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Astrophysics IV: Stellar and galactic dynamics
Solutions

Problem 1:

a) Spherical Cordinates:

Inserting the gradient expression into the Boltzmann equation in Cartesian coordi-
nates and writing the scalar products explicitly gives:
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We have
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For qi = ϕ:
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Inserting v̇r, v̇θ, v̇ϕ into expression (1) gives the required result.

b) Cylindrical Cordinates:

Inserting the gradient expression into the Boltzmann equation in Cartesian coordi-
nates and writing the scalar products explicitly gives:
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We have

vr = ṙ, vϕ = rϕ̇, vz = ż

and the Lagrangian

L =
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(
ṙ2 + r2ϕ̇2 + ż2

)
− Φ(r, z)

To obtain the Equations of Motion, we use
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For qi = z:
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Inserting v̇r, v̇ϕ, v̇z into expression (2) gives the required result.

Problem 2:

In Cartesian coordinates, the collisionless Boltzmann equation writes:
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The only term that will be influenced by the rotation is the acceleration a. In a rotating
frame, the Lagrangian is:

L =
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(v +Ω× x)2 − Φ(x) (4)

Defining the effective potential as:

Φeff(x) = Φ(x)− 1

2
(Ω× x)2 , (5)

the Lagrangian writes:

L =
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v2 + v (Ω× x)− Φeff(x). (6)

Using the Euler-Lagrange equation we get:

a = −∇Φeff(x)− 2 (Ω× v) (7)

We conclude that the collisionless Boltzmann equation in the rotating frame writes:
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