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Context: impact of black carbon (BC)
on global warming

Observed warming

a) Observed warming
2010-2019 relative to

Contributions to warming based on two complementary approaches

b) Aggregated contributions to
2010-2019 warming relative to

c) Contributions to 2010-2019
warming relative to 1850-1900,

1850-1900 1850-1900, assessed from assessed from radiative
°C attribution studies °C forcing studies °C
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Context be o ®

Black Carbon (BC) Aerosol Processes in the Climate System ——

« OC and BC form an important
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-t Sources of black carbon aerosol and co-emitted species Bond et al., JGR Atmos., 118: 2013
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Context

Aggregation -
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C2H4, C2H2, CO, CO2, H2, H20

It is expected that optical properties of BC
would depend on the morphology of these
aggregates, on their coating, and on the
refractive index of the corresponding
materials

It has been shown that overlapping and
necking between primary nanoparticles
forming BC aggregates could have a strong
influence on their optical properties

Taking into account, as precisely as possible,
all these ingredients in theoretical
approaches with the goal of interpreting
experimental measurements and/or
observations still remains challenging

Wang et al., Int. J. Hydrogen Energy, 46, 2021
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Context ® ‘u

Properties of BC and BC-containing particles and their connections to climate models

Properties Su s ) . Properties of . . .
; ke o other substances Key ingredients of atmospheric
. models:
B emioniie | Refractive Cross-sections of a particle,
oseeer \,_index divided by its mass
( Density , Mass scattering™® ol (MAC, MSC)
el cross-section a Hygroscopicity b
Wet particle Solubility Classically, X-sections
p »a
size I computed thanks to
7 macroscopic quantities
___________ . (refractive index, shape)
s| Dry particle | Coating \:
size < . : s thickness /

Seecsopasest We compute them from

= Atmospheric atomistic information
processes

Number of
BC particles

variables

(polarizabilites, positions)

Mass Mass e | Goal: give macroscopic
emission concentration sddad e I infos for climate models
of BC of BC material Condensation, from atomistic simulations
Oxidation
Needed to model direct forcing "_-téggr‘{ve:dl-énheagtfefngitflf?glﬁ?measurements made rarely and assumed to apply broadly
* Scatteri rties include directional tteri
‘; = cattering properties include airectional scattering Bond et a]_, JGR Atmos_’ 118’ 2013
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Outline

|.  Definitions

Il. Wave equations

Ill. Green’s “functions” and their singular part

V. General volume integral equation

V. Discrete Dipole Approximation (microphotonics)

VI. DDA at the molecular scale = DADI Model (nanophotonics)
VIl. Optical indices from molecular information (and back!)

VIII. Conclusions and perspectives
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| - Definitions

a) Maxwell equations, constitutive relations, polarization, magnetization

Microscopic Maxwell equations

g

\

X %5(77 — Fi(t))

Macroscopic Maxwell equations

div(@(F,0) = == W (BED) = ppree D)
_— ab — (B> aE -
url(é(,0) = ~ 5 (7, 1) \ curl (B, 0)) = -5 7,0
< —_
div (b(?, t)) = div (B 7 t)) _
(7> - - - ag - (i, - - 65 -
curl (B, 0)) = o ) aitid (F = R(0) + ot 3 () curl (H,0)) = Jpree 7,0 + 5 .0
Constitutive relations: |D = SOE + Pland|H = §/u0 - M P: polarization, M : magnetization
with (€(#, t)) = E (7, 1), (b(?‘ t)) B (7, 1), Rem: Different from Jackson-book-1998, §6.6
- - - =g - - - - - a_) 2 (77
(X967 — 1)) = prree(@ t) — divP(#, t) |and |(X; q;V;6(F — 17)) = Jrree (7, 1) + a—i + curl (M)

Linear susceptibilities: P(w) = eo)?e(oo)t_?)(oo) and M(w) = )?m(w)ﬁ(w)

Linear permittivity: £(w) = gy&-(w) = &, (T + )?e(oo)), linear permeability: fi(w) = poit,- (W) = Ug (T + )?m(oo))

Remark: P(t) = o fooo Xe (7)E(t — 7)d7 with integration from 0 and not —oo because of causality = Kramers-Kronig relations
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| - Definitions * oj

b) Structural units, permanent microscopic multipoles | L;Q

* Structural units = stable ensemble of charges (atoms, ions, molecules, unit cells), carrying multipoles

Permanent electric dipole moment: i = q(r, — ) for 2 opposite charges +4.

For some arbitrary structural unit composed of N charges g; located at {7;};—1 _y, the
permanent multipole moments are (with o, 3 or y=x, y or z):

Monopolé (ion) o, pouy=xyouz |

q= ,_1611'
Dipole (HF, H,0) Letupole
Ug = i=1qiri,a

QUE'I]I'LJPI:HE." (CO2) Qapy = Zi L q; E Tali iy — %riz (rabpy + TipOay + Ti,y5a,5)]
-

20 + N 3 1
1 Qap = Zi:l qi [Eri,ari,ﬁ - Erizsa,ﬁ]

Octupaole

Quadrupoie

b

izati ™) 2y = ED e > zp2n+1_ 0 0 1
Generalization: M( 7)) = N o7 = 7 9 9 1
ncizrilt.ilgl/es( o) nl =1 9ill7 ol O(Fi—7y)y  O(Fi—To)a \IFi=Toll
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| - Definitions

c) Induced dipoles : electronic polarizabilities, local field

When some set of charges is submitted to an electric field, the positive charges are
attracted in the direction of the field and the negative charges in the opposite direction.

= The barycenters of the positive and negative charges separate

—> Creation of an induced dipole

. . . —> =_)
= In the linear response approximation: (pj,qg = @E; .

General case: the polarizability & is represented by a (3 X 3) matrix

Most of the time, after averaging: isotropic (scalar) polarizability

Sl unit of a: F.m? (ou J-'C?m? ou A?s*kg),

Sl unit of a/4me, : m3 !

a/4ne, ~ volume of the system

Eo (@) Eo(w) ) .
pat,i(w) = ai(w)Eloc,i(w)

D D D D D D DD

QD DD D DD g
D DDA D D DD On each atom, the local field is:
@@@@@@@ @@@56)@@ Eioci(@) = Eoxe (@) + X1z Ejrsi ({Patjesi (@) })

QD DD SASRS
OO OO = The dipoles/fields must be computed self-consistently!

femto-st
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| - Definitions ®
d) Other types of polarization

_ E
. E=0 ,

£,
; o @ ).__ /,Q\a - 4 ."P
& ‘_b e’ed o P . ,&ﬂqﬂﬁa\a g ?é

X .o_, o ea @ 0» "f a
ONat & Q:Q o« ° /?\3 {

2

Lm % 0\3 Grain boundaries,

lonic, T~10"%t0 103 s Orientation, T-dependent, very electrode/sample

(IR-visible) effective in polar liquids interface 7~107to0 10°s
Ceric &/ Previous mechanisms have different characteristic times
A ' * At low frequencies, all mechanisms contribute

: SEN ET @ » If frequency 1, oscillations of E too fast for polarization to follow

| (Inertia (mass) of atoms > inertia of e ™)
atomic S = electronic polarization (polarizability) alone at high frequencies

(optical, UV), then ¢, = 1.

3 » » - - Absorption: energy of E redistributed over material motions and
10 10 10 L0 10 electronic excitations. Modeled by complex permittivity: € = &’ + ig"

ﬁmicrowaveLf infrared W/IS lJUV\j

Frequency in Hz = complex optical index: m =n + ik

https://en.wikipedia.org/wiki/Dielectric_spectroscopy#/media/File:Dielectric_responses.svg
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| - Definitions @

e) macroscopic multipoles

* Permanent multipole moments of the charge distribution (note integral instead of sum):

(m) — (Zm B 1)” nd 4 = =1 = d 4 4 d 4 d—>,
aﬂ ..... M( To, W) = m X | (7' =17p) (7 — 7”o)ﬁ N G TO)MP(T , w)dr
(1) (2) 3) g, .
Phound = H ViE; + HukV ViE + HUMV Vi VE; + Can also be used when p
1 2 3 f DFTL!...
Tround,i = 9( 'Ej + O AV;Ex + 05, ViV, Ej + comes from

B(#) =<Zﬁn5(f—fn)>+ﬁ. Zéna(f—fn) + (VW) zgf)a(f—fn) +
. . . - > oyo o p., dipole of structural
* Dipolar approximation: P~,p,0(r—r,)) ﬁﬁitn located at 7,

Note: Quadrupoles, octupoles, etc... are included in polarization contrarily to approach of Jackson’s book.
Easier for electromechanical terms in constitutive relations derived from a generalized enthalpy:

Dipolar order Quadrupolar order

Ex: D; = —(OW"/0E)spsye

Permittivity  Piezo Circular
anisotropy,
gyrotropy

flexoelectricity .
Qij = tinjEx + fr1ijSki
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| - Definitions ey

.....

40 dE’7

f) Sl radiometry units P ae
-4
S
From https://en.wikipedia.org/wiki/Radiometry
_ ' S| radiometry units
Quantity Symbol Sl unit ‘ Abbr. ‘ Notes
Radiant energy | Q 3joule J :energy
Radiant flux @ fwatt ‘W éradiant energy per unittime, also called radiant power
Radiant intensity | / ;watt per steradian jW-sr'1 ‘power per unit solid angle
X - ‘power per unit solid angle per unit projected source area.
Radiance (L watt per steradian per square metre ' W-sr '-m~ ‘ ‘
P persq | 'called intensity in some other fields of study.
| 5 ipower incident on a surface.
‘ Irradiance E I ‘watt per square metre 'W-m™ ‘ . 4
i REFAGNE 'sometimes confusingly called "intensity”.
Radiant exitance / | ‘ ‘ -2 4
: . ‘ ‘watt per square metre W-m ‘power emitted frem a surface.
Radiant emittance ‘
Radiosity ‘Jordy wattpersquare metre W-m™2 ‘emitted plus reflected power leaving a surface
| \watt per steradian per metre® B |
L lor Weteem ‘commonly measured in W-sr'-m~>-nm™"
Spectral radiance |or | . bl
‘ ‘watt per steradian per square ‘ D Tt
[ Ly 1 W-sr '-m “-Hz
‘metre per heriz
Ex ‘watt per metre> w-m™2 :commonly measured in W-m ™ 2-nm™"
Spectral irradiance | or or or
'E, ‘watt per square metre per hertz wW-m2-Hz!

|

Intensité

énergétique
Luminance
énergetique

éclairement
énergétique

exitance

'.é{nto'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026
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| - Definitions @

g) cross-sections (i)

Scattering of a plane wave

Nb of photons do
scattered indQper . dNgz = ¢p(x)dQ (dﬂ)

unit time

sca

Scattering differential cross-section
¢ (x) = Incident flux of photons per area unit (Irradiance on the scattering object)

— Total scattering cross-section : (unit: 1 barn = 10728 m2)

Zn
Ogcq = jj ( ) de sin 6 d6

Absorption of a plane wave Nb of absorbing entities in

Nb of photons absorbedin . —— dNg = ¢(x)ogdN (dx) Sdx = pgrSdx

Sdz per time unit .— Absorption cross-section

dp(x) = p(x + dx) — dp(x) = =dNy/S = —d(X)0qpgrdx

* Beer-Lambert(-Bouguer) law: ®,(p - x) = CIDA(O)eXp(—(aA/p) - (p - x))

* a,/p: Mass Absorption Cross-section of the material for wavelength A (in cm? / g) = MAC,

émm'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026 13

MU BENSCIENCES &
TECHNOLOGIES



Outline
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Il — Wave equations i :

a) Scalar and vector wave equations for the electric field

. Recall Maxwell equations: div (5(?, t)) = prree(P 1) (MG), m’(m t)) =-22(7,t) (MF),
div (B(#,t)) = 0 (MGM) and curl (H(#,£)) = jree (7, £) + 5= D(7, £) (MA)

+ Using B = u,[H + M] in curl(MF), then Vx V x E = V(V - E) — AE and D = &yE + P in (MG) and
finally (MA), we get the scalar wave equation:

1\ 0% d
AE (7% t) +< ) E(#¢t) = Ho 5 Jiot (75 1) +grad(

62 €o

Prot (7 t))

Wlth j)tOt - jfree + aﬁ/at + I‘_Ot)(]VI)) and ptOt - pfree - d|V(ﬁ)
«  For monochromatic waves, with exp(—iwt) convention, in a linear medium such that D = ,&,.E
and B = ,uoﬁrﬁ, curl((&1,)~! MF) then (MA) = vector wave equation for E(# w) :

2
curl l(ﬁr)‘l(ﬁ- w)curl (E(F; a)))] — <(2)—2> E.(7; 0 E [ w) = iwho free (T W)

- For a magnetically homogeneous scatterer verifying the local form of Ohm’s law j¢,..e = GE, we
can define an effective permittivity £, .;+(7; w) = &.(7; w) + i d(7; w)/(wep). Then, in a linear,
homogeneous, isotropic Background, we have:

2 2
VxVx (,w)—< )m(w) erp (W)E( w)-(%) [ (@) & (s @) = ttr,p (@) &r,p(@)]EF; )

émm'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026 15
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Il — Wave equations

b) Panorama of solvers

Mie (1908)
GMM: Generalized

Multiparticle Mie

Generalized
Lorenz-Mie Gaussian beams

o _ GLMT
Original T-matrix

Differential
equation

ion solvers

Finite Element
Methods

Boundary Element

Integral equation volume'integral
& G Equation

Superposition Surface Integral
T-matrix Equation
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Il — Wave equations

c) “Exact” solutions

* Mie Scattering (1908) and GLMT

« Expansion of the solution on a basis of
spherical vector wave function

+ Initially scattering of a plane wave by an

homogeneous sphere

« Exact solution whatever the size of the

sphere

« Extended for stratified spheres or infinite

Efficiencies (Q)
50 w
0 [Exy)
Q(Sca) — —
Yo e
7 —tt=r B+t OfRada] = -~
- Asymm.  —--—
m= 1.420E+00
k = 2.000E-03
25 %= 1.000E+01
1.25 o
AEWE
/_-f-—; i S R G W
00 TECT S P T | 1 O] e | G| RS | SRRTees| | IR |SS— L —

1.0 19 28 37 46 55 6.4 7.3 8.2 91 100
Size Parameter

MieT ab 8.3x - Copyright 2005 by August Miller (aka W5YGR)

cylinders, or other geometries in cases riensiies | s —
where radial and angular dependence are T | N e N
separable. ) o
* The reference to test other methods (many )
different implementations available freely) 2"
 Extended for Gaussian incident beams and " Logi0(ntensit)
eccentric inclusion (G. Gouesbet et al.)
MieT ab 8.3x - Copyright 2005 by August Miller (aka WSYGR)
?PEEN'ng M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026 17
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Il — Wave equations ®

c) “Exact” solutions

. T-Matrlx (Waterman - 1965, 1971)

« Origin in an extended boundary condition method (null-field method)

* Expansion of the fields on a basis of spherical vector wave function, with a
Transition matrix connecting the expansion coefficients of the incident and
scattered waves

« can be applied to the entire scatterer as well as to separate parts of a
composite scatterer

 scattering by anisotropic, bi-isotropic or chiral objects, agglomerates, discrete
random media, layered and composite materials, clusters of homogeneous
and layered spheres, clusters of non-spherical monomers, particles with one
or several inclusions, ... (cf. 2010 paper below)

* Used in various fields including planetary atmospheres or rings, combustion
fires, biological cells or tissues,...

 Limited in the range of optical index times relative size which can be used
without instabilities in the computations

 (Can be much faster than DDA

Review by Mishchenko, Travis, Mackowski, JQSRT, 55(5):535-575 (1996) + 111(11):1700-1703 (2010)
See also https://www.giss.nasa.gov/staff/mmishchenko/t matrix database.html

https://www.researchgate.net/profile/Michael _Mishchenko
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https://www.giss.nasa.gov/staff/mmishchenko/t_matrix_database.html

Il — Wave equations ®

d) Numerical methods

. FDTD (Yee-1966)

 Finite Difference, Time Domain: direct time
integration of the Maxwell equations in a finite

domain.
= = dB AE, AEy ) 3D E Ey
. VXE=—E:>ABZ=(Ay—Ax)At c
Yee
« Useful for an arbitrary broadband incident beam / . ‘
pulse (easier to describe in the time domain) grid Ex F
BUT q H.
« Requires gridding of whole region of space, not g
only the scatterer. Far-field extensions are )\ '
available for FDTD, but require some amount of 4 Y H, ‘

post-processing

» Dispersion not so easy (and fast) to take into
account, but possible

Cf. https://en.wikipedia.org/wiki/Finite-difference_time-domain_method

émm'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026 19
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Il — Green’s “functions” and their singular part ®

a) Scalar wave equation and its corresponding Green’s generalized function

For monochromatic waves, with exp(—iwt) convention, the scalar wave equation is:
2

I > W\ z > L —— [ Ptot
AEmacro(T; w) + <?> Emacro(7; ) = —lwpgjtor + grad < go >
0

With Jior = Jiree 7 ©) — iwP (T w) + rot(M(7 w)) and pgor = Prree(T w) — div[P(#, w)]

Define corresponding Green’s (generalized) function (solution of
AGvac(_) ' w) + (wz/cz)Gvac(_) rw) =60 —7")
for the appropriate vacuum boundary conditions, which force us to keep only the outgoing

(retarded) spherical wave):
exp (i (%) |7 — F’l)

At|7 — 7|

Gpoc (P, 7 # 75 0) = —

Following Yaghjian-PIEEE-1980, we use the equation coming from the continuity of the total
charge density function V - 7, (7; ) — iwp,er (s @) = 0 to get AE (7 w) + (w?/c?)E (7 w)
— (0o Jror (F; @) + V[V + Jrop (7 )]/ (iwe,), which gives:

r Jtor (T @ VA[VAT T; W
A E(F, Cl)) _]tot( )] + ((,()2/6'2) [E( ]tOfI( ) _ [ . ]tOt( )]
LWE LWE

i | F (7 - > o VIAVIATtor (Frio 5 Fw
Hence, general solution is |[E(7; w) = lim [, G 7; w) [rnjtocFral]] jor | Jeor(iw)
§-0°Vj—Vs lweg iweg

émm'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026
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Il — Green’s “functions” and their singular part ®

b) Vector wave equations and their corresponding dyadic Green’s generalized function

In vacuum, we have

VATA(EF )] - (0/cDEF 0) = iop]frecF o)
and

VA [V A (ﬁ(?; a)))] — (2 /)HF 0) = V A free (T w)
In Yaghjian-PIEEE-1980, two dyadic tensors are introduced:
- The dyadic Green’s function for the electric field in vacuum G,, solution of:

VATA (GG 75 0)| = (@2/eDGe G 75 w) = §G = )T
- The dyadic Green’s function for the magnetic field in vacuum G,,, solution of:
VAT A (Gu. 75 0))| = (@3/cD)Gn G, 7 0) =T A (8G — 7))

Both functions must also respect the boundary (radiative) conditions corresponding to vacuum
(!...) and it can be proved that (Yaghjian-PIEEE-1980) :

N .
o kZVAVA(¢D=—0+V®V/k2)¢
G (7, 7' # 7 a))_——v/\(zm

with ¥ = (3,7 % 7 w) = e*IT= /|7 — 7

56(77, ¥ #+7w)=

émm'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026
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Il — Green’s “functions” and their singular part b %

c) Electric vector wave equation in I.h.i. medium and its corresponding Green’s generalized function

Recall that for monochromatic waves with exp(—iwt) convention, in a linear, magnetically
homogeneous medium, the vector wave equation for the electric field is:

—

2 2
VXV xEF ) - (‘f—z) tr,p (@) &, (W)E(F; ) = (‘j—z) [ () &et6(F; ) = pty,5 (@) 1,5 (W)]E G )

Let’s define 5e,B the dyadic Green’s (generalized) function of the electric vector wave equation,
in the w space, for a linear, homogeneous, isotropic Background material (such that

m? = ﬁré:'r,eff/.ur,Bgr,B )

kg = U, p&rp w?/c?|and

Ge g IS solution of:
VXV X[Geg( 7 w)| — kRGe (7, 7; @) = +8(F — 7)1

c G e 5 IS related to the solution G (7, 7' # 7, w) = — exp(sz|F — 7)) /(4r|7¥ — 7'|) of the scalar wave
equation in w space by: Gg(7,7' = #;0) = —(1+ VQ® V/kE)Ge s (7,7 # 7; )

« For the non-singular part, this leads to:

. < 1 ) e kel T <<3 — BikylF — '] — (gl — FDIGFE - 7) @ (F - f’))
(1) = = = - - - - - - =
Fer ki) Amlr —7'1°\—(1 — ikg|? = 7| = (kpl? =7 DHIF = 7|1
* In order to deal with the singular part, we define the dyadic propagator (interaction tensor):
= =7 ) = sz - —>/
Ten (7, 7'; ) (80%) 5GP, @)
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IIl — Green’s “functions” and their singular part ®

d) Imaginary part of the singularity

_ 1\ - gl | 3G - ® G- -7 =711
Tep( 7 w) = kBGep (7, 75 0) = —— | —iks P~ FI[3F - 7) @ F -7 — |F — #'I21]
, ' 47T808r'3|7' — 7| i

—k§IF =7 PP[F - ) @ F—7) = |F = 7'1]

If we integrate the imaginary part of Tz over a small spherical volume of radius §, we have:

f f f [T, 5 (7, 7 )] dF”
dr(7)

1 p dp 2T
= J (kgp) cos(kgp) f dé sin Qf dp (1-3i, @1i,) +
dmeper g Jy

1 1) Zd 2T
J pp ) 2p sm(kBp)J dae smej dop(1-14, @ 4,)

Ameper g Jy

1 6p2d 2T
_ f pE sm(kBp)J de smHJ do (1 — 3uU, ®ur)

477.'8087«’3 0

Since f: dO sin 6 fozn do (U, @ U,) = (4n/3)1 so that fon do sianozndq) (1-34,®u,)=0 and f: do sianozn do (11, ®iy,)
= (8m/3)1, we have:

B kgs
1 xj x sin x dx
0

jff Im[T. 5 (7, 7; w)] d7' = ! jgpzd (kgp) (81/3)T =
dT(F)m e, T W r =i PE 2 sin gpP) (BT

&0&rp Jo 3€0&r,B

2 =
= 1 X [sin(kgd) — kgd cos(kgd)]
3€0&r,B

Now let us note that # —» 7' means § — 0. Furthermore, sin(a) — a cos(a) o a3/3 —a>/30 + 0(a”), so that to first non-zero order:
a—0

3 =
W goioy [T G 75 )] dF = 6n:)BsrB 1x (§n53). Hence it is as if we would have a constant|Im|T, z (7, 7; w)] =

(ol

61'[80 &r B
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Il — Green’s “functions” and their singular part b %

e) Real part of the singularity

If we integrate the real part of Tz over a small spherical volume of radius &, small enough so that we can
consider that the electric field is constant inside, we have:

f f j Re[T. 5 (7, 7; )] di*
daz(r)

1 szdp T 2T _ 1
= — k df sin @ do(1-3u U, ) —
i jo L cos(ksp) fo sin jo o (1- 34, @)

2T

5p2dp T _
j 3 (kgp) sin(kgp) f d@ sin Gf do (1- 314, QU,)
0 0 0

477:8081-’3

1 8p2dp - T 21 _
k k df sin 6 do(1—1u u
[t [ a0 ano [ a1, 05

The singularity is the first term since the p integral diverges (due to the 0 boundary) and the angular part is zero
whereas the other terms are finite and - 0 when § — 0.

However, the singularity is the same as that of the static term (kz = 0) since the difference remains finite!

By transforming the volume integral into a surface integral of the static term, we define:

= 1] — — 1 7 — _,) 1 N
j Re|T. 5 (7, 7'; w)| d7 zj V®V< . 9,)d17 =V® —v< . 4,>dr
sV SV dmege, |7t — 7| SV dmege, g7 — 7|

j Re[T, 5 (7, 7'; )] dF 1 V‘X’# Sy~ 1 # F—7 QIS5 L
e rriw)|ldr 8 ———— = =|— == = —
v dmegerp 5s IT =717 & |dmege, p Jos 17 =713 - f0¢r,p
Conclusion: (to first order in both Re and Im), it is as if:
= Ls(GG—-7) 2 ki = L is the tensor of Lorentz
Tog(r, ¥ »1rw) = ——+-i——1 L
’ E0&r.B 3 4megerp depolarization factors
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IV - General Integral equation for the electric field

a) Solution as a function of polarization contrast

Supposing that the scatterer is non-magnetic, in a linear homogeneous background and does not
carry free currents, we rewrite the wave equation in the scatterer as (cf. §ll-a):

-

AP

€o gr,B

w?> w? s
V X (v X E) STBE = (& 5ca — &rp1)E = kb

We can now introduce the Green’s “function” of the background, solution of:
VxVx[G#7;0)| — k3Gs(F,7; w) = +8(F — )1
With the appropriate boundary conditions and k3 = ¢, g w?*/c?

The solution of this equation can be written as:

<= VR V) exp(ikg|7? — 7|)

Gg(7, 7 # 75 w) 1+ yP
exp(ia) 3—-3ia—a?)ui®u

_ (
 4ma?lF -7 Il ~(1 —ia —a®)1

With a = kg|# — 7’| and & = (7 — #) /|7 — 7'].
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IV - General Integral equation for the electric field ® ¢

b) Volume integral solution O

Then, taking inspiration from A. D. Yaghjian, Proc. IEEE, 68, 248-263 (1980), the solution of the wave equation
in the scatterer can be written as:

E(#;w) = Ene(7; 0) +

-

lim eB(_> r';w) AP(7; w)dr’
6V-0 v _sV
scatterer

_I (‘E?r,sca(iﬂ> ;W) — & Bl)

€oér.B

E( JW)

1 (7#1-7)
Ss(@) |#1-7|3

with Einc(f> yw) = f Gsources (775 w) lwﬂo]freedr and L = ® dS'ext

VSO‘LLTC@S

L is the tensor of Lorenz depolarization factors. It reduces to L = 1/3 if S5(7) is a sphere centered at 7.

Note that, formally, in the electrostatically small limit (Aﬁ(?’ ; w) constant in 8V), we could have defined

fav k2Gg(# 7' ; w) di¥'. However, this volume integral is ill-defined, but can be transformed into a well-defined

(because 7 is not at the surface) surface integral, using the divergence theorem. Furthermore, it can be shown that the
volume 6V around 7, enclosed by the surface S5(7), can be any shape provided its characteristic size § is small enough

that the retardation effects can be neglected, so that llm kBGB(* r'; w) can be employed to compute it. In fact the

singularity of llm kZGg(7,7'; w) is essentially the same as that of k3G (7, 7'; ) when # — 7',
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IV - General Integral equation for the electric field @ ‘!

c) Discretization of the volume integral solution

Several methods of solution of the volume integral equation exist (including the method
of moments or the generalized multipole method).

Here, as an example, we follow O.J.F. Martin and N.B. Piller, Phys. Rev. E, 58, 3909-
3915 (1998)) and discretize the volume of the scatterer by “electrically small volumes”

(i.e. such that AP(#'; w) = &o(&ysca (7' ;w) — 5 1)E(F ;@) and G, g (7,7’ ; w) can be
considered constant in that volume):

. B = - N AP(T_']'
vi=1,..,N E(r;w) = E,.(r;w) + Z] " eB(rl,r], a)) . Vi
_ 3 ]-'/-'l 0
. M; |[APG;0)| L [APH; 0)
€r,B €0 €r,B €0
= 2 . . I
with: M; = l‘}r_r)lof kGG (7, 7' w) di =3 [(1 — lkBRj,eff)eXp(lkBRj,eff) - 1]1,

for an equivalent sphere of radius R; ¢ = 3/3V;/4m. Also, k3 = &, 5 w?/c?and L =1/3.
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IV - General Integral equation for the electric field @

c) Discretization of the volume integral solution

Several other improved methods of discretization have been proposed:

« Peltoniemi, J. Quant. Spectrosc. Radiat. Transfer, $5(5), 637-647 (1996)
proposed some more complicated calculations which do not need the “electrically
small” approximation

« “filtered coupled dipole” (FCD) method: Piller & Martin, IEEE Transactions on
Antennas and Propagation, 46, 1126-1137 (1998) and Gay-Balmaz & Martin, Comp.
Phys. Comm., 144, 111-120 (2002). Convolution by a smoothing function to filter out
high spatial frequency (as in the process that goes from microscopic fields to
macroscopic fields).

Useful for targets with large refractive indices where the classical point dipole method
fails according to Yurkin at al. Phys. Rev. E, 82, 036703 (2010).
(now implemented in ADDA and DDSCAT (since v7.3, cf. § 14.2 of manual))

All these methods can be rewritten using point dipoles induced by the incident waves:
AP(Fn; w)V, = ﬁn(w) — én(w)Eloc(Fn; w)
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V — Discrete Dipole Approximation © Lg
a) Principle of the method |

DDA is a general method to compute scattering and absorption of electromagnetic waves by
particles of arbitrary geometry and composition.

The shape of a particle is represented as a finite array of finite continuum dielectric volumes of
possibly different compositions, without net charge

When the particle is submitted to an incident monochromatic field El-nc(?; w)e @t thereis a
creation of discrete induced dipoles in the discretized continuum volumes:

govn(gr,sca (Fn; w) — gr,BT)E(Fn; w) = Aﬁ(Fn; (U)Vn = ﬁn(w) = én(w)ﬁloc(Fn; w)

In the “electrically small” approximation: (&;)™18; = Ejpe(F; @) = Ejme (7 @) + XN_4 Te,B (7%, Ty @)Dy,
n=+i

since k§ = &, 5 w?/c?

= 2
With Ty g (7, 75 @) = Ge g (7 7' 0) — = k2 Ge s (7, 7; )

goC? E0€r,B

Hence, the effective dipoles can be computed by solving the linear system:

N L
(C?i)_15in - Zn=1 Te,B (Fi: Fn; (‘))] ﬁn = Einc(ri; w)

n#i

vi=1,..,N

Once the effective dipoles have been computed, derived quantities can be computed, e.g.

B @) = BneGio) + . Top(F 7 0)5) (@)
j=
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V — Discrete Dipole Approximation *

b) Some comments on the linear system to solve @

The effective dipoles are computed by solving the linear system:

vi=1,..,N

N L
(ﬁi)_16in - Zn=1 Te,B (Fi; Fn; w)‘ ﬁn = Einc (ri; w)

n#i

* The results depend notably from the prescription taken for the diagonal elements (effective polarizabilities).
(dependence T if N 1).This problem has been discussed not only in the context of DDA but also of near-field
optics (see e.g. Draine-Goodman-ApJ-1993, Lakhtakia-lJIMW-1993, Peltoniemi-JQSRT-1996, Martin-Piller-
PRE-1998, Gutkowicz-Krusin-Draine-Arxiv-2004, Yurkin-Hoekstra-JQSRT-2007, Albaladejo et al.-OE-2010,
Massa et al.-JOSAA-2014)

* In the most popular DDA codes (ADDA and DDSCAT), the discretization is done on a regular grid so that a
FFT can be employed to speed up the linear system solution by changing the scaling of the algorithm for
O(N;-N In N) instead of O(N3). Hence millions of discretization points can be used (using a cluster).

« The maximal admissible grid step d is such that |m|kd~1 (with m = /&, ;.q/ &, p the complex relative optical
index and k = w/c),lm—1| <3t andd ! as Im(m) 1
(cf. DDSCAT manual 7.3 § 2)

 NB: The DDA system can be found by optimizing the self-interaction energies + the interaction energies
between dipoles, with respect to the dipoles moments.
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V — Discrete Dipole Approximation @

c) Effective polarizability as a function of optical index: radiative correction

In his seminal 1988 article (Draine-ApJ-1988), Bruce Draine states that the radiative correction to
the absorption cross-section can be easily obtained in the case where the polarizability is a scalar!

Indeed, if one defines B; = @Eeyrj = @' (Eextj + Eraa,j) (cf. Eq. (2.02) of Draine-ApJ-1988),

0

1= (3)”c aj

which is also a; = a}’/[l ( )zk3( yo— )] (MKSA units), where a = (4me,) (S(VT;/N)) Egr 1; is the

polarizability computed from the usual Clausius Mossotti quasi-static approximation

then one finds aj =

= (CGS-Gauss units), (cf. Eq. (2.03) of Draine-ApJ-1988)

A crucial observation for the generalization of this correction to non-cubic and non-amorphous
cases is that this relation is simpler with inverses:

e 4Z§° — %ik3 (MKSA) or% = % —%ik3 (CGS-Gauss) (in Draine’s paper the background
j i
medium is vacuum)

aj

Draine-ApJ-1988 : “The Discrete Dipole Approximation and its Application to Interstellar Graphite
Grains”, B. T. Draine, Astrophys. J., 333, 848-872 (1988)
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V — Discrete Dipole Approximation o ° ‘;

c) Effective polarizability as a function of optical index: generalized Lorenz (1869) — Lorentz (1878) relation

+ Recall that : &9Va (& sca(; @) = &5 1)E (s ) = AP (; 0V, = Bp(@) = T (@) Eso (i ),
With Ejpe(Fy; @) = Ejpe (7 0) + X0_1 T (7%, 7 w) Py, in the “electrically small” approximation.

n#i

. Pb: how to relate the macroscopic field E(#,; w) and the local field E;,.(%,; @), so as to compute &, (w) as a
function of & ;¢4 (7,; w) (or the reverse)?

» Let us suppose that to get the total macroscopic field, we just need to add the contribution of the considered
discretization element : E (7 w) = Ejo (i 0) + Te,B(ﬁ-,ﬁ-; w)ﬁl = Einc(P; @) + Xhey To g (R s 0By

_ = 1 (M;-L
with TeB(_) M w) = kiGeg (P75 0)/e0erp = Go (P, 7' eB(rl’Tl' ®) = oV ( sl B )
l T,

Ls(F-7r) = .2 k3

€o0érB 3 (4'7780)81',3

=
~

(Tes (7 = F0) = —

(LM

. Generalized Lorenz-Lorentz relation: |E,,.(7; w) = {1 +— ) AE, (73; a))}E(rl, w)

= - NP - = - =[5 = > - =\"1=
 Hence, &Vi(&sca(s; @) — &, 1)EF; 0) = B; = @iE1oc(F; 0) = Ti(1 + T p (7, 7 0)@;) ~E(F; w)
« Finally, one recovers a generalized version of the radiative correction pointed out in Draine-ApJ-1988:
= - . N _ =77 = - = =\"1 =\—1 __ =(0) -1 = = =
EOVi(Er,sca(ri; w) — gr,Bl) = ai(l + Te,B (Ti; i, (U)ai) or (ai) = (ai ) — lep (Ti; Ti; w)

with CTL'(O) ((U) = EOVi(é:'r,sca(?i; (U) - gr,BT)
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V — Discrete Dipole Approximation ©

c) Effective polarizability as a function of optical index: final anisotropic expression

=\—1 = - =5 -1 == - - =(0) -1 — > -
We showed that: (&;)"! = (SoVi(Er,sca(Tii w) — Sr,Bl)) — Tep(1,7;; @) = (ai ) —Tg(r, 7} w)

1
€0Vi

Since T‘e’B (7,7 s w) = (Mi_z), this can be recast in the form (beware that g% = a;(0) :

&r B . L
M;
€0 gr,B Vi

— — N = -1 L = -1
With (;(0)) " = (0Vi(Frseai; @) — £r51))  +—— = (&™)

Eoér BV

@) = (7,(0) " -

= 3 _
At first order Im( il ) = izk—Bl, so that we have:
Eo&rBVi 3 (471'50)37‘,B

& \ (&M 243 -
(4megy) -\ (4rey) '3 & B

. . . ’ . . . 47'[80 477,'80 2. 3
which generalizes Draine’s relation with vacuum as background: = — =ik

_ 0
aj a; 3

_1 -
Note that for an anisotropic background, 12 N g™ = -, 1+ ()L
o 7717
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V — Discrete Dipole Approximation ®

b) summary

Separation of a continuous medium into a finite set of polarizable volumes

« Approximation: polarizable volumes = point particles with dipoles p = f(ﬁloc)

* Interactions between p = system of linear equations (size = 3 X Ng;,)

« Resolution of the system = fields/dipoles on all atoms

 fields/dipoles on all atoms = cross sections, asymmetries, degree of polarization,...

« Input = geometry of the system (position of the dipoles) and effective dipole
polarizabilities (!...) method applicable for objects of any shape or for periodic
structures. Materials can be inhomogeneous and anisotropic!

« Results are all the more precise as the discretization is fine, but RAM requirements
and computing time increase very quickly!

« High-performance and open-access codes available = many interesting results
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VI - DDA at the molecular scale = DADI Model @

a) A short historical point

* 1rst DDA paper:

“Scattering and Absorption of Light by Nonspherical Dielectric Grains”, E. M. Purcell
and C. R. Pennypacker, Ap. J., 186, 705-714 (1973)

« DDA at the atomic scale is often called PDI (Point Dipole Interaction)

“An Atom-Dipole Interaction Model for Molecular Polarizability, Application to Polyatomic
Molecules and Determination of Atom Polarizabilities”, J. Applequist, J. R. Carl and K.-
K. Fung, J.A.C.S., 94, 2952-2960 (1972)

= - = S

_rih_'l Tua: - - Tu,r ] i E;

Ty ay~ L Tapr || w2 E;

- = @
| Tay - 0 et uw L Ex _

« But in fact this approach can be traced to:
“Molecular refractivity and atomic interaction”,
L. Silberstein, Phil. Mag., 33, 92—128 (1917)
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VI - DDA at the molecular scale = DADI Model

b) Principle of the method

Similarly to DDA, we can compute dipoles on each atom i with DADI
model by solving the following system of equations, for all i from 1 to N:
N

i(@) = Gy @) + ) @@ (7 0)5;(w)
j=1

where a;(w) is the atomic polarizabilities tensor, EO(Fi, w) the incident
electric field applied to the particle and T(ﬁ-,?jii, a)) that can be computed

with the double gradient of the generalized Green’s function for the
Helmholtz equation:

_ 1o w?: Celriril
T(7, Tz w) =——|Ve, QVa + =1 || ————
(7 Tz, ) eo< T ) Arc|7; — 7|

In DADI the point dipoles are supposed to represent atoms much smaller
than the discretization volumes used in DDA, the i = j terms of the
interaction tensor T are assumed to simplify to:

2w3 1 -

3 3 4me,

Once the values of dipoles are self-consistently computed, they are used

to compute various optical quantities of interest (such as Muller matrix or
the extinction, diffusion and absorption cross-sections).

’1="(rl,rl, w)=1=
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VI - DDA at the molecular scale = DADI Model @

c) First geometrical model

Soot = chemical units C, randomly scattered on n concentric spheres
Total number of atoms: N

R,=Ry+034x(n—1)nm [* **]
9.9+{-0.1

R, =1-8nm ] I TEM data (N__ = 11436)

—— lognormal law

Ry =1 nm
y=13to24, n=1-20

O O
o 7O 0
| I |

g

O ./. O '\./'\. T T

I

* .\./.\./.\./. © vl\ "\o q’,\ (\C/o > DSO v'a\ Vﬂo ‘/'3\ ng Q')\ Cg
primary particle diameter d_ (nm)

I |
° ® ®
\'/ \'/
Co4

By~ 6—20nM (*)

[*] F. Douce, Etude de la formation des particules de suie & partir de constituants représentatifs du gazole, thése de doctorat,
Université d’Orléans (2001).

[**] F. Moulin, Modélisation morphologique des suies émises par les avions, these de doctorat, université de Franche-Comté (2007).
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VI - DDA at the molecular scale = DADI Model o> . %0ee

d) improved spherule model thanks to molecular dynamics P

(a) Synits CONtaining 2147 C
atoms, scattered by units on
concentric spheres

(b), (c) and (d) S} jes
nanoparticles containing 2133,
2206 and 3774 C atomes,
respectively, relaxed by
Molecular dynamics (AIREBO
potential).
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VI - DDA at the molecular scale = DADI Model @ y “ :«:
‘o0t
]

e) Anisotropic dipole polarizabilities

« The difference between DDA and PDI lies essentially in the diagonal elements of the matrix for
which we need « true » complex atomic polarizabilities (+ discretization points = atomic
positions which are not on a regular grid...).

* For carbonaceous soot, we convert Draine’s tabulated values for the frequency dependent
dielectric constant of graphite into anisotropic carbon polarizabilities using depolarizing factors
computed by Senet et al. (Kirchberg-1994), L, = 0.803 and L, =1 — 2 x 0.803 = —0.606,

|l and L meaning here || and 1 to the graphite plane: };; N; (a:;)xx = (1+L@i§) )
0 XX e)xx

« For curved structures, we define a local graphite plane around a given atom, using the 3
nearest neighbors and compute a rotation matrix R to connect the

local frame to the absolute frame. Then the polarizability matrix in
the absolute frame is given by:

C(C// 0 0
(C_fc = tR 0 ac// 0 R
0 0 Ao

* In cases when the atom does not have 3 nearest neighbors, we take a scalar polarizability
equal to

Aciso — (ZaC,II + aC,J-)/B
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VI - DDA at the molecular scale = DADI Model ®

f) Anisotropic dipolar polarizabilities in the quasi-static limit (i)

e Pb:When R — 0, the propagators diverge.
The interactions between ions and/or atoms cannot be considered as interactions between point

multipoles any more!
= It is then necessary to regularize the (static) propagator for the small distances

e |dea (often used in quantum chemistry): suppose that the charge distributions are spherically
symmetrical with a Gaussian radial dependence

= convolution of the classical propagator with one Gaussian (GMI), or two (GMM),
depending on whether we only want the field at one point or if we need the interaction

energy between 2 multipoles :
2 2)2 (r —r
exp[_(lel)] . l
7O (7, 7) = j j j d#, d7,
0 J n3/2R? A1reg |y — 7 7T3/2R3
erf<|ﬁ- — 7|/ |R? + Rj2>

(4meo |7 — 75)
e Thanks to the possibility to invert gradients and integrals on different variables, the higher order
propagators can be deduced from T% by successive differentiation.
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VI - DDA at the molecular scale = DADI Model ®

f) Anisotropic dipolar polarizabilities in the quasi-static limit (ii)

Influence of the propagator regularization on the polarizability catastrophes
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of a (13,7) nanotube,
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& 70w Alphablol ¥ 8 03 ¢ Aehaell
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2854
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Rachel Langlet, PHD Thesis, Besangon, 2004
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VI - DDA at the molecular scale = DADI Model b %2

g) Reverse-DADI (Rérat M. et al., Theor. Chem. Acc., 141 (2022), Brosseau-Habert N. et al., JQSRT, 329, (2024))

TD-DFT data >
Reverse Atomic polarizabilty
xyz files ” » files for all the atom
DADI types fitted

Initialization of atomic >

polarizabilities I

TD-DFT Spectra Zj#,
‘ & = N - I‘“_ -
L _.DADI p “lys /| Minimization of e
E b differences
{a:( )}t {C3,H1} - SN A A —

Fit of atomic polarizabilities
for all types of atoms

Fitted atomic
polarizabilty files

* With DADI, we compute optical response from atomic polarizabilities

*  With reverse-DADI, we compute atomic polarizabilities from a database of molecular polarizabilities of
small molecules, calculated with TD-DFT
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VI - DDA at the atomic scale g .F

h) multi-step (iterative) procedure

B} o, D,
— £
Y N\
o0 —— = B

(n — 1) point like C,
1 atomic C)

o Cy n point like Cy

The unique 3N x 3N matrix is replaced by n matrices with size 3y x 3y (y = 13 to 24)

n-—1 y
vi=1.y  EG) =BG+ ) T(i o), ()] + ) TG 0)i()ER)
j=1 j=1

Relative permittivity: (X5)/V = €,X.Em = & (5 — T)Em

. Dy
R. Langlet, M. R. Vanacharla, S. Picaud & M. Devel, JOSRT, 110, 1615-1627 (2009) N=ko ( j
Bottom-up multi-step approach to study the relations between the structure and the optical properties of carbon soot nanoparticles
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VII — Optical indices in the Rayleigh Approximation:® _®

a) X-sections from a complex scalar polarizability modeled by a single oscillator (i)

« Taking into account radiative corrections for bound charges, Jackson-3" ed. gives expressions
for the absorption and extinction cross-section of a single atom:

. Eq. (16.77)

asg(w} e

4 2 2.2
_ 2 @ r2(1+w?7?)

03 | (03-w2) +w2TE,,

4 2
~ 2 W” r
0 [(wi—w?) +w?T,,

W ——>

Figure 16.2 Total cross section for the scattering of radiation by an oscillator as a
function of frequency. o is the Thomson free-particle scattering cross section.

. Eq. (16.78)
st 0? [T (o = 1) + 0?1/}
Core = Im (£(€' = K = B)) = 6me? 5 | = o,

with w, the fluorescence resonance angular frequency, such that w3 = B/m (with B = (d?V /dr?) the
2nd derivative of the potential energy between the bound electron and the nucleus), If we now
introduce t = (2/3)(62/47T€0mc3) the characteristic time of the exponential law for average
spontaneous emission, we can define I' = w%r the width due to the radiative self-interaction energy,

I;,: the width due to all the energy losses (radiative or not) and I'" = I;,; — I" the width due to the
non-radiative effects
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VIl — Optical indices in the Rayleigh Approximation:: &> Z& ‘3

a) X-sections from a complex scalar polarizability modeled by a single oscillator (ii) G‘l

Let us remark that both expressions can be recast into the form (k = w/c) (Exercise 16.13 for C,,;):

Coxt = 4wk X Im <(4§80)>
8rk*| a |°
sea = 3 (4meg)
Using an atomic dynamical linear dipolar polarizability:
a 3c3t w3
(4mey) N __( ~ i) ((U(Z) — w?) — iwl;

with w, the fluorescence resonance angular frequency, t the characteristic time of the exponential
law for average spontaneous emission, I' = wét the width due to the radiative self-interaction energy,
I;,+ the width due to all the energy losses (radiative or not).

This can be compared to expressions given in Draine-ApJ-1988 for a single dipole:

k >, % .7 o
Coxt = —— 5 Im (p(r) - E§ imeexp(—ik - r))
SOHEO inc”

Csca = jdﬂ { ﬁ A - Q)] eXP(—ikﬁ . 7_2)}'2
”EO mc” (47T€O)2

It is found to be the same, by setting B(#) = aE,.(#) = aﬁo,mcexp(il? -7) and Eo,mc i = Eg incSiN 6
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VIl — Optical indices in the Rayleigh Approximation:®  e» .2 & oj

b) Formula with a complex polarizability modeled by a set of oscillators 908

For a single dynamical polarizability, we have:
a  3c’t w3

1—
(4n80) 2 w3 oz 1~ D)
For a set of independent oscillators (possibly several oscillators for the same atom), we then define

part _ z
1-—
(4‘77:80) f) 2 2 ( le]) % ((1) 2) — i(l)l—}',tot

with w; = /ﬁj/mi*, the resonance frequency of the j" oscillator of strength f; (such that 2ifi=1,1 = a)jzrj the

(wg — w?2) — iwle;

radiative width corresponding to the relaxation time z;, and I} ;,, the total width (radiative+non-radiative).

This can be compared to expressions given in Draine-AA-1988:
k N - S .7 -
Coxt = R 2 Z a Im (pj ' EO,inceXp(_lk ) T)))
EOHEO,inc” J=1

2
K o . o
Cuea = ————— [ a2 | Y {[5; — (a-7)] exp(~ikn-7})}
j=1

”Eo,inc” (4eg)?

By defining a4+ such that apartﬁo,inc =2 ﬁjexp( ik - r) (i.e. origin taken at the center of charge of the
particle, we have trivially: Cope = 4k X Im(a@pare/((4e0))).

8mk* Apart 2

Pb: do we have Cy., = 3 |(aney)
0

? What about C,p?
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VIl — Optical indices in the Rayleigh Approximation:® _®

c) Formula for an anisotropic complex macromolecular polarizability

- Lemma: the average over all orientations of RAR”, where R is a rotation
matrix from the group SO(3), is: (RART) = %Tr(ﬁﬁ

This allows to show that the extinction and scattering cross-sections averaged on all the relative
orientations of the incident field and the object are:

a
<Cext> - 4‘7TkB X Im( )
(4‘77:8081-'3)

with a = Tr(@yp;)/3

S =t
8n 1 Aopilopi

(Csca> =?k1§ X§TI‘< — = 2)
(471'8087«’3)

Proof: using Draine’s expressions and Vj = 1,...,N p; = >N §j,lfinal =yN, §j‘l exp(iEinc : F-) EO inc, We get

4tk .7 >\ P = .7 >\ B 41Tk
Cext = (4me0e Z)FE, ' |2 Zﬁv=1 Im(exp(_lkinc ) T‘-) Eoinc Z{V=1 Bj, exp(lkinc ) T]) EO,inc) (41.[;:3) j=1 Im(eo inc
ocr, o,ilnc
= 1, amk
' [2921 Z{V=1 Bj.l]eo inC) (47‘[;:3) Z] =1 Im(eo inc aob] (w)é mc)
Furthermore, Csoq = J1ENA S By o, — AR~ Tiy Brilome)]| d = k§ (f|(T - A @ )| d0) [ 2202 g, " and
s> LUsca (4 I )2 j=1l4l= 1 l 0,inc 1=1Pj,l%0,inc B (47.[8087”'3) 0,inc
2
thus Cs., = 8?71' kz (Z;SJ iw)) €o,inc| - The above expressions are then found by using the Lemma.
o<r,B
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VIl — Optical indices in the Rayleigh Approximation:= _® ‘j

d) Computation of optical indices suitable for Rayleigh approximation from computed cross-sections

Csca _ 32m*a® m2—1|2 _ 24m%V Cext _ 6T (m2—1) _6m
Recall that v =4 |miezl = F(m) and iy Im miz) = % E(m)
2_
If we set|z = 22; = i\/F(m) — EZ2(m) + iE(m)|, we can compute |{m? = 11+_ZZZ from C,., and
Cort, Provided we know V!...
Let us define m = n + ik so that m? = n? — x? + 2ink (Rem: |m?| = |m|? = n? + «?)

We must have x > 0, since we are interested by an absorbing medium and use the convention

exp(iw(mx/c — t)). Hence |k = \/(Imzl — Re(mz))/z

Furthermore E(m) = Im (Z:;) =3 Im(mz)/l(Re(mz) +2)? + (Im(mz))zl, so that Im(m?) is of

the same sign as E(m) or Cey, hence >0. Then, Im(m?) = 2nk = n > 0, so that

n = \/(Imzl + Re(mz))/Z

Hence, the only remaining problem (apart from knowing V) is to choose whether
Re(z) = +F(m) — E2(m) (+is OK except (maybe) near resonance!)

-F'e.mto-sl: M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026 53

MU BEMNSCIENCES &

TECHNOLOGIES



Outline

l.  Definitions

. Wave equations

Ill. Green’s “functions” and their singular part

V. General volume integral equation

V. Discrete Dipole Approximation (microphotonics)

VI. DDA at the molecular scale = DADI Model (nanophotonics)
VIl. Optical indices from molecular information (and back!)

VIII. Conclusions and perspectives

IX. References

émm'St M. Devel, Advanced Photonics summer school, SMYLE collegium, June 15th, 2026

MU BENSCIENCES &
TECHNOLOGIES

54



VIIl — Conclusion and perspectives ®

a) Conclusions

DDA and T-matrix remain the most popular methods for the simulation of the optical
and radiative properties of soot particles, partly because there exist high quality,
highly tested freely available codes.

Atomistic multi-scale DDA model adaptable to all geometries (fractals,...)
= Uses same atomistic description as adsorption isotherm simulations

= Empty internal cavity not important for R, < R.,/3

=  “Intensive” quantities reach limit quite fast

= Optical index mainly governed by the amount of chemical defects

= Polarization degree is much more sensitive to geometric parameters

= Need for better agreement between different methods of measurements of graphite
permittivity component // to ¢ axis = common parameterization!
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VIIl — Conclusion and perspectives ®

b) Perspectives

« For DDA: There may still be some room for improvement of DDA by coupling
Peltoniemi’s approach with the high spatial frequency filtering method of Martin et al,
to get improved diagonal matrix elements.

 For DADI,

- we need to fit dynamical polarizabilities for more elements (thanks to ab-
initio computations for small molecules)

« Systematic studies for polarization degree, efficiencies and asymetries
* Inclusion of chemical defects CO, COOH...

- parallel implementation

* Necking

« Systematic studies for optical index by varying the chemical content

« Scattering by fractal soot in water micro-droplets to compare with
Absorption of light by soot particles in micro-droplets of water. V.A. Markel
, V. M. Shalaev. J. Quant. Spectr. Radiat. Transfer 63(2), 321-339, 1999
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