
Homework 12
Introduction to Quantum Information Processing

Exercise 1 Rotations matrices for a qubit on the Bloch sphere

a) Represent the eigenvectors of σx, σy et σz on the Bloch sphere.
b) Calculate explicitly the matrices exp

(
−iα

2
σx
)
, exp

(
−iα

2
σy
)
, exp

(
−iα

2
σz
)
.

c) Now we want to understand the interpretation of these matrices as rotation matrices of
qubit state vectors on the Bloch sphere. Consider the qubit

|ψ⟩ = (cos
θ

2
)| ↑⟩+ ei

π
2 (sin

θ

2
)| ↓⟩

Remark that this vector lies in the (yz) plane.

Calculate the action of the matrices exp
(
−iγ

2
σz
)
, exp

(
−iα

2
σx
)
, on this vector. Represent

the ”trajectories” as a function of γ, α on the Bloch sphere.
d) Can you say what is the action of exp

(
−iβ

2
σy
)

on the vector, without computation ?
Confirm by explicit computation.

Exercise 2 Dynamics of Spin 1/2

We consider a magnetic moment with spin 1/2 whose dynamics is described by a Hamil-
tonian of the form

H =
ℏδ
2
σz −

ℏω1

2
σx

where ℏ is Planck’s constant, δ and ω1 ∈ R and the Pauli matrices σz =

(
1 0
0 −1

)
, σx =(

0 1
1 0

)
. We recall the formula proved in Homework 2 :

exp
(
i
a

2
n · σ⃗

)
= (cos

a

2
)I + i(sin

a

2
)n · σ⃗

with a ∈ R et n = (nx, ny, nz) a unit vector, n · σ⃗ = nxσx + nyσy + nzσz, and I =

(
1 0
0 1

)
.

a) Compute the evolution matrix (operator)

U(t, 0) = exp

(
−i t

ℏ
H

)
and express it in matrix form, and also in Dirac’s notation. We recall the conventional
coordinate representation | ↑⟩ =

(
1
0

)
and | ↓⟩ =

(
0
1

)
.
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b) Consider the case ω1 << δ and the initial state at t = 0, 1√
2
(| ↑⟩+ | ↓⟩).

— Compute a good approximation of the state at time t (hint : take the limit ω1 → 0
and δ fixed).

— Represent the trajectory on the Bloch sphere in this limit.
— Is it periodic ? If yes what is the period ?

c) Consider now the case δ << ω1 and the initial state at t = 0, | ↑⟩.
— Compute a good approximation of the final state at time t (hint : take the limit δ → 0

and ω1 fixed).
— Represent again the trajectory on the Bloch sphere in this limit.
— Is it periodic ? If yes what is the period ?

Exercise 3 Creation of entanglement thanks to a magnetic interaction

We consider two spin 1
2

with interaction Hamiltonian H = ℏJσz
1 ⊗σz

2 (these can be spins
of nuclei in a molecule say). The unitary evolution operator of this system is U = exp

(
− it

ℏH
)
.

Let
|ψ0⟩ =

1√
2
(|↑⟩+ |↓⟩)⊗ 1√

2
(|↑⟩ − |↓⟩)

be the initial state of the two spins.
a) Show that the state after time t = π

4J
is

|ψt⟩ =
e−

iπ
4

2
(|↑↑⟩ − i |↑↓⟩+ i |↓↑⟩ − |↓↓⟩)

b) Show that this state is entangled, i.e., it is impossible to write it in the form

(α |↑⟩+ β |↓⟩)⊗ (γ |↑⟩+ δ |↓⟩)

c) Now we let the state obtained above still evolve for an interval of time π
4J

. Calculate the
final state and determine if it is entangled or not.

d) What happens if we let the initial state |Ψ0⟩ evolve during an interval of time π
J

?

2


