Equilibria of collisionless
systems

3" part



Outlines

Models defined from DFs

- Polytropic models
- The isothermal sphere

Anisotropic distribution function in spherical systems

- Motivation

- General concepts

- Example of an anisotropic DF

- Models with constant anisotropy

The Jeans Equations

- Motivations

- The Jeans Equations and conservation laws

- The Jeans Equations in Spherical coordinates
- The Jeans Equations in Cylindrical coordinates



D\'S“'\"‘:Lu |'\°- Lu\—-e.\-\'n._ For sibLev*.'c..‘e S’Y{‘Lun..g

Hellod @

Famm POV PO —m gk §Ce) = §CLvTs 40))

. i"‘\;“..ul @
- aSSoulhe S(EB - 5"‘" Y(P)

SPL{V'\LLQ SYgL(L\...j olt ‘-\_J.._J L)Y DFS




Equilibria of collisionless systems

Models defined from DFs:
Polytropes
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Conclusion

The density of a stellar system described by and ergodic DF

fle) ~ e/

IS the same as a polytropic gas sphere in hydrostatic equilibrium,
with:

P(p) ~ p’

This is why these DFs are called polytropes.
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Self-gravity !

V2(®) = 4Gy
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The Plummer velocity distribution function
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Equilibria of collisionless systems

Models defined from DFs:
Isothermal spheres
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Self-gravity !

V2(®) = 4Gy
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Isothermal sphere
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* often used for gravitational lens models

* But!
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* Infinite mass !
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Numerical solution of the non-singular isothermal sphere
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Equilibria of collisionless systems

Anisotropic DFs
In spherical systems
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Definition: anisotropy parameter
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Equilibria of collisionless systems

Models defined from an
anisotropic DFs
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Equilibria of collisionless systems

Jeans Equations
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Equilibria of collisionless systems

“Static” Jeans Eguations
for spherical systems
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

%+pr%+@af+ ps / af_<a_c1>_p_§_ p? )8f_(%g’_picos(9)>8f_acp_fo

or 1200 " r2sif(0) 00\ or  r* r3sin®(9) | Op, r2sin’(0) ) Opg O Opy

f candependon ¢ as pg = 7sin(f) vy

Zeroth order moment of the Jeans Equation _E_XEBCIGE )

% (sin(0)vo,) = % (sin(0)vvy)
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

_0epf

l%l+ of ,podf , pof OF (0% pp P, \of %{'_picosw) of
; Pr or r2 00 r2 SiI{(Q) 0o or r3 r3 sin? (9) o, 9 r2 sin3(9) Opg

f candependon ¢ as pg = 7sin(f) vy

Zeroth order moment of the Jeans Equation | EXERCICE -

% (sin(0)voy) = % (sin(0)vvg) if f=f(H) or f(H,L)=7v =7,
vZ =07 v}

0 8p¢_

61

0



The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

/%l+ of  pof ) 0f (0% pj P} of %?'_picosw) of _oeps
t Pror Ti2oe T 2 sin (9) O¢ or 13 r3sin®*(6) ) Opr 0  r2sin®(9) | Ops  Of Opg

f candependon ¢ as pg = 7sin(f) vy

Zeroth order moment of the Jeans Equation | EXERCICE -

it f=f(H) or f(H,L)=7 =7 =75 =0

0=0
. U_% = 0, E = 03 @ =04
First order moment of the Jeans Equation L__EXER_(_:_‘9§
o, od 207 —o; — 0} 0 3 O
- =0 e 2 ~ 2_ _ 7=
o (VO'T) + v (87“ + . or pe (uar) + QTVJT v o
2 2 2
where 5:1_"9“”%:1_%
2072 2072 62
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The Jeans equations for spherical systems

0 B e 00
E( )+27“V0 B V@r
0 0P
—28 9 2..28 _o®
or (vopr™) = " or

If the system has a constant anisotrpy parameter 8 = cte

or(r) = r25i(fr)/r dr'r (e’ )gi - r2ﬁ€(r)/ A M)

T

If the system is ergodic (isotropic in velocities) p=0

o2(r) = 1 /OO dr'y(r')gi = G) /OO dr’ %V(T’)M(T’)

v(r r




Play with the core radius R_

Plummer: 5 =0r. =1

D_
Ut —

10 15 20
r |[kpc]

25

30

67



Play with the core radius R_
Plummer: 3 =01, = 0.3

O_
Ut —

10 15 20
r [kpc|



Play with the core radius R_

Plummer: 3 =01r.=3

T
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o
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Play with the core radius R_

Plummer: 3 =0r.=1

C_
TN —

10 15 20

r |kpc]
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Play with the anisotropy parameter
Plummer: = —-05r, =1

[ JE—
[ah) Q—

10 15 20
r [kpc|
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Play with the anisotropy parameter

Plummer: 3 =—-10r. =1

[ JE—
[Gb) JE—

10 15 20
r [kpc

25

30
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Play with the anisotropy parameter

Plummer: 3 =0r.=1

[ JE—
[Gb) JE—

10 15 20
r[kpc

25

30
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Play with the anisotropy parameter
Plummer: 3 =05r.=1

r [kpc|
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Play with the anisotropy parameter
Plummer: 5 =09 r.=1

4000 —
= 3000 —
—~—

= 2000 —

© 1000 —
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Play with the anisotropy parameter

. Plummer: 3=09r1r. =1

The kinetic energy
(as the potential one)
IS constant !

10

15
r [kpc]

20

25

30
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Equilibria of collisionless systems

“Static” Jeans Eguations
for cylindrical systems
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

%Z+ ﬁ+pqﬁ+ of (0@ py\ of 90pf 0D Of
PRoR " RY06 P*o: \oR  R3) oprn 0d op, 0z op,

)

Zeroth order moment of the Jeans Equations if f=f(HL, = _%% =120 =17, =0

0=0 v =0,
0=0
0=0
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

%Z+ ﬁ+p_¢ﬁ+ of (0@ py\ of 90pf 0D Of
t "PRoR T RYo¢ " "*0: " \OorR R®) opr  od Ops 0z Op.

First order moment of the Jeans Equations "'iéxﬁh_éiéE
|\,__ ahlt
2 () + 2 ) + Vhovg, 92
gR \VUr) + g, WUREG) +v | =5 R | ~
1 0 — od
- 2 R
7R (RVURD,) + 5 (sz) +V82 0
1 0 0
IR (R*voRrvg) + gy (v0204) =0

0
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

%Z+ ﬁ+pqﬁ+ of _(o® P\ of 92pf 0% of
PRoR " RY06 P*o: \oR  R3) oprn 0d op, 0z op,
First order moment of the Jeans Equations if f=f(HL,)=v%=v2T=10,=0
o 0.2 U_2 od 1)_320'3@:02
By, (VJR)+V< 7 +8R> 0
2 2 8_(1) _ 2 2 _ 1 > / / od
5 (vo: )+V8z =0 = O’R(R,Z)—O'Z(R,Z)—V(R,Z)/Z dz V(R,z)%
— R 0 0P
2 _ 2 2 il
0=0 = vg (R, 2) JR+V(R,Z)3R (VJR)—l—RaR
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =0.3

60 — oF
z — R
% 40 — — 0%
=~ 20 — Ve
— U,
O | B e —
2
4000 ’¢
(7%{ + R/paRpURz
2000 — _JgsIUQRIR/PaRPUW
Vs
0 — Up,
I I I I I I I
0 5 10 15 20 25 30
Radius
L0, o2 K2 R 0
/ 2 _ 2 o —2 2 2 2 2
dzuw Op = 0} 012%_492 Vo _vc—a¢+aR+;ﬁ(1/aR) 89



Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =1.0
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =0.1
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The End
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