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Exercise Sheet 4

Exercise 1: Let M, N and P be smooth manifolds, let F': M — N and G: N — P be
smooth maps, and let p € M. Prove the following assertions:

(a) The map dF,: T,M — Tpy)N is R-linear.

(b) d(G o F)p = dGF(p) o deZ TpM — T(GoF)(p)P-

(c) d

(d) If F is a diffeomorphism, then dF},: T,M — Tp(,) N is an isomorphism, and it holds
that (de)_l = d(F_l)F(p).

(Idys), = Idg,pr: T,M — T, M.

Exercise 2 (The tangent space to a vector space):
Let V be a finite-dimensional R-vector space with its standard smooth manifold structure.
Fix a point a € V.

(a) For each v € V define a map

Dy| : C*(V) — R, f»—>i fla+tv).
a dt|,_,

Show that D, . is a derivation at a.

(b) Show that the map
V >1T,V, v— D, "

is a canonical isomorphism, such that for any linear map L: V — W the following
diagram commutes:



Exercise 3 (The tangent space to a product manifold):
Let My, ..., My be smooth manifolds, where k > 2. For each j € {1,...,k}, let

TjZMlx...XMk—)Mj

be the projection onto the j-th factor M;. Show that for any point p = (p1,...,px) €
My x ... X My, the map

a: T,(My % ... x My) — T My @ ... ® T, M,
v (d(m)p(v), . ,d(wk)p(v))

is an R-linear isomorphism.

Exercise 4 (to be submitted by Thursday, 09.10.2025, 16:00):
Consider the inclusion map ¢: S* — R3, where both S? and R? are endowed with the

standard smooth structure. Let p = (p',p? p®) € S* with p*> > 0. What is the image of
the differential dui,: T,S* — T,R3?

Exercise 5:
Prove the following assertions:

(a) Tangent vectors as velocity vectors of smooth curves: Let M be a smooth manifold.
If p € M, then for any v € T,M there exists a smooth curve v: (—¢,¢) — M such
that v(0) = p and +/(0) = v.

(b) The velocity of a composite curve: If F': M — N is a smooth map and if v: J — M
is a smooth curve, then for any ¢y € J, the velocity at t = ¢y of the composite curve
Fo~:J— N is given by

(F o) (ty) = dF(VI(tO)).

(¢) Computing the differential using a velocity vector: If F: M — N is a smooth map,
p €M and v € T, M, then
dF,(v) = (F07)'(0)

for any smooth curve v: J — M such that 0 € J, y(0) = p and +/(0) = v.



