Midterm Exam 2026
Solution
Quantum Computation

Exercise 1 The U-Test.
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2. For the SWAP operator:
(a) Ulu) @ [o) = [0) ® u) and. {ofu) = Tulo], 5
po =3 (14 l{u | v)P)
(b) for the Bell state, U[¢) = 1) so po = 1.

3. for the double Hadamard gate:

(a) if [¥) = |u) ® |v) for u,v € {0,1}, then (H @ H)[¢) = 5 (|0)
(=1)*[1)) so
) 3/difu=vw
po_{1/4ifu7év
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(b) for the Bell state, we find:
(H® H)|¢) = —\/—[(\0> +1) @ (10) + 1)) + (10) = [1) @ (10) = [1))]

—\%u 0) + [11)) = )
So we find again py = 1.

4. (a) Choose =1t =12 A=Tand B="Z.

(b) The state of the 01rcu1t before the ancilla is measured is

B) [) + [1) sin(5) cos(5) (A = B) [v)

0 (sin®(5) A + cos™(3)
(up to normalisation) are:

The post-measurement states

[o) = (sin*(3) A + cos”(3) B) |v)
[y) = sm(g) cos( )(A B) [4)

(¢) Post-selecting on ¢ = 0 and setting § = 2 arcsin (y/«) yields the desired mapping.

Exercise 2 A quantum algorithm for the discrete logarithm problem.
Solution. Throughout the solution, all additions in the exponents are understood modulo
N. Since g is a generator of Z}, and N = |Z},|, the order of g is N. Therefore
g =g° (mod M) = r=s (mod N).
Moreover, since a = ¢¢, we will repeatedly use

flz,y) =a’g" = g™ (mod M).

1. For M =7, N =6, g =3 and a = 2, the powers of g modulo 7 are
3°,31,3%,3%,34,3°=1,3,2,6,4,5 (mod 7).
Thus 32 =2 (mod 7), so

The values of f(z,y) = 2%3Y (mod 7) are as follows:
z\y|0 1 2 3 4 5
011 3 26 4 5
1 126 4513
214513 26
311 326 45
4 12 6 451 3
5 14 51 3 2 6




2. We show that
H={(t,—0t):t € Zyn}

is a subgroup of Zy x Zy. First, H is nonempty because taking t = 0 gives (0,0) € H.
If (¢t,—0t),(s,—{s) € H, then

(t,—0t) + (s,—ls) = (t+s,—L(t+s)) € H,
so H is closed under addition. Finally, the inverse of (¢, —¢t) is
(—t,0t) = (—t,—4(—t)) € H.
Thus H is a subgroup.
3. Let (u,v) € (z,y) + H. Then there exists t € Zy such that
(u,v) = (x +t,y — L£t).
Therefore

flu,v) = f(z+t,y—Lt)

_ aac+tgy—ft

— a:cgy atg—ét

_ azgy gftgfﬁt

= a,xgy

= flz,y).
Hence f is constant on each coset (z,y) + H. In particular, if (u,v) and (u/,v") are
both in the same coset, then

flu,v) = flz,y) = f(u',0).
4. We prove the contrapositive. Suppose

flu,v) = f(u,0).
Using f(z,y) = ¢**Y, this means

fu+v

g ¢ (mod M).

Since g has order N, we get
tu+v=»0u'~+v (mod N).

Equivalently,
vV —v=—L(u—u) (mod N).

Let t =« — u. Then
(u',v") = (u+t,v — lt) € (u,v) + H.

Thus (uv',v")+ H = (u,v)+ H. Therefore, if two cosets are distinct, the function values
on them must be distinct.



5. The initial state is
|¥a) = 0) [0) [0™).
After applying Fy to the first two registers, we get
1 m 1 m
=5 3 I =< 3 feyom).
TYELN T, YELN

Applying the oracle Oy gives

v =5 S e ey,

Z‘7yEZ]\7

where |f(x,y)) denotes the binary encoding of f(x,y) in the third register.
Finally, applying Fly again to the first two registers gives

Yoy = 3 (%N > w&‘“loz)) (%N > w;fﬂm) ()

x,yGZN [IYANS ,BEZN
1 —(az+p

= 2 e a8 ().
o,B,x,yELN

6. From the expression above,
) = D B [ees)
(Ol,,B)GZNXZN

where )
|P(a,8)) = N2 > Wy T f(,y))

xvyEZN

We can make this expression more explicit by grouping the sum over cosets of H. Let
R be any set of representatives for the cosets of H in Zy x Zy. Since |Zy X Zy| = N?
and |H| = N, there are exactly N cosets, so |R| = N. For a representative (x¢, yo) € R,
the corresponding coset is

('r()ay(]) +H = {(x() + t,yo - ét) it e ZN}
Using the fact that f is constant on this coset, we obtain

1 —(a(x —
}@(a,ﬁ)> == Z Z WN( (zo+t)+B(yo—Lt)) | f (20, y0))

(zo,y0)ERLEZN
1 —(ax —t(a—",
= Z WN( 0+Byo) (Z WN( ﬁ)) | F (20, v0)) -
(zo,y0)ER teZn
The inner geometric sum is

-ta=t8) _ {N, if a=¢ (mod N),

N .
feZu 0, otherwise.
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Therefore

1 —(ax .

v Z wN( 0+Bv0) |f(zo,v0)), ifa={¢8 (mod N),
@) =9 " @owoer

0, otherwise.

. The probability of observing a given pair («, ) in the first two registers is

Pr(a ) = [||@s ]
From the previous question, this probability is 0 unless
a=/(8 (mod N).
Now suppose a = £ (mod N). We showed that
|S0(aﬁ)> = % Z W;/(Mowyo) | f(z0,90)) -
(z0,y0)ER

By Question 4, distinct cosets give distinct function values. Therefore the states

| f (o, 40)) (zo,%0) € R,

are distinct computational basis states and hence orthonormal. Thus
1 |R| N 1

(z0,90)ER

Hence the measurement outcome is uniform over the pairs satisfying
a=/(8 (mod N).
There are exactly N such pairs, one for each choice of § € Zy, namely
(o, B) = (€5, 5).
. From the measurement we obtain a pair satisfying
a =/ (mod N).
To recover ¢ uniquely from this congruence, g must be invertible in Zy, i.e.
ged(B,N) = 1.

In that case,

=af ! (mod N).
If B is not invertible, then multiplication by £ is not injective modulo N, and the
congruence a = ¢f3 (mod N) does not determine ¢ uniquely in general.
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Since the distribution from Question 7 is uniform over the N pairs

(gﬁvﬁ% /BGZNa

the fraction of outcomes that allow recovery of ¢ is exactly the fraction of invertible
elements 5 € Zy. Hence this fraction is

p(N)

N

This is the exact success probability for one run of the algorithm. Using the esti-
mate provided in the question, in the worst case this ratio can be as small as order
1/loglog N. Thus the one-run success probability is at worst inverse-loglogarithmic
in N; repeating the procedure O(loglog N) times gives an invertible 8 with constant
probability.

Exercise 3 2- and 3-qubit gate decompositions

1. A controlled- U gate acts as:
CU [§) ®[9) = c0[0) @ |¢) + e [1) @ U |9)
where [¢) = ¢y |0) + ¢1|1).
2. The circuit corresponds to the unitary:
(A® D)CNOT (I ® C)CNOT (I ® B).
Its action on |¢) ® |¢) is:
c0A|0) @ (DCB) |¢p) + 1 A1) @ (DXCXB) |¢) .

3. To implement a controlled-U gate:

A = diag(1, e).

The remaining gates must satisfy:

DCB =1,
DXCXB = R.(28)R,(2v)R.(20).

Note: It may be tempting to set A = I. If one tries that, the system of equations
becomes:

DCB =1, (1)
DXCXB = e R,(28)R,(2v)R.(26) . (2)



You can see this method fails by taking the determinants in both sides of these equa-
tions, and then using the multiplicative property of the determinant. The first equation
implies:

DI |C] Bl =1 (3)

And the second
DI |C| |B| = e*, (4)

a contradiction whenever « is arbitrary.

4. Given:

= Rz(5 — ﬁ), C= Ry(_f}/)Rz(_é - 6)7 D = Rz(2ﬁ)Ry<7)v

we verify:

First condition:

DCB = R.(28)Ry(7)R,(—7)R.(—6 — B)R.(6 — B)
=].

Second condition: Using XR,(6)X = R,(—0) and XR.(¢)X = R.(—¢):

DXCXB = R.(28)Ry(v)X Ry (—7)R.(—0 — B) X R.(0 — B)
= R.(28)Ry(7)Ry(7)R.(6 + B)R.(6 — B)
= R.(28)Ry(27)R.(20).

5. Evaluating the circuit on computational basis states:

|000) — 000) ,
|001) — ]001),
1010) — |010),
011) — |011),
|100) — |100) ,
1101) — |101),
1110) — |11) @ V*10) ,
[111) — |11) @ V2 [1) .

Thus, the circuit implements a controlled-controlled-U gate with:

U=V



6. Given: X
1447 1—1
V‘§Q—¢1+J’

we recognize V = v/X, hence:
U=V?=X.

Therefore, the circuit implements a Toffoli gate.



