
1

Equilibria of collisionless 
systems

3rd part



2

Outlines
Models defined from DFs

- Polytropic models
- The isothermal sphere

Anisotropic distribution function in spherical systems

- Motivation
- General concepts
- Example of an anisotropic DF
- Models with constant anisotropy

The Jeans Equations

- Motivations
- The Jeans Equations and conservation laws
- The Jeans Equations in Spherical coordinates
- The Jeans Equations in Cylindrical coordinates
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Equilibria of collisionless systems

 Models defined from DFs:
Polytropes
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Conclusion

The density of a stellar system described by and ergodic DF

is the same as a polytropic gas sphere in hydrostatic equilibrium, 
with:

This is why these DFs are called polytropes.
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Self-gravity !
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The Plummer velocity distribution function

Normalized with respect 
to the center
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Equilibria of collisionless systems

 Models defined from DFs:
Isothermal spheres
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Self-gravity !
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Isothermal sphere

● often used for gravitational lens models
● But !

● diverge towards the centre !
● Infinite mass !
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Numerical solution of the non-singular isothermal sphere
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Equilibria of collisionless systems

 Anisotropic DFs
in spherical systems
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Definition:    anisotropy parameter

● Circular orbits
 

● Isotrope  ergodic 

● Radial orbits 

● tangentially biased orbits

● radially biased orbits
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Equilibria of collisionless systems

 Models defined from an 
anisotropic DFs
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Equilibria of collisionless systems

 Jeans Equations
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Equilibria of collisionless systems

 “Static” Jeans Equations
for spherical systems
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The Jeans equations for spherical systems

Canonical momenta

The static Collisionless Boltzmann Equation, for spherical systems 

Zeroth order moment of the Jeans Equation

can depend on as
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The Jeans equations for spherical systems

Canonical momenta

The static Collisionless Boltzmann Equation, for spherical systems 

Zeroth order moment of the Jeans Equation
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The Jeans equations for spherical systems

Canonical momenta

The static Collisionless Boltzmann Equation, for spherical systems 

Zeroth order moment of the Jeans Equation

First order moment of the Jeans Equation

or

where

if

can depend on as
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If the system has a constant anisotrpy parameter

If the system is ergodic (isotropic in velocities)

The Jeans equations for spherical systems
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Play with the core radius Rc
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Play with the core radius Rc
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Play with the core radius Rc
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Play with the core radius Rc
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Play with the anisotropy parameter
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Play with the anisotropy parameter
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Play with the anisotropy parameter
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Play with the anisotropy parameter
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Play with the anisotropy parameter
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The kinetic energy 
(as the potential one)

is constant !

Play with the anisotropy parameter
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Equilibria of collisionless systems

 “Static” Jeans Equations
for cylindrical systems
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The Jeans equations for axisymmetric systems

Canonical momenta

The static Collisionless Boltzmann Equation, for axisymmetric systems 

Zeroth order moment of the Jeans Equations       if 
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The Jeans equations for axisymmetric systems

Canonical momenta

The static Collisionless Boltzmann Equation, for axisymmetric systems 

First order moment of the Jeans Equations           
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The Jeans equations for axisymmetric systems

Canonical momenta

The static Collisionless Boltzmann Equation, for axisymmetric systems 

First order moment of the Jeans Equations           if
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Jeans Moments and rotation curve for a Miyamoto-Nagai disk
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Jeans Moments and rotation curve for a Miyamoto-Nagai disk
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Jeans Moments and rotation curve for a Miyamoto-Nagai disk
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The End
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