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/Bias Variance Decomposition andTroubledescent- first part. I
The definition of PAC learning indicate

that to achieve good generalization enc La (A(S)

a its expected value IEg(Lo(Acsi1] at least
No espects came into play : the choice of the

learning who ACS) and the choice of the hypothesis

dant-AIS) . For the choic of te, in

particular , a lange enough I is desivable as if

make min La (h) small and Lo (Ass)
R

potentially small , but on the other haund a too

lange It is detrimental because of the No Free

Lunch Therem.

The right choice oft hums at be a subtle
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issue. According to the classical paradigm of

statistics I should be sufficially complex as bo

be expressive enough but not to large at the same

time . This is often expressed as the so-called

bics-vaniance trockoff. Howeve the classicol

bics-variance tradeoff has been challenged in

recent years as examplified by the "double

desent phenomenon" .

In tis leature and the next one
, afte

reviewing the biss-variance trade-off me look at

te double desent phenomenon . We will look of it

through a mic simple variant of a repension

model first introduced by Breiman and freedman 1983

and revisited by Belkin
,
Har
,
Xn in 2018.
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1. Bios-Variance Thadsoff : classical approach ·
-

· let S = training et = 3(x, y) ... (Xm · Youl]
X = 129

, y +
IR.

· Square loss &(x
, y) = Ch(x) -y)

= l(k ; X,y) .

· Popublia risk ((h)=g (l(hi x,()

= E((h(x-2(2)

Learning rule a predicte : AlSi = hs

· Expected test lors of learning rule :

Es(LaChs))

is theorage oren training ects of enc of learning

# L (hg) · This will be an main

quantity of interent today-
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Lemme
.

-

min((h) = min E)(h(x) -y)" (

is etained by the "optimal learning rule"

hopt (x) = E(y(x) = Sdyy & (y(x)
IR

Prof

E))h(x) -y)t = E)(h(x) - hopt(x)
D

+ hop(x) -y)")

=> I (hexy-hoph(x))" + IE Chopr(x) -y)

+ 2E[(h(x) - hoph (x) (hau(x) - c(]

Now I = E IE (sire & (*, y) = &(y(x&(x)
& X21x

Thus the third expectation is :
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Ex[Chexe-hanche,
There for

↳ (h) = Eg (h(x) -y)2

= ((h(x) -hop(x) + E()E((x) -2)4)
- -

ena induced by choic of
Structurel

rub h asempared b meine tem

Optimal mub have to remain
-------

In pentimer :

↳ (h) 2 Noin Lam = (t))EgIX) - 2)Y

with equality chaired for h = hopp
#
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Exampleof Nine Ken.

imagine date S as follows for i = 1 --- m

%= + 2i

2 ~ /0
,
24) and -19 Cunknown d

hidden ground)thrth

ther D(X
,27exp

Thus

-
hopt(x) =((y(x) = Sda
=> he(x) =x.

L (h) = E)(h(x) - Ex - Y)2)

+-
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Imagin furthermae h(x) = B . fa

a linear model

E(h(x)- BxY)) = E)( - 3) - X)2

=((5 -3
+( - 4x)]

= (P-P)[(B - 3)

with = CIT) = coveriance matrix

of data . (unknown 11

data dishr is unknown . )
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rem:bios-variance
decompositee

= E [(Esths(x) - hop(x1) 2)
bios of hsx ·

+ EsFo[(hs(x) - EgCh(x))2]Valiano

+ 10 [(hau(x) - y)2] Noise

Remarke i
-

· Third herm is the incompassible structural voice

he have even for the ophimet und.

· First tem is called bistem .
It it the

ena incurred by the learning Encew . r. t

he sphimmm estimater . For ray expressive

cores 29 This lands to be smath beaume
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hg(x) might be doe to hapt (x) -

· Second term is called variance tem
.
This kem

quantific the variability of alimator when the

date net change . Naively speaking if the clare

I is too expressive we might are fit to

te particular data net 22 . 8 me might even fit

moise) so that the variance gews.

#"Size of S

or mod: I

complexity
modet complexity &
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Proof-
-

Recall Es(((hs)) = EsEg((hs(x -2)]]

Eg(hg(x) -y(2 = Eg(hg(x) - hapt(x) + hyr(x) -y)

= Eg(hg(x) - hopt (x) + 1 Chapy(x -2)2

+ 2
g (hg(x) - hap (x) (hopt(x) - 2)

↑

E,ByIx

using ten E

8yx Chapex
- 2)

= hapcx - Egy (2) = 0

the monter disappears .
Thus

EEg(g(hs)) = EEg lg (hg(x) - hopt(x)
2

+ E(hop(x) - y)) - Noise
Lem
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.

It remains to decompose the first terr :

Es Eo(hg(x) - hogexs (2

= EEg (hg(x - E(hg())
>

+ E, (EMg(x)) - happ(x)))

+Es E (hg(x) - Ethg(x1) (EChg(x)) -hap(x)

Usi-y Es(hg(x - Echg(1) = 0 a Net

the second herm is indep of 5 :

Est [bg(x) - hapf(x)

= Es@ (hg(x - E(hg(,)) G variance

+ Eo (EChg(x) - hoprexs)" # biss

#
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=ouble descent pharomemor

The hemistic picture of the generalizche

une on page 9 has been challenged. Next week

we will bee on a specific model La variant of

regenio) tat ore can have :

Gen eve

Imer
interpolation model
Inanhold complexity
-

model complexity
= number of data

sample .
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Understanding this phenomenon and when it

happens is an important problem. This kind of

unce can also be richer with many peaks occuring .

Model of-Erciman-Freedman/revisitedby

&lkin , XSu , Hu

We assume that in the data (% ) --- (mcTel

only the components jeA ,
ACL1 ... d)

of Yj ane observed. We et***

for the rectors = [Ej , je A] with

(A) = p-d which are d-dimensional

Macar y :=** Xi + 2i ,
C :- (0, 1).

Prediction rule from linear dan H : hg(X=

-IR9 where it minimites the empirial bon

* (y : -B = Lg > BA) .
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Natation :

Xa= 41d

3 = () + i

(F )=
-

MxRP
i = p - - - m Tr

#Ta
trien

0 f jeA" 7
-

#t= Egly-5.[1]
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3thematical recep on least squares minimization.
-

etx= -Rex matrix .

let Y -iR venter

( + ((B) = 113 - X3/2
= (yi - x,

2

i=1

=-. )"

We want to minimize ((B) . Themoive

approach is to compute ((5) = 0 i . e :

- BK

& 2 (yi - STYi) Xik = 0
,
k = 1 -- dE

=>intiie

-= (x+X((*)
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How do me sofre this equation ?

dxd
a)dmX+X R and genericdly
F

his matrix is full rank (we assume it her) .

so it is investible and the solution is unique

M= (x+ x)+ x+ y .
Note L (2) = 11y- X(x+x)

+

x
+ y()

= (l(7 - Xx+x) xT)y12

· X (XTX("XT = G is symeric P = PT

·
p= X(x+X)+x+ x(x+x)+ xT = 9

S
so his is a projection mahrix : it tak

recta PER" and projects it on d-dim

abspace spanned by rows of XT.

↑

And (1-1) is ath proy
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b XXTER
**

is full rank and

invertible generatically. But

XX has d-m zeve eigenvalves.

Recoll equation (*) :

X
+y = (X+X)3

eet B = Sparticular + z

- ~u

XT(xx+)y
rector in mull space

of XTX (a Cineau

combination of zero eigrects

we have

(x
+

x)i=xy. +
O

so the equalia is schified.

We se there is a whole set of solutions :

T= x(xx+) +* + z ., zemel(xx)I
Nol ((Brs) =/Y- X B1" = /Xz12 = 0
because XTXz=0 => XX

+XE = 0 => Xz = 0
Since XXT

is full rank
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~

Moore Perme in vase

The solution to the minimization problem

for d >M and d>m is (with z = 0 her)

Es = X
+
Y

(XX)
+ XTY if XTX is

where full rank (dim)x
*

= S XT(X ** Y if XX isT

full rank (d >m)

is the Moore-Pense in nune

Note in exercices we introduce the Moore-Pennale
-
-

inverse in full generality. It is always defined

even without assuming trat XIX a XXT is full

rank. However then the formente for Xt is different

Note it can always be oblained from the singular value

decomposition.



19 .

To enclude we give another approach to the

main result here

Therran
·
Least square minimize.
--
-

(a) If Xix is full rank ((B) = 11Y-X3112
has unique minimit Es = (XTX)" XT Y.

(b) If XXT is full rank ((B) = 113-XB1
"

1

has mini izes BLg =* (XXT) " Y + z where

2- Null space of 1 XTX(

Proof
=

(a) X
*
X full rank is investible .

So Bas is well defined

114-X3(12= 114-X(x+x) +x+y + x(x+x)xTy-Xp/

= (14-X(x+x) x+y() + 11x(xx) *x+y- x3 /
-

+ 2(P- X(XYXTY , X(x
+X) +Xy - XB)
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Now Y- x(x +X) +x+y = (E - X(+x)XT)P .

=Cataathogond to new space of XT

sinc X(X
*X)
*
XT ise projecter onlo new space

of Xt (se previous remanks) .

and X(XX)*** - XP belongs to row space of XT

Thus <, > = 0.

finey 11 Y-X3112 <- /I(E - X(x*X)*x+) y12

with equality 5 B : Bus

(b) Proof is even simple. Note hot if

z- Nul space (X
*X) me have XTXz = 0

so XXXz =0 so Xz = o sie XXT is assumed

to be full rank .

L(B) = 11Y-XP11 0 with equality fo R = X
*XX)ty
+ z

just beem by replacing inside
u


