Exercise Set 6: Solution
Quantum Computation

Exercise 1 Phase estimation based on the Quantum Fourier Transform

(a) dim(S) = dim(|z)) x dim(]y)) x dim(|¢)) = dim(C?) x dim(C?) x dim((C?)®") = 22",
The circuit corresponding to S:

) H ’ —
(QFT)f
y) H T —

) U2 U

(b) The state after the H’s: H|0) ® H |0) ® |u) = £([00u) + [01u) + [10u) + [11u) )
The state after U?* (or Ry): 5( |00u + [01u) + 647”"0 10u) + e*™% [11u) )
The state after UY (or Rs): 5( |00u) + e*™ [01u) + ™ |10u) + €5 |11u) )

(c) We can write the last expression as
1

. 1 T
1L Z p2mip(2y1+40) 1, y0) ® |u) = 3 Z e 23 (201+00) (241 +v0) 1, o) @ |u)
y1,90€{0,1} y1,90€{0,1}

= QFT |1, ¢o) ® |u)

QFT is unitary and therefore (QFT)"(QFT) = I,,. Then, the output state of the circuit
is |p1) ® |o) @ |u).

(d) Tt suffices to measure the two first qubits because they are |p1) & |po).

Exercise 2 Gates to build Uy for f(z) = a® (mod N)
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(a) For a =2 and N = 3: Uy|0) = |0), U |1) = [2), Uy |2) = |1), U |3) = |3). Writing the

full states in binary, we obtain U, |00) = |00),U>|01) = |10), U, [10) = |01). Thus the

matrix 1s
1
0
Uy = 0
0
1)

For a = 3 and N = 4: U3|0) = |0),U3|1
full states in binary, we obtain Us|00) =
|01). Thus the matrix is

O = OO
_ o O O

0
1
0
0
)

=13),Us3|2) = |2),Us3|3) = |1). Writing the
|00) ,U3|01) = |11),U3|10) = |10) ,U3|11) =

Us =

o O O
_— o O O
o= O O

o = O

0

We can recognize in both cases permutation matrices. From those matrices, you can
perhaps already guess what will be the final ciruit.

For ¢ = 2 and N = 3: the Boolean functions are
Joo(z,y) = (1@ 2)(1Dy)
Jor(z,y) =2(1Dy)
Jio(z,y) = (1@ )y
fll(ajay) =2y.

For a = 3 and N = 4: the Boolean functions are

foo(z,y) =(1ox)(1®Y)

foi(z,y) = zy
f10($, )—x(l@y)
fulz,y) = (1@ a)y.

The function fx—i(z,y) = fio(x,y) ® f11(z,y) since both cases are exclusives. In the
same way, we have fy—i(2,y) = foi(z,y) ® fi1(x,y). Thus for a = 2 and N = 3, we have

fxzi(zy)=(1@z)ydry=y
fr=1(z,y) =z(1Dy) Sy =z
and for a = 3 and N = 4, we have
fx=i(zy)=z(l@y)®(ldr)y=cdy
fra(zy)=zye (1ea)y=y.

Since U, |z,y) = |fx=1(z,vy)) |fy=1(x,y)), we have, for a = 2 and N = 3, U, |z,y) =
ly) |x) and for a =3 and N =4, U, |x,y) = |z & y) |y).

The first circuit is a SWAP gate between the two qubits. In the second case, the circuit
is a CNOT gate where the control qubit is the second one. Thus, the circuits are :
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a=2and N =3 a=3and N =4
|z) —>—[y) |z) —— |z D y)

ly) —%—|z) ly) —e——1y)

Exercise 3 Approximating QFT
1. For all |[¢):

[(U1U2 = ViVa)[) || = [[(UrUz — Villa + ViUz = ViVa)[4h) |
< (LU = Vi) [ || + [[(Villa = ViVa)[9) ]
|

(Ur = V1) Ua|)[| + (VA (U2 = V2) [ ||

Using that V; is unitary and does not change the norm, and that U; maps normalized
states to normalized states, we obtain:

D(UyUs, ViVa) < D(Uy, Vi) + D(Us, Va).

2. We compute:
D(Re.1) = mias[[(Ra=1)(el0) + B1)]

wi/2%
= e B i)

= |2 —1].

Using Euler’s identity:

)

e — 1] =2

[\

()

sin (%)‘ N od = o27%).

we get:
D(Rg,I) =2

For the controlled version:
D(I, @ Ry, I1) = D(Rq, I5),
since the operator acts non-trivially only on a 2-dimensional subspace, hence:
D(I, ® Ry, 1) = O(27%).
3. Let the original circuit be written as:
Ur1UxUs - - - Usn Uz,

where the Us, are the gates to be removed.
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After removing them:
UilUs -+ - TUapp41.

Using subadditivity:
M
D(ULIUs - Iz, UUsUs -+ UsagUsags1) < S D(Usia, 1)
m=1

Now, removing all controlled-R; with d > k, and noting that for each d there are at
most n such gates:

n—1
D(Qn,Qn) < n-D(Iy @ Ry, 1y)
d=Fk
n—1
=nY 027"
d=Fk
= 0(n27%)
To achieve: .
D(QN?QN) = O (ﬁ) P
we choose:
k = 2logn.

Finally, counting gates:

e n Hadamard gates,

e at most n controlled- R4 gates for each d < k.

Hence total complexity:

O(nk) = O(nlogn).



