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Equilibria of collisionless systems

“Static” Jeans Eguations
for cylindrical systems
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk
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Jeans Moments and rotation curve for a Miyamoto-Nagai disk
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk
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Equilibria of collisionless systems

The Virial Theorem
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Remainder : moments of the CB Equation

o "
5§+ <% ”T,i

- 2

¥l
Y&
[
0

Firsl \nnowwﬂl‘

mu”‘-f-\]g ":3 V.i awol EHFEamFL ove © UQJ&LCL\'E'B

J 3 | ] 3 ws &F oé Lo of
§E§AV Vi § fa{vz;b'l'é)a: B ,Z ;(:falvu,jv; = ©
vy & xRy = i{jv
@ fa%i vy 2 « T2 (c;.sv vy 8 = I 2 (nvv)

$ Q V. = 3 !"3 2 C)UJ

@ folv au;( jg) IDIV : v, ) fdv f;u

P .o @ 4

§ox g - S

i J i v o
i(ulv) + 5y ;x:(u : v) + Y v o




DI vIv, v, = _ J (cty) - v 24
® 5}( DA R \Z .;x;( %) o
Jeanys )15]9

Ih!‘thv—tLAL\'M ELALI.\-— e‘ﬁv‘LLM |\...., Lyalm Jyhﬁh-.:‘cg

Laﬁronm ?y'a wi "arv*—"\

Eulevian  Forwa

A\
Cervnn Povm -t.-h'lr- &A‘Pb

4 . _ P - v
dt £ ?‘
Dsi. v67 - - B -5y
ot f
PRV PUVVE - PP - p7p

. d
2 v. v. &Y o ~92f _ o
$oat’s ’ J"Z ' 3;:; ax f X,

cj_u;(‘r:‘o.}}= QU
At at

4

V.

X

2

19



Ve Qi ‘H‘-t'ren.-.l-—
Ut‘v;m‘e Ec‘vo-!::ou- - Uiv—;m'e —Hnt_nv-e.\.-.-« ( dtr'{?u‘:."onz em'ﬂ- )
. Iml’ﬁsraJ-e. he wowenls ofF FHe CRM owev He
Ca...nL: vrebion oA veloesk Na e _é)_ v ‘.}f _ cD_¢ :ch
J D B o)tg * 'IZ 5= Z S B0
%trullln me:w-ﬂmL
golsxjclgu _‘D_g + got?‘xjdlsu 2 v 9§ - j-oljxjoliu J P ‘)_‘?
Jt W T o= oy,
= Hni' re. v 5:? LL SL Stw & v, a =* .
= iehegrale o e AT Seme &9 2P T(gV)

[ 35 « [V (g7) =0

At o Ta\-mt waa3s

AN C o Se..v‘u-ﬂé: | Cam

]

,; =y {‘)L as M we Tl‘-ﬂ-JJw- q.b.[: oA 'J-E,v




FivsL MoME—w[: mu"ll';‘olb l:.)/

u-u

jolsxjdsu xhuiﬁg +jol3x5d3u 2,05 Z v, of _

= Mu“‘;(—’lj 1:7 > & aw ol iml’esrml-k dvive = bhe Zhd.ﬂtmp Ec]w.

o ;

awnol 1w |“e5 rn\LL

3 3 vy P IAF _
alxjdux Zam v,

™
_t(u‘f) %am;( f) '

(mamcmLuuw

CoSe \"vﬂ-\.L

=D Emgrsr ez,*u--..tl'h—a. ( 5.[‘5- . E = euf’:)y)

Py o Vv - = 2 &
gdmx“gt 50) %Z ( Vi f ) fo)’b: xufzj
J gox‘x % () ©
dt ¥ —

i

L1l

O

)




LL



Dg(‘im{ L'Me; Sbw«me_}n'f-’“— tewns ov

——

@ Kinelie e.me.vsj tewso v ‘ Kék = Jij‘l(dgiatsg‘ UE”&S = J.i S-ojgi U.BUK f

w ikl (F

— fz)

[
A
1
S—
Q.
W
<)
TN
" <%
]
S
s
e 3
<
x|
‘-.-—""
(AP
n"-"\‘
R |
<)
L

Y
o
<
I
|
<|

K 4y k
— 7 I - .
Ko = & goi":r_ f i  + (0“31 f O
T.}l"- TT:SR
Kak % -Eu iy ;.T.ih
orolareadd ool o
wiokieng waobiew S
Trace Tr( Ké.k ) = k = % éf“"‘gi U; j: o Tolel kinelic EEE iy

£O




Dﬁ{""“"l"“"“g st.me,l-.-;c Fevseov

@ Pu"&mL*;_‘? e.hevsb Fevrso v WJL;_::_SS‘JS':: alg?g'x o ___SOIS-""' fmu ai

Wik $(£) = - Gfa’:;s §C=)

B
Wy, = GSols*xf(x)zK_‘)fdlg J=)
sk . —

alx‘l |‘.‘I_.‘_'-J:| Yo e iﬂl‘“tém‘e
3 h
) G’H Pz &% gy gz Zelm =) T
|:r_. - x|

) chaunce ve wabkles

Na e oo s e

L4



Suwminc) éa\) + 'i‘a) awel
A o = = ( 3 x_,)(I.t—ﬂck)
Wik = -fo“""S"“‘ §C= ) (=) = - 2|
Troce ,._(de ) = W Z(‘x -x;) " = (= -%)
- . A \d'= P(x) -'JC-) =
2 g (o fas pe)g( =
- L (% = [-c APz’ f(x’ -
L (2 fE) forz' =) =T | .
T Eec—t— de Fcl an
= #’(i) / °{'ka
W= 2 (empE) pE) 2 - Sax%z p X TeE)

To ko€ 5mwl“ﬂ. Eiowe® i:)c:"c.tn o€

£O



Dc"im{ L'ﬂ-un‘_-}.

(3 Inectial tewsor

SBM nnd—n"t:

Fewnseov

ﬁﬂml‘f“v\'i—b :c]mtfm ) o
Y %tm}-'n MQWHL ﬂ" Hu-e_ C..B

1
™M

L — Y
g...\J'l
B

pE) = V(§V)

= S‘dgi f(-‘-’E) .'IJ 11':

o’ =; x :)_ (.'rﬂ:- f’.':x;; = o
S > % = §O)

div Qr:) ec el

-|*L‘-Eav—€' Ly

et 5 FF =45 5F - §ad F. 75

£0




W ith  Haose de_"{u;L'mS ﬂ-ﬂ“\ T'CS:.JH‘S

H'C. ”E..\-E\PJ:) QCIMEIG-'\ Lecaw-.fg

o golsff xk(g_&f) = Jdgi Vuvisf - SJS,E T f c)_qb
T: ox;
dt J
o gols’i? xk( Jf) = 2 Ky W, ¢
dt _ _
- 2y T ey Wi s
Now , we ua.v-eraa{" e (k,j) Gwod (J'LL) Cowm po wenks '_;. Q.ak 4
2 (F p(x, T ex0) = T T e ATy T ) 2L
2 Jdt 9 J 2 J 2
4 - ( —ﬂ L. ) = 2 T L =
2 aﬁ dE Ale vk Sk

V|



\}“H‘;Ge I_WSCH—. “'LQCJ!‘ € L

g

E;rta( L ) = 2 kg T Wik
variakbicm of Hhe kinelic Pw{,_t_the
Sbsl-ew SL&I'JC.. Q.hcvatg e,ue_rs.:)
i oll b 18 ) — . o 0§ 5 &= W .

2 Jet\ Tk vk Sk Sk

" N - i ) Hdﬂw“
variabicm of khe Sralgrid ™ _ potes Laf
'Sj-e. L kiu\@.]‘;f‘_ J‘(IIHQ-I"C oy
Sb w S asl'bt'-'. 'E.‘MC."'Dl:] Q*“"‘:""D“_') (=AY 53
I[‘ e SSSLE\M IS at e_c\u-{iil:.r-.'uw\
z kdk. ¥ wdl‘t = O = 1:& TEH - o2 de = O

£0




Vir.'me Sr_on\&'f‘ Fue o € Ly

T ( Vir{ae‘l‘mstm-. Fheor evn )

4 oll : = o
Pl = LK W wite L= & Ty
IF #Le S‘as]"ew\ 1S af e_c‘v-\"l{l:r'n'uw\ (I = O )

LK +W = @

tola€ kinekic bo bol Pa*-emL‘a--Q
-E,\A'E.V'S CD Q_,\.A{..'rf) 13

LI



LALLE L L L F L AL L™ L R I S L L L e L L . P L L R L L B L. L
g i . P - - =

L o P * ~

20

= "- .
i e e i
o o i . .
= W, . L L L L AL LA
F -7 . .u-- T
Sl R ] -
L. * o .\“.H"._— *d
i n =
W TP ]
TR s .
= 2V B %y, N |
- T e
- &= —
“-‘I "'“i..l. -1 —
s - 5 & Tee
Le ag LS = _|
o e
- st o0 - £
|.....".u....r... D
e e b, . et |
L = -
- .- -- o
IR 4 L
e y - —
B . " * & L
- % ¢ g .
II Ill I‘I
= . E = L
- ® * ., -
= e L o
- . B
e ,*a a5
- . e M .o - -
o Y., O . o _.f_ ool | o | Lse| w1 1®) 1% vt wis) Y | el

Time

10

|
T

KT

Time = (.1

v

0.0




TN Tal@l T T T®1® Tad | KT T 11 &1 T =

TR &l el B I.J'I T ol

IIII.III.II.II[-'II'-L"II

o T T T

-

r‘TIJIII!.IIr:IIII

III'IIIIIII'III..I.III-|I

P T YT N Y O™

0.2

0.0

Energy

—04

—0.6

o8 L
0

II]TII'Il'I"II

I|I'III"|II'ITII'I

T




TN . L TR L S AL L L LB L L L L L LT L L L L L™
. . - - -
.

.
- - sy - o
.o . N
| = o BT g et Beieo, % CF g hey * . oz
- e, s ®%0e 4V e wte l_!-_-.\_ - Tl y " " E
e o .
.
= 4
. i
L -
- =
2 N
- o
= -
F 7]
- -
- -
L -“-.|
L -
.
- amy -_._-I
- ]
s =
L o
.
5y a
- I
C "l
| sl
-
L i)
L .
L o
L 2 B
i g ve 0o -3 Lk o -
Bt el J % c e g L odel | e e en o P e el P de i

L

Time



LI L. T LIl e oL L0 L O 1 LS
& g @ P Ry . e hm se e Y gan &8 e s Y
e o O P er W, % M gt . . B
= %, ._f-u =y . .m—.---f. .-_- - .. A e, N ets Lo
- e _int . v ol . P ot g .-." ]
ke = - 4
- ; B _____________________________m.m
Fi o™ =]
b * =

g - 4
- e =
- s ol * .
o ey e V] R B
e .
H-l-- a..q.” = .

.

Lo » .
A..-d .
1™ . | 4
- .t s u ooyl
[ o 8 .

- - — =
[ s g | ]
g o'

& - 4

M.....
-ll

Lol 1®) | ap | &

. .
—
.
»
PO o B
T
I

. - . o (g T % B
R Y L 4 Ly . 1 - |
Lo dw) 4 | 4% T ___ TN T I s N TN N | _n_l_ aa| ‘_ L*E* 1% L*PF (=) | | B4

Time





IS:-I&"!'J SSSLE.-L-—\ D" tr::.-aue Cw:V;o-)

E = K + W

Tt Fhre Sjs]-eh-\ (s &t Fle viviaf

Then

ec.}u‘ll;lar‘fu-.nn

o4



0.1

Time

-

0.

.11

0.0

—ihd

—1LG

—{1.8

L.0



wass of Fhe

ﬂfr‘l‘C&L‘ﬂhﬂ Srsi—._-_
K o~ M v
2
H* . .
W ~ _6;__ 1’3 . j.-—...-ll--.l-n-—-.f vedivus
M) cH’
¥ —
2w
gui = MM, B TH we weasan KU we
! rﬁ Caw OCceSS e syS‘lc"—- n~a g
* Terohh or d ey : Tﬁ ~ si3e¢ of e :TS']-lh.—.
- Frs)l  ordan : vy o~ zl 2 (Lau' Wea S§ raallu'i‘)



THE ASTROPHYSICAL JOURNAL

AN INTERNATIONAL REVIEW OF SPECTROSCOPY AND
ASTRONOMICAL PHYSICS

VOLUME 86 OCTOBER 1937 NUMBER 3

ON THE MASSES OF NEBULAE AND OF
CLUSTERS OF NEBULAE

F. ZWICKY

ABSTRACT

Present estimates of the masses of nebulae are based on observations of the lum:-
nosities and internal rotations of nebulae. It is shown that both these methods are
unreliable; that from the observed luminosities of extragalactic systems only lower
limits for the values of their masses can be obtained (sec. i), and that from internal
rotations alone no determination of the masses of nebulae is possible (sec. ii). The
observed internal motions of nebulae can be understood on the basis of a simple me-
chanical model, some properties of which are discussed. The essential featureis a central
core whose internal viscosity due to the gravitational interactions of its component
masses is so high as to cause it to rotate like a solid body.

In sections iii, iv, and v three new methods for the determination of nebular masses
are discussed, each of which makes use of a different fundamental principle of physics.

Method iii is based on the virial theorem of classical mechanics. The application of

this theorem to the Coma cluster leads to a minimum value M = 4.5X 10°M © for the
average mass of its member nebulae.
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Fritz Zwicky (1898-1974): un personnage
haut en couleurs. Predit les étoiles a neutrons =
en tant que « cadavres » de supernovae :
(auxquelles 1l attribua aussi I’origine des
rayons cosmiques), découvrit la maticre
noire des amas de galaxies et prédit les effets
de mirage gravitationnel par les amas de
galaxies.
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F16. 3.—The Coma cluster of nebulae






We apply this relation to the Coma cluster of nebulae whose radius
is of the order of 2 XX 10° light-years. From the observational data
we do not know directly the velocities v of the individual nebulae
relative to the center of mass of the cluster. Only the velocity com-
ponents v, along the line of sight from the observer are known from
the observed spectra of cluster nebulae. For a velocity distribution
of spherical symmetry, however, we have

7 = 30%. (32)
Therefore
3R%
> T (33)

From the observations of the Coma cluster so far available we have,
approximately,®

.173 = 5 >< 1015cm2 sec 2., ""700 km/S (34)

This average has been calculated as an average of the velocity
squares alone without assigning to them any mass weights, as actual-
ly should be done according to (21). It seems, however, as Sinclair
Smith® has shown for the Virgo cluster, that the velocity dispersion
for bright nebulae is about the same as that for faint nebulae. As-
suming this to be true also for the Coma cluster, it follows that the

8A4p. 7., 83, 499, 1936.
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Combining (33) and (34), we find
M > 9 X 1o%gr. (35)

The Coma cluster contains about one thousand nebulae. The aver-
age mass of one of these nebulae is therefore

M > g X 10% gr = 4.5 X 10° Mg. (36)

Inasmuch as we have introduced at every step of our argument in-
equalities which tend to depress the final value of the mass _#, the
foregoing value (36) should be considered as the lowest estimate for
the average mass of nebulae in the Coma cluster. This result is
somewhat unexpected, in view of the fact that the luminosity of an
average nebula is equal to that of about 8.5 X 107 suns. According
to (36), the conversion factor v from luminosity to mass for nebulae
in the Coma cluster would be of the order

MIL Y = 500, (37)

as compared with about 4’ = 3 for the local Kapteyn stellar system.
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The stability of collisionless
systems

15 part
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Stability of collisionless systems

Playing with N-body models
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Initial conditions for N-body spherical systems

The Jeans equations for spherical systems
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Plummer model f=—-—0 = 0, #0,0,.=0

Not self-gravitating !




Plummer model
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Plummer model f=—-—0 = 0, #0,0,.=0

Self-gravitating !




Plummer model f=—-—0 = 0, #0,0,.=0
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Plummer model with intermediate anisotropy




Plummer model with intermediate anisotropy 5= —1
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Plummer model with intermediate anisotropy 5= —1
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Plummer model with intermediate anisotropy 5= —1
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Plummer model with intermediate anisotropy (ergodic)




Plummer model with intermediate anisotropy 8 =0 (ergodic)
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Plummer model with intermediate anisotropy

,_a

)

S
|

(=2}
[=}

S
o

v b b b Ly

t =0.00
t=1.00
t=2.00

Radius [kpc]

or [km/s]

=l
o

[0}
o

~
(=)

[=2]
o

[ N
f==)

S
(=

w
o

3
(=}

B =0 (ergodic)

vl b b b b v b b Ly

— t=10.00
P‘: — t=1.00

Radius [kpc]

56



Plummer model with intermediate anisotropy
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Plummer model with intermediate anisotropy 8 = 0.875




Plummer model with intermediate anisotropy 8 = 0.875
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Plummer model with intermediate anisotropy
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Plummer model with intermediate anisotropy

B = 0.875
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Self-gravitating infinite slab of infinite thickness

Not kinetic energy !
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Self-gravitating infinite slab of finite thickness

Op = Oy > 0,
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Self-gravitating infinite slab of finite thickness

Ty = 0 = U
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Warped disks

o,/o, =0.18
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Warped disks
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Warped disks
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Thermodynamics second law
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