
Differential Geometry II - Smooth Manifolds
Winter Term 2026/2027
Lecturer: Dimitri Wyss

Assistant: Eric Yen-Yo Chen

Exercise Sheet 2

Exercise 1 (Product manifolds):
Let M1, . . . ,Mk be smooth manifolds of dimensions n1, . . . , nk, respectively, where k ≥ 2.
Show that the product spaceM1×. . .×Mk is a smooth manifold of dimension n1+. . .+nk

by constructing a smooth manifold structure on it.

Exercise 2 (The real projective n-space):
Denote by RPn the real projective n-space, where n ≥ 1. For each i ∈ {0, . . . , n} consider
the chart (Ui, φi) for RPn described in Appendix A, where

Ui :=
{
[x0 : . . . : xn] ∈ RPn | xi ̸= 0

}
⊆ RPn

and

φi : Ui → Rn

[x0 : . . . : xn] 7→
(
x0
xi
, . . . ,

xi−1

xi
,
xi+1

xi
, . . . ,

xn
xi

)
.

Show that the collection
ARPn :=

{
(Ui, φi)

}n

i=0

is a smooth atlas for RPn.

Exercise 3 (Equivalent characterizations of smoothness):
LetM and N be smooth manifolds and let F : M → N be a map. Show that F is smooth
if and only if either of the following conditions (a), (b) is satisfied:

(a) For every p ∈M there exist smooth charts (U,φ) containing p and (V, ψ) containing
F (p) such that U ∩F−1(V ) is open inM and the composite map ψ◦F ◦φ−1 is smooth
from φ

(
U ∩ F−1(V )

)
to ψ(V ).

(b) F is continuous and there exist smooth atlases
{
(Uα, φα)

}
and

{
(Vβ, ψβ)

}
for M and

N , respectively, such that for each α and β, ψβ ◦ F ◦ φ−1
α is a smooth map from

φα

(
Uα ∩ F−1(Vβ)

)
to ψβ(Vβ).
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(c) Show that R with its standart smooth structure is diffeomorphic to R with atlas
{(R, x 7→ x3)}.

Exercise 4: Let M , N and P be smooth manifolds. Prove the following assertions:

(a) If c : M → N is a constant map, then c is smooth.

(b) The identity map IdM : M →M is smooth.

(c) If U ⊆M is an open submanifold, then the inclusion map ι : U ↪→M is smooth.

(d) If F : M → N and G : N → P are smooth maps, then the composite G ◦ F : M → P
is also smooth.
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