Stellar orbits
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Outlines

Surfaces of section

- Integral of motions
- Poincaré maps

Orbits in planar non-axisymmetric potential

- Surface of sections

- energy dependency

- flattening dependency
- Integrals of motions

Orbits in planar non-axisymmetric rotating potential

- The Jacobi integral

- Lagrange points

- Orbits around Lagrange points

- Orbits not confined to Lagrange points



Surfaces of section

Can we visualize the phase phase and check if an
additional integral of motion exists ?

Idea :

We study the orbits in the meridional plane

¢ 4-D 4 indep. variables (R, z, R, 2)

* Energy FE :
~ 3-D 3indep. variables (R, z, R)

* Drawing a 3-D phase space is still not easy. Instead, we draw slices of the phase
space. We plot only phase space points that:

« crossthe z =0 plane
* have z2>0 Surface of section
consequents or Poincaré maps
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Surfaces of section

* Apointin the surface of section (for a given E and [, ) defines an orbit as
the three independent variables (R, R, z = 0) are defined.

* Even if orbits have the same energy, they will never intersect in the plane (EoM are first
order diff. equations).

« Zero velocity curve : curve defined by 2 =0

1., 1 .
E:§R2+§z2+@eﬁ(3,z:0) = R EV2[E - ®g(R,z=0)]

R(R) = ++/2[E — ®5(R,z = 0)] defines the accessible region of the
phase space

rl,




Surfaces of section

Examples

Logarithmic potential
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Effective Potential
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./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --plotpotential



Invariant curves : Third Integral
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./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --norbits 30 --nlaps 1000
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Invariant curves : Third Integral

green : contours of constant total
angular momentum
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./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8 --norbits 15 --nlaps 100 --add_IL



shell orbit
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orbit.dat
Active object : Observer_0

FProjection Mode : O

Stereo Mode He

Motion Mode 1 0

= : 35.0

Mear /Far planes : 0.1 10.8

Near/Far factor : 0.100 10.000

Mouse Fositlon @ == 0.0 y= 0.0 z= 0.0
Mouse On screen @ x= 183 y= 0

Dist to IntP rd= 1.077

Observer pos tox= -0.1 y= -0.6 z= 0.9
IntF pos row= 0.0 y= 0.0 z= -0.0



Large radius
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./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.8
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--norbits 15 --nlaps 100 --R 0.3953
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Smaller radius
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orbit.dat
Actiwve object
Frojection Mode
Stereo Mode
Motion Mode

Fow

Mear/Far planes

Mear/Far factor

Mouse Position
Mouse On screen
Dist to IntF
Observer pos

Itk pos

Ohzerver_0
o
o
o
35.0
0.1 9.7
0.100 10.000

®x= 0.0 y= 0.0 z= 0.0
x= 424 y= 184

d= 0.975

w= —0.2 y= -0.7 z= 0.6
= 0.0 y= 0.0 z= 0.0



At higher energy
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./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --norbits 15 --nlaps 1000



Bifurcation (resonance) : new orbit family
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./mapping-Rz.py --VO 1. --Rc 0.0 --p 0.9 --Lz 0.2 -E -0.5 --vR 0 --R 0.52 --nlaps 100



orbit.dat
Actiwve object : Ohserver_0

Projection Mode : O

Stereo Mode . . I IR

Motion Mode H EE - . . .

Fov : 35.0 '
Mear/Far planes : 0.2 15.Z = ) T ) ) ) ) . . o i
Near/Far factor : 0.100 10.000 . "'f.}"-,"' e S R T R

Mouse Position @ x= 0.0 y= 0.0 zi”;Q50  _ff'?,:-' '-_.'“: .ff;:-:
Mouse On screen : x= -48 y= 79 B : B .'_, - . S
Dist to IntP : d= 1.513 T
Obserwver pos roxw= 1.4 y= 0.3 z= 0.4

IntP pos rx= 0.0 y= -0.0 z= -0.0




Slices of different energies

Active object : Obserwver_0
Frojection Mode : O

S3tereo Mode H

Motion Mode H

Fow : 35.0
Mears/Far planes : 0.4 33.0
Nears/Far factor : 0.100 10.000

Mouse Fosition
Mouse On screen
Dist to IntP
Observer pos
IntP pos

rm surf-*.dat

./mapping-Rz.py --VO 1. --Rc O. . .2 -E -1.1 --vR 0 --norbits 50
./mapping-Rz.py --VO 1. --Rc O. . .2 -E -0.8 --vR 0 --norbits 50
./mapping-Rz.py --VO 1. --Rc O. . .2 -E -0.5 --vR 0 --norbits 50
./concatenate.py surf-0*

glups —--fullscreen -p glparameters totsurf.dat




Stellar Orbits

Orbits
In planar non-axisymmetric
potentials
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Bar model : Logarithmic potential:
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Surfaces of section (in planar potentials)

Can we visualize the phase phase and check if an
additional integral of motion exists ?

Idea :

We study the orbits in the plane z=0

e 4-D 4 indep. variables (z,9,2,9)

« Energy FE .
L 3D 3indep. variables  (%: Y, &)

* Drawing a 3-D phase space is still not easy. Instead, we draw slices of the phase
space. We plot only phase space points that:

» crossthe y =0 plane
* have y >0 Surface of section
consequents or Poincaré maps
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Surfaces of section (in planar potentials)

* A point in the surface of section éfor agiven F) defines an orbit as
the three independent variables (z, Z,y = 0) are defined.

* Even if orbits have the same energy, they will never intersect in the plane.

« Zero velocity curve : curve defined by y =0

1 1
E:§:b2—|—5192—|—<1>(a:,y:0) = &< +2[FE - ®(x,y =0)]
i(x) = £/2[E — ®(z,y = 0)] defines the accessible region of the

phase space




INnCreasing enerqgy .
perturbed harmonic oscillator
(coupling terms)
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./mapping.py --VO 1. --Rc 0.14 --q 0.9 -E -1.96



small x, Y-elongated orbits (box orbit)
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./mapping.py --VO 1. --Rc 0.14 --q 0.9 -E -1.96 --x 0.001 --nlaps 10



large x, X-elongated orbits (box orbit)
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./mapping.py --VO 1. --Rc 0.14 --q 0.9 -E -1.96 --x 0.0154 --nlaps 10



Increasing energy :
perturbed harmonic oscillator
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./mapping.py --VO 1. --Rc 0.14 --q 0.9 -E -1.96 --x 0.01
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Potential and energy
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./mapping.py --VO 1. --Rc 0.14 --q 0.9 -E -0.337 --plotpotential



g=1.0

Phase space
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Box orbits
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./mapping.py --VO 1. --Rc 0.14 --q 0.9 -E -0.337 --x 0.7



Box orbits
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Box orbits

./mapping.py --VO 1. --Rc 0.14 --q 0.9
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Loop orbits
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Loop orbits

S
06 -~

10 -
D4 —

05 —
0.2 —

0.0 —

2 = i —
=B 0.2 —
—1.0 — 4 —
—1.5 = 06

| | | |

| | | | | | |
-6 —04 -02 (1.1 .2 0.4 .6
%

—0.G —0.4 0.2 (1.1 0.2 4 .6
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Loop orbits
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Loop orbits
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Integral of motions ?
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Integral of motions ?
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R~ R,

Family decoupling

from low ener to high energy
1 family 2 famillies
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Evolution with the flattening

keeping the energy fixed
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q — O 7 Box orbits dominate the
’ phase space !

./mapping.py --VO 1. --Rc 0.14 --q 0.7 -E -0.337 --norbits 50 --nlaps 200



—1.6G —(14 —0.2 {IR1] f.2 {14 .6

./mapping.py --VO 1. --Rc 0.14 --q 0.5 -E -0.337 --norbits 100 --nlaps 200



0.4 —
L5 — =
= L —

1.00 —
—0.2 —
.5 — i

I I I
—0.4 —0.2

= 0.4

—{L5

—1.0

!
—1.G —{).4 —{).2 LRI f.2 4 6

./mapping.py --VO 1. --Rc 0.14 --q 0.5 -E -0.337 --norbits 50 --nlaps 200 --x 0.3 --vx -0.6



1.

—1.0

—1.5

—1.G —(14 —.2 LRI f.2 4 (1.6

./mapping.py --VO 1. --Rc 0.14 --q 0.5 -E -0.337 --norbits 50 --nlaps 200 --x 0.3 --vx -0.6



Conclusions

Many 2D bared potential have orbital structures like the logarithmic potential:
* Most orbits respect a 2" integral ( L. or H, )

e 2 types of orbits:

* Loop: - fixed sense of rotation
- hever reach the centre

e Box: - no fixed sense of rotation
- many reach the centre

Loop orbits dominate when the axis ratio of of the potential is nearly unity.
Box orbits dominate instead.
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Orbits
In planar non-axisymmetric
rotating potentials
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celestial mechanics




Stellar Orbits

Orbits not confined to
Lagrange points
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Low energy orbits
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Short axis (Y) orbits (periodic)
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Long axis (X) orbits (periodic)
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Long axis (X) orbits (non periodic)
(=1

004 Box orbit

—.01 —

—0.02. —

=0.03 —

—id —

—~1.00 | | | | | | |

| | | | |
—.04 —0.02 .00 .02 .04

x1

—0.03 —0.02 —.01 .00 .01 .02 (.03
%

./mapping.py --VO 1. --q 0.8 --Rc 0.03 --Omega 1 -E -3 --x 0.03



Increasing the energy
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Bifurcation : apparition of x2 (stabe)/x3 (unstable) orbits

1.0 —

{.b-—

o
Jrl't'*' - ™

#+‘|-"“-|-++HH E 2

£ L LL] !-'i
ey "" ,u.-l-; ..#f:":‘

& w E
E HEE
ﬂ_:_'l — (R . L - -

=
ay - - - -
" - e TR "‘“1-"‘ -

# - 3 L] L
—114 — Sy 1y B ey >
+._"++:|‘ . :"‘ # f"
&

006 —

el 2 L
L - -, & X2

04—

! ! I 002 -

—(1L0G — {104 —{0.02 URLY .02

= 000 —
—02
—0.04

./mapping.py --VO 1. --q 0.8 --Rc 0.03 --Omega 1 -E -2.5 --x 0.0268

—0.06 —

T T T T T T T
—006  —004 —002 000 002 0dd 006



X1 : prograde x4 : retrograde
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Increasing the energy
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Chaotic orbits



Chaotic orbits
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A0tic orbits
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Evolution of the x1 orbit with increasing
energy
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The X-orbit families
(characteristics curves)

Yo

distance at which the orbits crosses the y axis

Figure 3.18 A plot of the Jacobi constant Ej of closed orbits in ®;(q = 0.8, Rc =
0.03, €2, = 1) against the value of y at which the orbit cuts the potential’s short axis. The
dotted curve shows the relation ®.g(0,y) = F3. The families of orbits x1—x4 are marked.



The End
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