Advanced Probability and Applications EPFL - Fall Semester 2024-2025
Midterm exam: solutions

Exercise 1. Quiz. (24 points) Answer each yes/no or open question below (1 pt) and provide a
short justification (proof or counter-example) for your answer (2 pts).

a) Let the function g: R — R be defined as g(z) = 1g(z). That is, g(x) outputs one if z is a
rational number, and zero otherwise. Is g(x) Borel-measurable?

Solution: Yes, g(x) Borel-measurable since Q is a Borel-measurable set. Using the definition in
lecture we can check that {x € R: g(z) € B} € {0,Q,Q¢ R} for every B € B(R). For example,
{reR:g(r) e B}=Qif 1€ Band 0 ¢ B.

b) Let (2, F,P) be a probability space with Q = {1,...,6} and F = 0({{1,2,3},{1,3,5}}). Given
that P({1,2,3}) = P({1,3,5}) = P({2,5}) = &, what is P({4,6})?

Solution: We know that F is generated by the following atoms {{1,3},{2},{5},{4,6}}. Using
the additivity property of probability measures we can set up and solve a system of equations to
find that every atom occurs with probability i, and specifically P({4,6}) = %.

c) Let (€2, F) be a measurable space. Suppose B € F. Show that G = {ANB: A € F} is a o-field
of subsets of B. In other words, (B, G) is also a measurable space.

Solution: To show that G is a o-field on B we need to check the three axioms for the o-field.
(i) 0,B € G since BN B =B and BN =0.

(ii) G € G means that G = AN B for some A € F. But then G¢ € G since G° = A°N B. Observe
that here G€ is taken with respect to B.

(iii) If Gp,m > 1 is a sequence of subsets in B, then U G, € G. Indeed, for some sequence
Ay,n > 1in F we have

OGn: G(Ant): (GAn)ﬂBeg.

d) Let X and Y be two random variables defined on the same probability space. Given P(X >
Y) > 1/2, is it possible that E(X) < E(Y)?

Solution: Yes. For an example, let X and Y be defined on (2, F,P) be a probability space with
Q= [0,1], F = B([0,1]), and P the Lebesgue measure. Then, let X = 0.1 and Y = 1,596} In
this case, P(X >Y) = 0.6 while E(X) =0.1 <04 =E(Y).

e) Let X and Y be two Bernoulli random variables defined on the same probability space. If X



and Y are uncorrelated, are they also independent?

Solution: Yes. We know that E(X) =0xP(X =0)+ 1 xP(X =1) = P(X = 1) and similarly,
E(Y) = P(Y = 1). On the other hand, E(XY) = 0x P(X =0UY = 0) + 1 xP(X = 1,Y = 1) =
P(X =1,Y =1). Since X and Y are uncorrelated, P(X = 1,Y = 1) = E(XY) = E(X)E(Y) =
P(X = 1)P(Y = 1). We also know that if two events {X = 1},{Y = 1} are independent, their
complements {X = 0}, {Y = 0} are also independent, i.e., P(X =0,Y =0) =P(X = 0)P(Y = 0).
Thus, X and Y are independent.

f) A continuous random variable X has CDF Fx. What is the CDF of Y = aX + b, where a and
b are real constants?

Solution: There are three cases to consider:

If @ > 0 then
Fy(t) = PUY < t}) = P{aX +b < t}) = P <{X < 1(t - b)}) — Fx <i(t b)> .
If a < 0 then

Fy(t) = PUY < }) = P{aX +b < t}) = P ({X > %(t— b)}) _1-P ({X < %(t— b)})

—1—Fx<i<t—b)>.

If @ = 0 then

Fy(t) =P({Y <#}) =P({b < 1}) = {(1) s

g) We flip a fair coin n times. Let A;; be the event that ith and jth flips are the same. Show that
the events {A;;: 1 <1i < j < n} are pairwise independent but not independent.

Solution: First, consider the pair of events A;; and Aj,, where ,7,1,m are all distinct. In this
case we have

1
P (A N Ap,) = 1= P (Aij) P (An)

Secondly, consider the pair of events A;; and A;, with ¢ # k. In this case

P (Aij N Aig) = ~ =P (Ay) P (Ai)

4
Indeed, probability of jth and kth flips are independent. So, the probability of each being equal to
ith flip is just % Thus, this collection of events is pairwise indenedent.

The collection of events is not independent since

P (Aij N A N Aji) =P (Aij N Ag) # P (Aij) P (Ai) P (Ajie) -



h) Let U be a random variable uniformly distributed on the interval [0, 1]. Let F' be any CDF, and
define ¢(u) = inf{z € R: F(z) > u} for 0 < u < 1. What is the CDF of the random variable ¢(U)?

Solution: Since F' is non-decreasing, if F(z) < u, then ¢(u) > z. On the other hand, since F
is right-continuous, we have that inf{z; F(zr) > u} = min{z; F(z) > u}; that is, the infimum is
actually obtained. It follows that if F'(z) > w, then ¢(u) < z. Hence, ¢(u) < z if and only if
u < F(z). Since 0 < F(z) < 1, we obtain that P(¢p(U) < z) = P(U < F(z)) = F(2).



Exercise 2. (14 points) Let (22, F,P) be a probability space with Q = [0,1], F = B([0, 1]), and
P the Lebesgue measure on B([0, 1]).

a) Let the collection {I1,..., 14} be a partition of Q such that I; = [}, L) for i € {1,2,3} and
Iy = [%, 1]. Similarly, let {J1,...,Js} be a partition of 2 such that J; = [ -1 g) forie{l,...,5}
and Jg = [%, 1}. Describe the o-fields F; = o({I1,...,14}) and Fo = c({J1,...,Js}). How many

elements does F; and JF> have?

Solution: Since {Iy,..., 14} is a partition, these are also the atoms of F;. Thus, there are 4 atoms
and 2% = 16 elements in F;. Similarly, there are 6 atoms and 20 = 64 elements in F».

b) Is it true that 7y C Fo? Let F3 = o({l1,...,14,J1,...,Js}). Is it true that F; C F37

Solution: No, F; ¢ Fo, since the atoms {Iy,...,I4} & Fa. Yes, F; C F3, since {I1,...,I4} € Fo
as well as their countable unions.

Define the random variables X = 1(,cr,un), ¥ = wliuvesun)-

c) Is X Fi-measurable? Is it Fy-measurable and F3-measurable? What about Y7

Solution: We can write X = 1{w€[0 1)y Knowing that [0, %) ¢ Fi, and [0, %) € Fo N F3, we
'3

conclude that X is Fs-measurable and Fs-measurable but not Fj-measurable. Similarly, we can

write Y = wl{[o 1)0[2, 1)} Since Y takes a unique value for each w € {[O, %) U E, %)}, it is not Jq,

’6 472
JFo or F3 measurable.

d) Calculate the expectations E(X) and E(Y).

Solution:

and

:/Oéwdp(wwr/fwdw(w):;((é)2+<;>2_ (le>2 :%_

4

Define the random variable Z = 1y, 7,u75074}-

e) What is the covariance of X and Z7 Are they independent?

Solution: We can write Z =1, _t1 2y,. In addition, we can calculate E(Z) = . Then,
{wel3.3)} 2

Cov(X, Z) = E(XZ) — E(X)E(2) = E(Lyyepo 1)y Luepr 2)y) — E(OE(Z)
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= ElLpuefo,2)n[2.2)y) ~ E(XE(Z) = E(Lgeps 1)) — E(OE



Since X and Z are uncorrelated Bernoulli random variables, we know from Exercise 1.e) that they
are independent.



Exercise 3. (12 points) Consider an infinite sequence of coin flips, where the sample space is the
set of all infinite binary sequences, Q = {0, 1}N . For each n € N, let A,, be the event that the first
n coin flips are all heads. That is,

Ay ={w=(w,wa,...) €EQ:w; = =w, = 1}.

Let F =o({A, : n € N}).
a) Let B, be the event that the first tail appears on the n-th flip, for n € N. That is,

B, ={w=(wj,wy,...) €Q:w; =+ =wp_1 = 1,w, =0}.

Is B, € F?

Solution: B, is the event that the first tail appears on the n-th flip, for n € N. We can write
B, =A,_1\ A4, (with Ayg = Q), which shows B,, € F.

b) What are the atoms of F?

Solution: The collection P = { By, }nen U {Ax} forms a countable partition of Q. Any generator
A, can be written as a union of elements from this partition: A, = (Up=,,1 Bx) U Aoo. It follows
that F = 0({A4,}) = o(P). The atoms of F are therefore the elements of this partition:

e The singleton event Ay, = {(1,1,1,...)}.

e For each n € N, the event B, = {w:wj; =+ =wyp—1 = L,w, = 0}.

c) Does F contain an event Cy, that the second flip is tails (i.e., wy =0) ?

Solution: No, F does not contain the event Cy. An event in F = o({Bp,n € N} U{A}) must
be a countable union of the atoms { By, }nen U {As}. This means that for any atom, such as Bi,
an event F/ € F must either contain all of B; or be disjoint from it.

Let’s examine Cs in relation to the atom By = {w : w1 = 0}.

e The outcome w, = (0,0,1,1,...) is in By and is also in Cs.

e The outcome w, = (0,1,1,1,...) is in By but is not in Cs.

Since Cy contains some outcomes from the atom B; but not all of them, C5 ”splits” an atom of F.
Therefore, Cy cannot be formed by a union of the atoms of F and thus Csy ¢ F.

d) Let G;; be the event that the first flip is ¢ and the second flip is j. That is, Gop = {w € Q: w1 =
0,ws = 0}, Go1 = {w € Q: w1 = 0,wy = 1}, and so on. Let G = 0({Goo, Go1, G10, G11}). Describe
the o-field F N G. That is, which sets is it generated by? How many elements does it have?

Hint: Recall that an intersection of two o-fields is a o-field.

Solution: The o-field F NG is given by o({Goo U Go1, G10, G11}). It has eight elements which are
all possible unions of these three sets. To see why this is true, consider the following correspondence
between the atoms of F and G:



e By = Goo U Gor
e By =G

e A UB3UBy =G

Thus, we see that the set G is in both o-fields. The sets Gggp and Gg; are not in F, but their
union is. Likewise, the sets Ay, B3, By, ... are not in G, but their countable union is.



