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Exercise Sheet 4 – Solutions

Exercise 1: Let M , N and P be smooth manifolds, let F : M → N and G : N → P be
smooth maps, and let p ∈ M . Prove the following assertions:

(a) The map dFp : TpM → TF (p)N is R-linear.

(b) d(G ◦ F )p = dGF (p) ◦ dFp : TpM → T(G◦F )(p)P .

(c) d(IdM)p = IdTpM : TpM → TpM .

(d) If F is a diffeomorphism, then dFp : TpM → TF (p)N is an isomorphism, and it holds
that (dFp)

−1 = d(F−1)F (p).

Solution: Recall that TpM is the vector space of derivations at p, i.e. R-linear maps
v : C∞(M) → R with v(fg) = f(p) v(g)+ g(p) v(f), and that for v ∈ TpM the differential
is defined by

dFp(v)(f) = v(f ◦ F ), f ∈ C∞(N).

This is well defined: f ◦ F ∈ C∞(M) since F is smooth, and dFp(v) is a derivation at
F (p). Indeed, f ↦→ f ◦ F is linear, so dFp(v) is linear, and for f, g ∈ C∞(N),

dFp(v)(fg) = v
(︁
(f ◦ F )(g ◦ F )

)︁
= f(F (p)) v(g ◦ F ) + g(F (p)) v(f ◦ F )

= f(F (p)) dFp(v)(g) + g(F (p)) dFp(v)(f).

(a) Let v, w ∈ TpM , a, b ∈ R and f ∈ C∞(N). Since the vector space operations on TpM
are defined pointwise,

dFp(av+bw)(f) = (av+bw)(f◦F ) = a v(f◦F )+bw(f◦F ) =
(︁
a dFp(v)+b dFp(w)

)︁
(f).

As f was arbitrary, dFp(av + bw) = a dFp(v) + b dFp(w).

(b) G ◦ F is smooth, so d(G ◦ F )p is defined. For v ∈ TpM and f ∈ C∞(P ) we have
f ◦G ∈ C∞(N) and

d(G ◦ F )p(v)(f) = v(f ◦G ◦ F ) = dFp(v)(f ◦G) = dGF (p)

(︁
dFp(v)

)︁
(f).

Hence d(G ◦ F )p(v) = dGF (p)(dFp(v)) for all v ∈ TpM .
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(c) For v ∈ TpM and f ∈ C∞(M): d(IdM)p(v)(f) = v(f ◦ IdM) = v(f). So d(IdM)p(v) =
v.

(d) Since F is a diffeomorphism, F−1 : N → M is smooth, and F−1 ◦F = IdM , F ◦F−1 =
IdN . Applying (b) and (c) at p and at F (p) respectively (note F−1(F (p)) = p):

d(F−1)F (p) ◦ dFp = d(F−1 ◦ F )p = d(IdM)p = IdTpM ,

dFp ◦ d(F−1)F (p) = d(F ◦ F−1)F (p) = d(IdN)F (p) = IdTF (p)N .

Thus dFp is bijective with inverse d(F−1)F (p), and it is linear by (a), hence a linear
isomorphism with (dFp)

−1 = d(F−1)F (p).

Exercise 2 (The tangent space to a product manifold):
Let M1, . . . ,Mk be smooth manifolds, where k ≥ 2. For each j ∈ {1, . . . , k}, let

πj : M1 × . . .×Mk → Mj

be the projection onto the j-th factor Mj. Show that for any point p = (p1, . . . , pk) ∈
M1 × . . .×Mk, the map

α : Tp

(︁
M1 × . . .×Mk

)︁
−→ Tp1M1 ⊕ . . .⊕ TpkMk

v ↦→
(︁
d(π1)p(v), . . . , d(πk)p(v)

)︁
is an R-linear isomorphism.

Solution: Write M := M1 × . . . ×Mk and nj := dimMj. Each πj is smooth, and each
component v ↦→ d(πj)p(v) of α is linear by Exercise 1(a); hence α is R-linear.
Preliminary fact. If G : X → Y is a constant map between smooth manifolds, then
dGx = 0 for all x ∈ X. Indeed, every derivation w ∈ TxX vanishes on constants:
w(1) = w(1 · 1) = 2w(1), so w(1) = 0, and by linearity w(c) = 0 for every constant c.
Hence for f ∈ C∞(Y ), dGx(w)(f) = w(f ◦G) = 0 since f ◦G is constant.

Surjectivity. For j ∈ {1, . . . , k} define

ιj : Mj → M, ιj(x) = (p1, . . . , pj−1, x, pj+1, . . . , pk).

Each component of ιj is either constant or the identity, so ιj is smooth, and ιj(pj) = p.
Moreover

πj ◦ ιj = IdMj
, πi ◦ ιj ≡ pi (constant) for i ̸= j.

Define the linear map

β : Tp1M1 ⊕ . . .⊕ TpkMk → TpM, β(v1, . . . , vk) =
k∑︂

j=1

d(ιj)pj(vj).

By Exercise 1(b),(c) and the preliminary fact, the i-th component of α(β(v1, . . . , vk)) is

d(πi)p

(︂∑︂
j

d(ιj)pj(vj)
)︂
=

∑︂
j

d(πi ◦ ιj)pj(vj) = d(IdMi
)pi(vi) +

∑︂
j ̸=i

0 = vi.

2



Hence α ◦ β = Id, so α is surjective.

Conclusion. Since the tangent space of an n-manifold at any point has dimension n, and
M is a smooth manifold of dimension n1 + . . .+ nk,

dimTpM = n1 + . . .+ nk =
k∑︂

j=1

dimTpjMj = dim
(︁
Tp1M1 ⊕ . . .⊕ TpkMk

)︁
.

A surjective linear map between finite-dimensional vector spaces of the same dimension
is injective by rank–nullity. Therefore α is an R-linear isomorphism (with inverse β).

Exercise 3: Consider the inclusion map ι : S2 ↪→ R3, where both S2 and R3 are endowed
with the standard smooth structure. Let p = (p1, p2, p3) ∈ S2 with p3 > 0. What is the
image of the differential dιp : TpS2 → TpR3?

Solution: Let (x1, x2, x3) be standard coordinates on R3, so that TpR3 has basis

∂/∂x1|p, ∂/∂x2|p, ∂/∂x3|p.

We claim

im(dιp) =
{︂
v1 ∂

∂x1

⃓⃓
p
+ v2 ∂

∂x2

⃓⃓
p
+ v3 ∂

∂x3

⃓⃓
p

⃓⃓⃓
p1v1 + p2v2 + p3v3 = 0

}︂
,

i.e. under the identification TpR3 ∼= R3, the image is the plane p⊥ orthogonal to p (the
“geometric” tangent plane of the sphere at p).

Since p3 > 0, p lies in the upper hemisphere U = {x ∈ S2 : x3 > 0}, on which we have the
graph chart φ : U → B := {u ∈ R2 : |u| < 1}, φ(x) = (x1, x2), with smooth inverse

φ−1(u1, u2) =
(︁
u1, u2,

√︁
1− (u1)2 − (u2)2

)︁
.

Identifying TpU = TpS2 (U is open), the vectors ∂/∂ui|p := d(φ−1)φ(p)
(︁
∂/∂ui|φ(p)

)︁
, i =

1, 2, form a basis of TpS2 by Exercise 1(d). By Exercise 1(b),

dιp

(︂
∂

∂ui

⃓⃓
p

)︂
= d(ι ◦ φ−1)φ(p)

(︂
∂

∂ui

⃓⃓
φ(p)

)︂
=

3∑︂
l=1

∂(ι ◦ φ−1)l

∂ui
(φ(p))

∂

∂xl

⃓⃓⃓
p
,

where we used that the differential of a smooth map between open subsets of Euclidean
spaces is given by its Jacobian in standard coordinates. With φ(p) = (p1, p2) and√︁

1− (p1)2 − (p2)2 = p3, we get

dιp

(︂
∂

∂u1

⃓⃓
p

)︂
=

∂

∂x1

⃓⃓⃓
p
− p1

p3
∂

∂x3

⃓⃓⃓
p
, dιp

(︂
∂

∂u2

⃓⃓
p

)︂
=

∂

∂x2

⃓⃓⃓
p
− p2

p3
∂

∂x3

⃓⃓⃓
p
.

These two vectors, with coefficient vectors (1, 0,−p1/p3) and (0, 1,−p2/p3), are linearly
independent, so dιp is injective and its image is 2-dimensional. Both satisfy the equation
p1v1 + p2v2 + p3v3 = 0:

p1 · 1 + p3 ·
(︁
− p1

p3

)︁
= 0, p2 · 1 + p3 ·

(︁
− p2

p3

)︁
= 0.

Since p ̸= 0, the solution space of this equation is 2-dimensional, so it coincides with
im(dιp), proving the claim.
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Exercise 4 (Theorem C.15): Let f ∈ Ck+1(Rn) for some k ≥ 0, and pick a ∈ Rn an
arbitrary point. Show that for any x ∈ Rn,

f(x) = Pk(x) +Rk(x)

where Pk is the kth order Taylor polynomial of f at a defined by

Pk(x) = f(a) +
k∑︂

m=1

1

m!

∑︂
I:|I|=m

∂If(a)(x− a)I ,

and Rk is the kth remainder term, given by

Rk(x) =
1

k!

∑︂
I:|I|=k+1

(x− a)I
∫︂ 1

0

(1− t)k∂If(a+ t(x− a))dt.

Solution: Conventions. The sums run over ordered multi-indices I = (i1, . . . , im) ∈
{1, . . . , n}m, |I| = m, with

∂If = ∂i1∂i2 · · · ∂imf, (x− a)I = (xi1 − ai1)(xi2 − ai2) · · · (xim − aim).

In the Taylor polynomial the derivatives are evaluated at the base point, i.e. the summands
are ∂If(a)(x − a)I ; this is what we prove. (With ∂If(x) the identity fails: for n = 1,
f(x) = x2, a = 0, k = 1 one would get P1(x) = 2x2, R1(x) = x2.) Thus

Pk(x) = f(a) +
k∑︂

m=1

1

m!

∑︂
|I|=m

∂If(a) (x− a)I .

Fix x, a ∈ Rn and write γ(t) = a+ t(x− a), t ∈ [0, 1]. We argue by induction on k.

Base case k = 0. Let f ∈ C1(Rn). Then t ↦→ f(γ(t)) is C1 with derivative
∑︁

i ∂if(γ(t)) (x
i−

ai) by the chain rule, so by the fundamental theorem of calculus

f(x)− f(a) =

∫︂ 1

0

d

dt
f(γ(t)) dt =

n∑︂
i=1

(xi − ai)

∫︂ 1

0

∂if(γ(t)) dt.

This is exactly f(x) = P0(x) +R0(x), since P0 = f(a), 0! = 1 and (1− t)0 = 1.

Induction step. Let k ≥ 1, assume the statement holds for k − 1 (for all Ck functions),
and let f ∈ Ck+1(Rn) ⊆ Ck(Rn). By the induction hypothesis

f(x) = Pk−1(x) +
1

(k − 1)!

∑︂
|I|=k

(x− a)I
∫︂ 1

0

(1− t)k−1 ∂If(γ(t)) dt. (∗)

For |I| = k the function ∂If is C1, hence gI(t) := ∂If(γ(t)) is C1 on [0, 1] with g′I(t) =∑︁n
j=1(x

j − aj) ∂j∂If(γ(t)). Integrating by parts with the antiderivative − (1−t)k

k
of (1 −

t)k−1: ∫︂ 1

0

(1− t)k−1gI(t) dt =
[︂
− (1− t)k

k
gI(t)

]︂1
0
+

1

k

∫︂ 1

0

(1− t)kg′I(t) dt

=
1

k
∂If(a) +

1

k

n∑︂
j=1

(xj − aj)

∫︂ 1

0

(1− t)k ∂j∂If(γ(t)) dt.
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Inserting this into (∗) and using (k − 1)! · k = k! gives

f(x) = Pk−1(x)+
1

k!

∑︂
|I|=k

∂If(a) (x−a)I+
1

k!

∑︂
|I|=k

n∑︂
j=1

(xj−aj)(x−a)I
∫︂ 1

0

(1−t)k ∂j∂If(γ(t)) dt.

The first two terms together are exactly Pk(x) (the second is them = k summand). For the
last term, note that (j, I) ↦→ J := (j, i1, . . . , ik) is a bijection from {1, . . . , n}×{I : |I| = k}
onto {J : |J | = k + 1}, and by our conventions

(xj − aj)(x− a)I = (x− a)J , ∂j∂If = ∂Jf.

Hence the last term equals

1

k!

∑︂
|J |=k+1

(x− a)J
∫︂ 1

0

(1− t)k ∂Jf(a+ t(x− a)) dt = Rk(x).

Therefore f(x) = Pk(x) +Rk(x), which completes the induction.
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