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Equilibria of collisionless 
systems

2rd part



2

Outlines
Relations between DFs and observables

The Jeans theorems

- Steady-state solutions of the Collisionless Boltzmann equation
- Symmetry and integrals of motion

Connections between DFs and orbits

Connections between barotropic fluids and ergodic stellar systems

Self-consitent spherical models with Ergodic DF

- DFs from mass distribution

- The Eddington formula
- Examples
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The Collisionless Boltzmann equation in various coordinates

Generalized coordinates Cartesian coordinates

Spherical coordinates

Cylindrical coordinates
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Equilibria of collisionless systems

Relations between the DFs 
and observables
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Equilibria of collisionless systems

The Jeans Theorems
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Jeans theorems

I. Any steady-state solution of the collisionless Boltzmann equation depends on the 
phase-space coordinates only through integrals of motion.

II.Any function of integrals of motion yields a steady-state solution of the collisonless 
Boltzmann equation.

James Jeans
1877-1947
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Jeans theorems

I. Any steady-state solution of the collisionless Boltzmann equation depends on the 
phase-space coordinates only through integrals of motion.

Demonstration:

If a function is a solution of the steady-state collisionless Boltzmann equation, 
then, it is an integral of motion, thus the function depends on the phase-space 
coordinates only through integrals of motion (itself !).

II.Any function of integrals of motion yields a steady-state solution of the collisonless 
Boltzmann equation.

James Jeans
1877-1947
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James Jeans
1877-1947

Extremely useful to generate DFs
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Equilibria of collisionless systems

Symmetries and DFs
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Equilibria of collisionless systems

Connections between DFs 
and orbits
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E=E0
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Questions

Why an ergodic DF with a priori no constraint on the symmetry of the 
potential leads to an isotropic velocity dispersion tensor ?
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Equilibria of collisionless systems

Connections between 
barotropic fluids and 

ergodic stellar systems
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Conclusion

I. An ergodic stellar system is analog to a gasous  
barothrope.
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A gasous barothrope in space (self-gravitating)
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A gasous barothrope in space (self-gravitating)
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assymmetric → net force 
→ oscillations → non static

→ static→symmetric
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Conclusion

I. An ergodic stellar system is analog to a gasous  
barothrope.

II. An ergodic isolated stellar system is spherical.
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Equilibria of collisionless systems

 Self-consistent spherical 
models with ergodic DFs
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Equilibria of collisionless systems

 DFs from mass distribution
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Note: Proceeding similary, it is possible to compute the DF for others spherical potentials
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Note: Proceeding similary, it is possible to compute the DF for others spherical potentials

maximal rel. energy 
(max. rel. potential)
non divergeant central 
density
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Note: Proceeding similary, it is possible to compute the DF for others spherical potentials

maximal rel. energy 
(max. rel. potential)
non divergeant central 
density

maximal rel. energy
(max. rel. potential)
divergeant central
density



61

Note: Proceeding similary, it is possible to compute the DF for others spherical potentials

no maximal 
rel. energy
divergeant central
density

maximal rel. energy 
(max. rel. potential)
non divergeant central 
density

maximal rel. energy
(max. rel. potential)
divergeant central
density
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Isochrone model

Plummer model

Jaffe model

Hernquist model
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The End
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