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Problem 1:
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Problem 2:
We have:

R2 = x2 + y2

L⃗ = r⃗ × v⃗ = x⃗× ˙⃗x =

(
x
y
z

)
×

(
ẋ
ẏ
ż

)
=

(
yż − zẏ
zẋ− xż
xẏ − yẋ

)

Since we’re working in the z = 0 plane, and the z component of L⃗ is given by
Lz = xẏ − yẋ, inserting this to compute L2 gives:
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L2 = (yż − zẏ)2 + (zẋ− xż)2 + (xẏ − yẋ)2 = (x2 + y2)ż2 + L2
z = R2ż2 + L2

z .

Now we use the energy conservation:
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Now, we can eliminate ż2 by using our expression for L2:
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Using Φeff = 1
2
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R2 + Φ and solving for Ṙ gives:
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Problem 3:

We start from the Lagrangian:

L(x⃗, ˙⃗x) =
1

2

(
˙⃗x+ Ω× x⃗

)2
− Φ(x⃗) . (1)

From the derivative of this Lagrangian, we can write the momentum p⃗ as :

p⃗ = ˙⃗x+ Ω× x⃗ . (2)

Using the Legendre transformation, we obtain the Hamiltonian:

H(q, p) =
1

2
p⃗2 + Φ(q⃗)− Ω⃗ · (q⃗ × p⃗) , (3)

where we renamed x⃗ by q⃗.
We set the rotation to be along the z axis, and for it to be uniformly rotating, it

needs to be constant, i.e.

Ω⃗ =

(
0
0
Ω

)
⇒ Ω⃗ · (q⃗ × p⃗) = Ω(qxpy − pxqy) .

The equations of motion in canonical coordinates are given by Hamilton’s equations:

ṗ = − ∂

∂q
H(p, q), q̇ =

∂

∂p
H(p, q) . (4)

In our case, we get:

2



q̇x = px + Ωqy
q̇y = py − Ωqx

ṗx = − ∂

∂qx
Φ(q, p) + Ωpy

ṗy = − ∂

∂qy
Φ(q, p)− Ωpx .

The relations between Cartesian and canonical coordinates are:

qx = x

qy = y

px = ẋ− Ωy

py = ẏ + Ωx .

3


