucl. Fusion 66 116007

Major and minor radii 0.88 / 0.25 m

First wall material Carbon (graphite)

Max magnetic field 1.54 T

Max plasma current 1.0 MA

Max elongation 2.8

Triangularity -0.6 / +0.9

Pulse duration 2 s (4 s)

ECH power 2.4 MW – X2
+1.9 MW – X3

NBI power 2.5 MW

Main species D, H, He



TCV has exceptional plasma-shaping flexibility

16 independently controlled 
poloidal-field coils enable a wide 
range of plasma shapes and 
magnetic configurations



TCV has flexible ECRH and NBI capabilities
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Neutral Beam Injection (NBI)

▪ NBI1: 28 keV, up to 1. 3 MW [1]

▪ NBI2: 55 keV, up to 1.3 MW

▪ Diagnostic beam: 50 keV H, 70 kW

TCV Top View

Electron Cyclotron Resonance Heating (ECRH)

▪ X2: Three real-time steerable launchers,

up to 2.5 MW        

▪ X3: Two launchers, up to 1.9 MW

TRANSP 
Fast-ion Distro.

Courtesy of Anton Van Huuren



Idea and potential advantages of stellarators

A twist in the B-field lines can be generated without a plasma current
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Mattherhorn Project (1950‘s)

One can either twist the torus itself 
out of the plane….

….or produce corkscrew-shaped 
magnetic surfaces using external coils

Stellarators can operate continuously and are not subject to 
disruptive instabilities (no plasma current!)

Courtesy of Joaquim Loizu



Challenges for stellarators

Very precise complex structure of B-field is needed to guarantee the 
existence of magnetic surfaces (and not only chaotic field lines)

Magnetic surfaces are fragile when the field twist is a rational number n/m: if a 
perturbation 𝛿𝐁~cos 𝑚𝜃 − 𝑛𝜑 is added to the symmetric magnetic field, the 
fragile surfaces generate ‘islands’, and eventually chaos

17

𝜃

several
perturbations

magnetic
surfaces

large 
perturbation

perturbation
m=6, n=1

Courtesy of Joaquim Loizu



Optimisation guarantees magnetic surfaces
in vacuum

magnetic surfaces

everywhere!

Courtesy of Joaquim Loizu



But beyond a certain value, plasma pressure 
destroys magnetic surfaces 

limite 

de pression

volume of chaotic 

region

plasma pressure

Courtesy of Joaquim Loizu



The level of chaos can be controlled at high 
plasma pressure by optimising the coils

2024 Simons Collaboration on Hidden Symmetries and Fusion Energy Annual Meeting, New York
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Abstract

We present the first single-stage optimization of islands in a finite beta stellarator equilibrium

and a method to reduce the cost of such optimizations by reducing the dimensionality of the

optimisation space.

Introduction

I Magnetic islands play an important part

instellarator performance, whether intentional

(W7X island divertor) or unintentional (W7-AS).

I Stochastisation by increasing plasma β leads

to stellarator equilibrium β limits as shown by

Baillod et al. [1].

I Islands are very sensitive to small changes in

coils [2].

I Single-stage optimization directly optimizes the

coils, and evaluates the equilibrium generated

by these coils directly, bypassing errors

induced by the second-stage.

I Optimization of islands with si msopt has

been demonstrated coupled with VMEC [3] and

in free-boundary mode (without coils) [1].

I We take as starting point a rotating ellipse with

five field periods in which pressure has been

increased to β = 1.5%, until large islands are

formed.

7/ 5
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Figure 1: Rotating Ellipse Equilibrium with islands and stochasticity.

I The free-boundary Spec equilibrum has 7 stepped pressure interfaces (teal) and 1 vacuum

volume between the computational boundary (black) and the plasma boundary (red) and is

run with resolution Mpol = 6, Nt or = 6

An Opt i mi zabl e Coi l Set coupled to a Spec equilibrium

{ (Bc ·n)mn}

{ x{ c/ s} ,n} ,

{ y{ c/ s} ,n} ,

{ z{ c/ s} ,n}

Figure 2: DAG showing the degree of freedom

inheritance in the optimisation problem.

Figure 3: Initial coils producing the equilibrium in

fig. 1 and the normal field it produces on the

computational boundary.

I Coils are represented as Cur veXYZFour i er by three

coupled fourier series:

x(⌧) =
X

n

xc,n cos(n⌧) + xs,n sin(n⌧)

y (⌧) =
X

n

yc,n cos(n⌧) + ys,n sin(n⌧)

z(⌧) =
X

n

zc,n cos(n⌧) + zs,n sin(n⌧)

(1)

though any other representation can be used.

I five unique coils are copied through stellarator symmetry

and field periodicity, to generate a 50 coil coilset.

I The field produced by the coils is evaluated on the

computational boundary of the SPEC equilibrium, and a

free-boundary equilibrium is calculated from this.

I A Coi l Nor mal Fi el d replaces the Nor mal Fi el d, and

inherits its degrees of freedom (DoFs) from the individual

Coi l objects. The Directed Acyclical Graph (DAG) of the

optimization problem is shown in fig 2.

I The number of DoFs of the optimization problem increases

significantly when moving to coils: the normal field on the

boundary { (B ·n)mn} (Mpol = 6, Nt or = 6) is represented

by 85 DoFs, whereas five sixth-order coils require 195

DoFs.

I A set of starting coils is optimized to generate the

equilibrium in fig. 1.

Issues with brute-force single stage

In the most naive implementation of single-stage optimization, the

optimizer often tries unfeasible coil configurations such as pictured

right. Such configurations are slow to converge (if at all), and can

lead to crashes of the solver in SPEC.

The issues are caused by:

I Rank-deficiency of the optimization problem: The equilbrium is uniquely described by the

85 DoFs of { (B ·n)mn} , but the optimizer has many more. Combinations of the coil DoFs that

linearly cancel and leave { (B ·n)mn} unchanged are free for the optimizer to take.

I increased nonlinearity: Changes to the normal field on the boundary directly affect the

equilibrium, but the change to a single fourier mode of one coil has a much more nonlinear

effect on the equilibrium.

These issues can be mitigated by setting a small trustregion that decreases with higher order

coil modes, and including targets on coil length AND coil complexity in the optimisation.

These targets must be set to a different value than starting, to enforce a reasonable step to the

optimizer.

Optimum achieved!

I All degrees of freedom of the coils are varied to evaluate 195 different SPEC equilibria for the

finite-difference scheme.

I The optimizer finds an improved equilibrium with the islands nearly completely removed.

I The Greene’s residue is reduced by one order of magnitude for all of the island chains.

I Brute-force single-stage optimization is possible, but there is room for improvement.

Figure 4: Optimized equilibrium with islands mostly removed.

Figure 5: Coils for the optimized equilibrium (black) and the

original equilibrium (white). The computational boundary inside is

colored by the magnitude of B ·n

Dimensionality reduction of the optimization space

I The coils, described by n = 195 DoFs map onto the m = 85 fourier components describing

the normal field on the SPEC computational boundary. This mapping can be linearized:

f : Rm ! Rn ⇡ f (x0) + Mδx (2)

with M the jacobian of the mapping defined by:

Mij =
@xNormalFieldj

@xcoil i

(3)

I Singular Value Decomposition (SVD) on M yields an orthogonal basis for "coil space"

(rows of V⇤, combinations of coil DoFs) and an orthogonal basis of "normal-field-space"

(columns of U, combinations of normal-field fourier components) ranked by their singular

value.

I The null-space of our problem are the right-singular vectors with zero singular value.

Reduced optimisation gives better optima

Coi l Set is replaced with a ReducedCoi l Set whose DoFs are the non-zero right-singular

vectors of eq. (3) (linear combinations of the Fourier components of the coils).

The complexity of the optimization is now identical to directly optimizing the normal field, the

optimization is more robust, and the achieved optimum is better.

Figure 6: Equilibrium opbtained through optimization in reduced dimensional space.

Conclusions & Outlooks

I First single-stage optimization of islands in finite-beta stellarator equilbiria.

I Optimization space dimensionality reduction reduces computational complexity, improves the

optimum achieved.

I Test further dimensionality reduction by eliminating lowest singular values, skewing towards

modes most relevant for islands, mapping from coils to QFM through island chain.

I Dimensionality reduction not only useful for SPEC freeboundary optimizations, but any

direct-from-coils single-stage optimisation.
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Courtesy of Joaquim LoizuThe Polaris mini-stellarator at EPFL-SPC



W7-X stellarator in Germany



Stellarator performances are 
approaching those of tokamaks

Courtesy of Thomas Pedersen



Stellarator and tokamak R&D are going at 
full steam also in the private sector

Focus on Magnetic Fusion 

Private investments in fusion (in MEUR)

Source: Fusion for 
Energy - 2025


