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Low energy orbits
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Potential and energy
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Orbits around L,
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Orbits around L,
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Orbits around L,
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Short axis (Y) orbits (periodic)
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Short axis (Y) orbits (periodic)
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Orbits around L,
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Long axis (X) orbits (periodic)
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Long axis (X) orbits (non periodic)
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Increasing the energy
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Bifurcation : apparition of x2 (stabe)/x3 (unstable) orbits
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X1 : prograde x4 : retrograde
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Increasing the energy
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E=—-12

Bifurcation : x2/x3 disappeared
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Chaotic orbits
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Chaotic orbits
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A0tic orbits
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Evolution of the x1 orbit with increasing
energy
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NGC 1300 SBb




The X-orbit families
(characteristics curves)

Yo

distance at which the orbits crosses the y axis

Figure 3.18 A plot of the Jacobi constant Ej of closed orbits in ®;(q = 0.8, Rc =
0.03, €2, = 1) against the value of y at which the orbit cuts the potential’s short axis. The
dotted curve shows the relation ®.g(0,y) = F3. The families of orbits x1—x4 are marked.
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Stellar Orbits

Orbits
In weak rotating bars
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Objective

Analytical description of orbits in a rotating bar

* Split a loop orbit in two parts:
- a circular motion of a guiding center

- oscillations around the guiding center
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The weakly-bared galaxy model
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The weakly-bared galaxy model

O < P
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The weakly-bared galaxy model




The weakly-bared galaxy model
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Frequences
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Bifurcation : apparition of x2 (stabe)/x3 (unstable) orbits
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X1 : prograde x4 : retrograde
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Equilibria of collisionless systems

The collisionless Boltzmann
equation
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Introduction /| Motivations

So far, we :

1. we modelled static potentials from a mass distribution (Poisson equation)

2. from the potential, we obtained forces and derived equations of motion
leading us study orbits in different idealized potentials :

- spherical potentials
- axi-symmetric potentials (epicycles motions)
- orbits in bared rotating potentials (motions around Lagrange points)

But :

1. We did not used any velocity constraints. We only used the positions
of stars through the emission of light.

2. Nothing tells us that the models we used are at the equilibrium.
This is not guarantee, if, for e.g., all velocities are zero...

3. We did do not include the self-gravity of the model or perturbations on it due
to the orbits of stars.
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Introduction /| Motivations

Goal :
Build a self-consistent way galaxies, ensuring that they are at the equilibrium, i.e.,
If we compute the evolution of the galaxy under its own gravity, the evolution will be
stationary.

- requires the description of the density but also the velocity field

p(T) v(T)

Assumptions :
1. We will consider systems with a very large number of “particles” (stars, DM)
— the collisionless approximation is valid

- real orbits deviate not too much from the one predicted from the model
(very large relaxation time)

We will seek for solution correspondingto  {;o1ax = OO

2. We will consider systems composed of N identical particles, i.e.,
with all the same mass.

All particles will be equivalent
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Introduction /| Motivations

Goal :

Build a self-consistent way galaxies, ensuring that they are at the equilibrium, i.e.,

if we compute the evolution of the galaxy under its own gravity, the evolution will be

stationary.

— requires the description of the density but also the velocity field

p(T) v(T)

It is impossible to describe analytically the orbits of billions of stars :

— we need a probabilistic approach
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The distribution function remains constant along the flow

lllustration 1 : Ideal race: each runner has a constant speed
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lllustration 2 : Harmonic oscillator
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lllustration 2 : Harmonic oscillator
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lllustration 3 : Plummer

H(x,t) =

1
Zqp2

GM
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lllustration 3 : Plummer
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The Collisionless Boltzmann equation in various coordinates

| EXERCICE -
Generalized coordinates Cartesian coordinates e
p= (q;ﬁ) py=y=vy H= 5(” "‘U —i—v)—|—<I>(x,y,z)
aq pz - Z — Uz
f+(j f+ﬁ of 0f+8]i‘8H of OH _ oF __of 0w of
ot oq op Ot 0¢ Op 8p oq 5 = 57 97

Spherical coordinates

pr:f“:-vr
po =120 = rug H =

P = 7 sin?(0¢) = rsin(6) Ve

l\DI»—\

r2 ' r2gin? (0)

2

b Of

of . 9  pedf s af_(@cb i1 )af_<a¢_picos<9>> of

ot Pror T2 00 T2 sin?(6) 0¢ ar 3 p3sin(9) | 9p, 90  r2sin®(0) | Ope

0¢ Opy

=0

Cylindrical coordinates

pr= R =g 1 P
{ po = R2p = RV, H§<p%+R—é+pz>+‘I)(R,¢,Z)

Dz =2 =17,

=0

PR P53, "\oR " R®) 9pn 06 op, 02 Op.

of of p¢af of (0@ pi\ Of 0@ of 0% Of
ot "HoR R28¢ B B B
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COMPLEMENT

Limits of the Collisionless Boltzmann equation

I. Finite stellar lifetime

» Stars are created and die. The hypothesis of conservation of the probability/number
IS violated.

We should better have (in Cartesian coordinates):

of - 9f 9% 9f _
ot o o ot

B(Z,%,t) — D(Z, ¥, 1)
A

Rate per unit phase-space

(V) a volume at which stars are
~ _f ~ _f born and die
R v
Ly o~ Ly
tCI’OSS tCFOSS
* Define B — D|
¥ = thross

If ~ <1 the approximation is ok

i.e. : the fractional change in the number of stars per crossing time must be small. 99



COMPLEMENT

Limits of the Collisionless Boltzmann equation

Examples:

* M-stars in an elliptical galaxies

Life time > 10 Gyr (>t___) v =0
B=0 (no star formation)

* O-stars in the Milky Way
Life time < 100 Myr (<t___) >

Do not move much, the phase space distribution will be
dominated by star formation processes

« Main sequence stars (M<1.5M )
Life time > 1 Gyr (>t___) Y

112
o

Cross

~= 300 Myr
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COMPLEMENT

Limits of the Collisionless Boltzmann equation

[I. Correlation between stars

* We assumed that the probability of finding one peculiar stars somewhere in the
phase space is mdependent nf fhe others. Mathematically: the probability of finding
particle " in d°@ and *j" in d°wis -

— —

f(@)d°G - f(w")dow’
This is not completely true, as stars interact gravitationally and my generate
correlations.
However, this is not a real problem as long as the forces between nearby stars do

not dominates over the forces due to the rest of the system (the definition of a
collisionless system).

101



Equilibria of collisionless systems

Relations between the DFs
and observables

102



RL‘IG..E\'% S L).e Lw e

e DF auwd chsevuvekles

. Pro\bﬂ-LiL L g_) Jn e S‘:ltj

iw ke p‘hd-i‘.e s

.;bnc..ﬂ.

Prc‘aﬂL;L.'Lb ok Fim,l‘.—.é 4 Shav

[ LLQ PL'*T-{ ‘3"'311'-'-3- Vo\umg

[ R, S ccdw ]



Dl’Sl'r.-lbu"-'a\-u FUHE.L"&LA i\nl‘L\-{ C_gmf—;‘jur‘n..kf'ﬂw S“".‘:‘lc-!..

v(x) - gdg; C(=,7)

P"“]:‘: la'-"‘l' r) e S‘:]’tj

i LL«E C_am{'l'suﬁl:l'm 3\'}.;;:_{

Prol:.AL;LI'L,:) gt" [.,',,J:...é .»f_ g]*a.r

iw LLQ_ C o= (—-lljurn.l';b—- SPq:A_ \It:v‘uu—«{.

¥)

®)

&)



DiS“'r;]’)uL{M {_UHC-L.QM imLL\-ﬂ. C'_Q\..-,":'jufﬂkbl.ﬂ't—'- ‘SPAE—L

n (=)

-—
-

Nv(=x)

= goﬁ\? §(£,G‘)

Vlum]bﬂ\-" JE.\AS‘.'I-.:) of §aw fn LLQ

PfaLAL;L.'LL—) c" l:;mgi'.'ﬂé N Skers

(IS LLQ_ C o= f‘-'snhnl'.'o— 'S.[:-n.c..n. Uﬁlumg‘



Dfsl'r.'l:)ul'imﬂ "UHGL'ﬁu-\ iuu-l. CQHF:\SUT&E;d“ sPna.q_

f(i\):/\/-m.w(ﬁ):mgo&g‘; g(:t:_',t?) ¢

- f (5;6) : hn,p..‘SS‘ J«e_\...s.']-qj n‘- S‘La'v— i ]-Le
Cah[-:sura&.'mn SPAM

. f ('::E")ol!; ; PraLAL;L‘Lb of F;HJ:né a wass M

(I LLO_ C o F-'jurnl".‘ﬂm 5“91:.;. u‘n‘uu--g_

wmass o parkicles

-_—
—

N - v

[ =, el ]



DiS‘lr;l:,uL.‘m-u “unch'o\.—\ iml-l-\a_ Vg,i::c..'l-f,) SPA‘:..__

P (V) = §(=.v) jf’;”) A3V = ;'%) g ¢(x,c)eldv = 4

Vv (2) _
= V(-r:;‘.':h)
: velocily distribobion Fumekian (VDF )
. p’i'(;) ; Prulnl-".L:L,'Lj ol.!l_ﬂg-;Lj a_j_ LLII. ‘)ng:L'a.... oy

s "L\E VL\QGJL-D "31"}44&.

- pg'a(;) oh3v : Prn\anL:L.'Lf:) of f{mJ:qé 1 shlav

« oo
]"’\LLQ 'V"E-\QCq[-c.) 'Sf)qu.l._ \f:‘:‘ut-—g_ [J ) J"-CJF]

x
/\ CoB l)f Mf_lS‘ureoQ Weay l’LQ Swwv




H@_ah uv_\cc:.'j'o.)

( Lirst momenl of Hie VD F )

<1y
R

- G\.\o\-\j

o e ?ecull'qr oo §

1]
N
<)
5)
o,
"
<)
L
- 1
o
<)
W
|
\_--"—"\
<
5)
o
~

1)
e
<
Y,
s
<)
L
>
<)
A1
]
\_--'—\
S
&0
~



VL\achj ak{'S'Pev-Ss'd'm i‘ehS‘-»— (Sec‘_o...ak \'\-‘\QW\QHL m‘— |-L,_ UDF)

=

¥ ((u.-*ﬁi)(vi-qy Ps (V) o2V
WJ(U-V Wvi-5) (=

:m)[gu;ui g(%;)w; _ (gu;g(ga,;)oxsv )( f“"; S’(aE‘,J)ols\x):

—_— - Tx 3 ‘-E‘.:)wuﬂalr»'::_ "—e—'n_S‘ar-
= V,; v; —_ U;VJ

1

— Mnb \Dg e .,-_,\ngt'"j‘-eql

DC‘S‘CT"{L:{ (- Y ﬂ.uf ?'S'a:'ak ( Ut‘QCA'Lj t.-”-' i)‘S‘ui‘-’" \

T’i’!
1
/’Z . s = 0_ : = G'-
- Jé:: a-'u’i b Sf} o 1 <
G\M




The End
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