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Problem 1 (20 pts). Short questions

Justify all your answers.

1. Let H = {hg}gco be a hypothesis class parameterized by a single variable § and suppose
that VCdim(H) = +oo. Then O, the set of all possible values that the parameter
can take:

a) is finite

can be uncountable

(c

(a)
(b) can be countable
)
(d) can be finite, countable or uncountable

Several answers can be possible.
2. Consider some hypothesis class H. Which of the following is true? Why or why not?

(a) If |H| is infinite, it is not PAC learnable.

(b) If H is PAC learnable, it has finite VC dimension.

(c) If H is specified by a finite number of parameters, it has finite VC dimension.

(d) If H = Hi U Hy, where H; and Hy are some hypothesis classes that are PAC
learnable, then H is also PAC learnable.

3. Let H be the class of indicator functions defined by the intervals over R, H = {h, :
a,b € R,a < b} where hop(r) = Ljpg(apy. What is the VC dimension of H?

4. Let H be the class of indicator functions defined by the intervals over R, H = {hypcd :
a,b,c,d € Ra < b,c < d} where hoped() = Lpep) or ze(ea). What is the VC
dimension of H?



Solution to Problem 1 (total 20 pts):

1. (2pt) Band C

The set © parametrizing the hypothesis class must be infinite: if H has finite cardinality
then VCdim(#H) < log |H|. In the second graded homework, we studied the hypothesis
class H = {[sin(é7.)]}sco and proved that it has an infinite VC dimension if © =
{2n},en (and by extension 6 = R). Therefore B and C are correct.

2. (8 pt)

(a) False. If H has finite VC dimension then it is PAC learnable due to the Funda-
mental theorem of Statistical learning.

(b) True. According to the Fundamental theorem of Statistical learning.

(c) False. We saw in the homework that there are hypotheses classes with infinite
VC dimension that are specified by a single parameter.

(d) True. If H,,Hs have finite VC dimension then the VC dimension of their union
is also finite and therefore H is also PAC learnable.

3. (5 pt) The VC dimension is 2: A set of size 2 can be shattered by H, but for a set
of size 3 with elements z; < x5 < x3 the labeling (0, 1,0) cannot be obtained by any
hap € H. Therefore, the VC dimension is 2.

4. (5 pt)The VC dimension is 4: A set of size 4 can be shattered, but a set of size 5 with
elements r; < ... < x5 with labels (1,0, 1,0, 1) cannot be obtained by any h,p.q € H.
Therefore, the VC dimension is 4.



Problem 2 (20 pts). (k+1) folds validation

Let H be a infinite hypothesis class and let A be a learning algorithm with the following
guarantee:

There exists a constant dyp € (0,1) and a function my : (0,1) — N such that for every
e € (0,1), if m > my/(€), then for every distribution D,

P;r (LD(A(S)) < Ihrélql;l Lp(h) + 6) >1—dy.

We want to construct a new learning algorithm B that uses A as a subroutine and learns H
in the usual agnostic PAC learning model with a better confidence while keeping the error
guarantee e. We want B to achieve confidence 1 — ¢ for any 0 < dy, with sample complexity
m > my(€, 9).

Learning algorithm B:

_ | log(6/2)
e Define k = { Toa(d0) -‘
e Given a training set S, partition it into k£ + 1 disjoint subsets:

— S1,. .., Sk, each of size my(e/2),

— Sky1 of size m/.
e For eachi=1,...,k, run A on S; to obtain hypotheses h; = A(S;).

e Use the validation set Sy, to select h = argming, Lg, , (h;).

1. Show that with probability at least 1 — /2, there exists at least one h; such that:
Lp(h;) < min Lp(h 2.
p(h) < min Ln(h) + ¢/
2. Using results from the class, find a bound on the sample complexity m’ that guarantees
that with probability at least 1 — §/2, for all i

| L., (hi) = Lp(hi)| < ¢/4.

3. Conclude that the learning algorithm B is indeed an agnostic PAC learner with sample
complexity
mau(e,0) < k-my(e/2) +m'.



Solution to Problem 2:

1. (6 pt)The probability that all k£ hypotheses are bad is:

By definition of k:
Sy <5)2.

Thus, with probability at least 1 — §/2, there exists at least one h; such that:

Lp(hz) < min Lp(h) + 6/2

heH

2. (6 pt) Using the sample complexity of the uniform convergence of finite classes, if

. Plog(zu{;/(sw |

> 2
then with probability at least 1 — 4/2, for all

| sy, (hi) — Lp(h)| < €/4.
3. (8 pt) We want the intersection of the two high-probability events (each holding with
probability > 1 — §/2):
(a) There exists h; such that

i) < mi .
Lp(hi) < min Lp(h) +€/2

(b) The empirical risks approximate true risks well, |L5k+l(hi) — Lp(hi)‘ <e/4.

Thus, with probability at least 1—¢, the ERM selection over {hy, ..., h;} yields h such

~

that Lg,,,(h) < Lg,,, (h+) and

Lp(h) < Ls,,,(h) + ¢/4 < Lg, ., (hi+) + ¢/4 < Lp(hie) +¢/2 < min Lp(h) + e.
(b) (b) (a)

The total sample size is m = k - my/(e/2) + m'. Hence:

8 log(4k:/5)-‘

ma(€,0) < k-my(e/2) + [ 2



Problem 3 (20 pts). Moore Penrose pseudoinverse

Consider the linear regression problem:

min || X3 - V|?
BERE

where X € R™4 and Y € R™. We will generalize the expression of the least-squares
minimizer obtained in class, without assuming that either X7 X or X X7 is full rank.

Properties: Let A € R™*?. Recall that the Moore-Penrose pseudoinverse A' is defined as
the unique matrix satisfying:

(1) AATA = A, (2) ATAAT = AT, (3) (AAN)T = AAT,  (4) (ATA)T = ATA.

1. Show that the matrix P = I — AAT is an orthogonal projector, i.e., prove that P? = P.
Show also that the kernel (or Null space) of P is the image space of A.
2. Using the previous result, prove that

=Xy

is a minimizer of this problem.



Solution to Problem 3 (total 20 pts):

1. (10 pt) Let P =1 — AAT. Compute:
P? = (I — AA")(I — AAT)
=1—2AAT + AATAAT.

Using property (2), ATAAT = AT: P2 = —2AAT+ AAT =1 — AA" = P. Thus, P is a
projector.

Let z in the kernel of P. Thus, z = AATx so x € Im(A) giving ker(P) C Im(A). Now
observe that:
PA=A—AATA=0.

using property (1). Thus, Im(A) C ker(P) and Im(A) = ker(P).
2. (10 pt) Let 8 € R%. We decompose:

IXB-=Y|?=||XB+XXTY - XXY —Y|?=||X(B-XY)— (I - XX"Y|>

Let P =1 — XX'. The two vectors X(8 — XY) € ker(P) and PY € Im(P) are
orthogonal. Hence:

1X5 =Y = [|X(8 - XTY)|* + | PY|*.
Since || PY]|? does not depend on 3, the norm is minimized when:
X(B-XY)=0.

This is achieved for 8 = X1Y. Therefore:
=Xy

is a minimizer of the least-squares problem.



