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The possible advantage of quantum

computers is always discussed with respect to the

time complexity of algorithms. However there is

also another interenting dimension to possible

quantum advantage walt studying , namely

tot of energetic cost and power consumption.

A holistic approach encompassing both algorithmin

design as well as hardware aspects
,
is revely discussed,

and has been advocated by Alexia Auffaire in

lof PRX Quantum2
,
020101 (2022) ; and has

been dubbed the "Quantum energy initiere".



②

Here we conside the particular devises bened

on superconductingqn bit platforms and follow

te recent study PRX quantum 4 ,
040319 (2022)

"Optimizing Resource Efficiencies fa scalable full-

- stack Quantum Computers" . We will refer to this

rapen as [PRX04 2022] in there modes.

We mote here that the quation of energy consumption

was mentioned in the recent experiment on quantum

supremacy by Google Con sampling from randam circuits (

which claimed a 105 aden between a granbum

promor with 50 qubit and classical are penfuming

the same task· White we are not able to assen

such claims here
,
the study of [PRX@32022]

is an important step forward .



③

In this fecture we follow the plan :

4) Pour consumption for single qubit gaten at
-

-This bre
& How (mitlikelria) beperedm

#) Powe consumption at macroscopic lvet at

mercredenen

Our discussion make use of a very simplified

selting of the whele steck of electronics between

room temperature & chip level lu Imperature .

Moore it donn not take into account mon

correction that would be need in a future (possibly ?)

fault belevant quantum computer . There bo

a spectsore briefly touched upon here in the

conclusion. We refe to [PRXC32022] for
mone details



&

Maybe before starting with II
,
E)

,
II

and further mare complicated quations it is a

good idea to have a global vitw of the

engineering system me are dealing with

-



*

We will discuss in detail only the

highly simplified model without the many

atternation & amplification stages for power



&

This is further simplified in sections 1) &

# to a discussion for a single qubit

We assume a single Not gale operati on a superconducing
qubit at fr temperature Taband encuma pore
P-( = "pi-pube") . The power coming from higher
temperature Jsay room temperature in a simplified model) is

AP with AL31 · It is attenuated by an alternator A which
-

dissipates heat. The heat has to be extracted which
is the main

sauce of power cost for this simple setting .



⑰

# Power-emptionat chip level for
-

singe qubit level at fou temperature.
-
-

In superconducting qubit platforms -bits

are small LC circuits with a man-timer

inductance h made of Josephsonduction . In the

low he peoclue quantum regime the LC circuit

behaven like a quantem tewet system with to stale

10 = 1g) = /grandstele) and 11) = /e) = lexcited)

with Hamiltonian

Hq =- z
· c = (a

-i)

two = Ee-Eg = enegy diff of 127 & 1g) ·

The qubit is connected to minomare

hansmission lines for cantrot and measurement
.



&

The coupting between qubit and transmission

live hasno effects :

· driving qubit by petres a incoming photos
-

· deherence of gubit dissipating photons into

ta line.

Note tat both the drive & decoherence are

determined by the common coupting stregth
-

(called o below ( F So intuitively the strange

he chive
,
the stranger the dissipation and vice-rica.

-Machine meur e
siteen e

HdiregEcost(
where Ecot-electric field of micromane

pufe of frequency 2 . Following the theory



&
o Robi oscillaties going to

moving frame me

get

Hab + Honire -> + ( +0 )

with 1 = Wo-w = detuning between qubit and

dire frequenci and do a S
= Rabi

frequency

A Not gale is performed by applying
the drive ot 1 = 0 (1. 2 w = wo)

for a hime T= (so called it- pule)

For an Hadamandgale ore applic, the chive for

a line t (so called -pube).#=



⑳

Pissipation/decoherence : the qubit is

couptedbo a tenmal bath of photons in the

control line
.

The bath hamillanian is of

the form

Hom & E tu
y
alay

K

t
where 2 a creation/annihilation

K B K

creratas of plates (oshamm) of frequency o .

The interaction between bath & pubit is

Hinta 9 lati a+cq)

and we will assume Ip = g = constant for

me relevant moder

let us row discuss the system

qubit + bath (mot looking att me drive) :



⑫
H = Habirt Hoth + Hist
& touz [tw pai

K

+ t En + ajat)

While the dynamics can be anclyzed in detail
,
here

rayof a heuristic lvet . There are the

effects :

· Satancaemission of photon in transition

le) -> Ig) of rele & [s"].

· stimuledemission of photon in mansile

le) + 18] et rate Deh(wo

· suption of platan in transitio 1g) + le)

at rete (My(wol

where
I

Mm(w) = -
↳ Wo
-

2 KrgT - I

= average number of thermal photons at
frequency W .



⑫

his the spontanceur emission rate?

A heuristic estimate came from Fermi Golden

rule in
i-f

=

findstat(Hintlinihelstek]((Ef-Ei)
I

One can see that this Gods to the

estimate :

U C Ig(w. ll" = g

with appropriate proportionality factors.



⑬
Summarizing me here for the bi

frequency (setting the durction of gale) :

-

NogE

and for the spontaneous emmission rete
-

-ag

Mis E
.

The electric field can be expressed inhems of

te power of a microwere pube as follows :

& =
tw

. (Pholan flux (
-

number of photons of frequencyw
per
unit time.

int -inf
and EC awe + an 2

=> Edaaw D & twE"&



⑮

Therefore a a Bacht
j

g

one can check that units are correct so the

propationality constant isnumerical

r a it-pubse realiting a NOT gate me-

a
-

arrive ot the power i
-

↑#
-

The correct formule is =2



⑮

idelityof the gate -

We discus a heuristic stimate of the fidelty
e

of the gate and relle it is 1 .
Errors in

te gate 1g) -> 123 = NOTIg) are dueb

· spontancom emission with :

prob = y
X ↑

rate = prob duration of gale
ren
unit time

· stimulated emission with

I

prob = UMth : Nth =-

-1
.

with T= butamp
at Chip Que le 103K.

= Pana = J (M (n +1)

·Medity= Mah = 1-Ucr
--



⑯

~
Relationbetween fidelity and Pomen.

At chip levst me ca sume powe

T
↓
-

π
- tr

and the fodelity of the gale is

Msg = 1 - y(My +1)

EliminatingIf me find :

#
* the power & as we increase fidelity Mis * 1.

* The pomen to as Je .
So low spontaneous

emission has ben power cost.



⑰

Ref [PRX042022] defines an "bare

efficiency"as

2 = de
(

Here Mc(Tqs) =- < 1 can

Wo

eTe -1

be meglected forE -



Do

#) Power consumption at manoscopic level
-

-comtemperature . (single gale case . 1.

-

Conside the F12 (the bestone). The signal

from the control lime carrie pome
N'= AI

+

where A))) is an atturation factor

(i - 2 In =
1 ↑' in fact and it is customery
A

to measure A in dB)
.

Hemistically te attennale wake as follows

A extain number of photons at high temperature Text
anive at the attenector

.
A "small" fraction

↓ of tem gots through in the cinuit ; and a
A

"lange" fraction (1-1) is replaced by l

temperature photons produced by attennator . The fraction

-E) is discipled as heat (redarrow) . Here
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we assume that the myn we used in the movian

section II should be replaced by

Mvoice = Min (Text) + (1-1) M (Tgs)

= N
+h (T(b) + (e+ (Text) - 2+(p)

An approximation often uned if Text > Tab

Obt not valid if temperature diff is not big enough (

is Moice = Mt(ts) + ↓ &th (Text) ·

This
A

equation says bet to chip Grel meine Min(Tqb)

we must add what cames from high temp sigual

alternated (recale).

Note MCT) =- te Bose-Einstein

e - 1

distribution
.



⑳

~

Heat flow extracted out of the system :

For AS)1 we may assume Bet almost all

te incaming power P = Alt is extrated as

heat flux Cheat per unit hime) .
More exactly

mis is (1-1)APAI

= AP
+

u

heat flux-

~

Tower consumed by myogeries :

To extractthis heat away from system me must

furnish wak to generate a flow towards room temperature

bath
.

This is the wak needed to operate the dilution fridge.

I Cold reservaie/heve bath#tumineTme room an lab -lavelof gubit .Tab

mak to be funished) Pago
a power



⑪

Using an optimal Carnot cycle just to get a

rough actimate me have :

Payo
- = &

-

Tabi ab

=) Paye = (1)A
93

To this me add the power Alt to cented the qubit :

and find for the "macro-pare." to ca bot 1 gb :

Macro

4
=>

Text AP
Tab

22

19
-

I= -AEntretSectexe - un 4



⑫

Ref /PRX 14 2021] define the

efficiency at manoccapic level as

2 =
19

* Essentially w . not to chip level quantilies the

power is multiplied by Ex A which can

Tab
be a 104

. Efficienc is divided by this factor .

* Efficiency can be

optimized over control

penameths A & Tab of
hand wave

. Plot of optimized

efficiency as fet of Migh

Cher
196
= 25 es ; J'= ms

-

10-9s 10-3s)



⑬

tension
to moisy computation a

circuits implemented on NISCO devices.

-

We discus the extension to whole circuits instead

of simple pbit gale . We also want to introduce

in an control parameters the optimization of the

circuit
,
beside the hardware quantilia.

We take as a generic model cirmit :

=>



③
which can be optimized by a commension facte :

=>
Between there nos extremen

, longest and statent

circuits
,
there are the intermediate ores . We will

generically call o & 71 Me "compension factor" with

sy 2 = 0 No compression & E = 1 full compression.

Mar detail in [PRX642022].



⑮

We make the followinsuppositions:

* The elementary time step of the circuit is given

by the stewest 2 qubit gate Estep = Tags ·(we

can think of 100 ms whereas [1= 25 ms) . We

take for the pawer at chipteret for operating one

2 abit gale
Chiphref
P =-

29

then for operating a 19h gale on average this

power is multiplied by the fraction of time ~s
and we assume now :

chipleval
P = worth E-

195
384293 T

29

There are te nomes to operate sigh sele during on
"Lime step" Estep = Tag o



⑯

* the prob of enc for ane him slep is

Pen = &Step (Macis
+ 11.

* The total "algaithmic fidelity" for the whole
circuit is assumed to be (with indep anas) :

Molgo = (1 -p)i-
E 1e Ng12) UTsup (mnoic +)

where Ngcay = total # of gale
=> Nidgak() + N( +c (2)

29

as a function of the comprenion factor

Again Noire = eth(Tab) + Nin (Text) - Mini).



⑰

Totalmaco-poten casumed :

We view this power as a function of the cabrol

penameles A
, Tab , 2 :

Maho

&
Mano
(A
, Tan , 2) = Pe (A,Tg) Negs (2)

+ PhanoCA, Tan) Negb (2)

where here Negb1 & Nagb 19) are the

renagenumber of 19h and 296 per bime slep.

To be distinguished from the bal numbers of one

& to bit galen .

Fa exampl in the example circuits above fa

all 2 :C = 10 and fa 2 = 0 N = 10

but for d =1) Nug(1) = 14.



⑳

We have as before
Mano ahip
P

=
Text A

equit29b
Tab

Mcmo chip

Pass = A
9h -

~
chip
I
·

Eir=

abetenwean exenRe rownasfa
T from these equations. We find :

in
-



⑲
As an illustrative example

,
we may optimize

one A , Tag Cat fixed Maga) and find

the minimum paren as a fat of the

canpenio face-

Interestingly one observes a man trivial optimal

intermédiate compression factor , due lo interplay of

many factors .



⑳

-Onclusions/Siscussion .

Allstack model on FIG (first figure) ·

An auclysis is penible and discused in (PRX042022].
Macro

One must generalize the formules for Piano, 4 29
bytaking into account full stack of attennaters,

heat conduction in lines
,
as well as power to operate

amplifions and measurement gales . The formula for

Nivoice must also be generalized to take into account

The full stack of attenuations .

B) ult to levant computation.
To investigate envisioned future fault blatant

computation is perhapsa bit prometure . However this

can be done
,
and one has to investigate unmile operating

a logical qubit (such as with a seven ju bit code ).



⑪

An interenting result discussed in (PRX@u2022/

is given by this figure :

This shows a regime of quantum power cost advantage

even before a computation time advantage
&
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Appendix A : thermal state of photons

(black body radiation)
-

The photon carrie energy E = ta,

momentum p = 5 K where c = CK

(c = speed of light) and a polarization de je

of freedom p = 1 , 2 (linear
,
circuler

,
ent -. ).

The Hamiltanian of a gos of photons

can be viewed as Net of a collection of

harmanic oscillation (moder (

H
=
[ Etap att si
P = 1
,
2

where at a ar mealia and annihiltia
I

operatos . Or occupation numbe benis Rey
&

act as &
p
(M
,p)=p + 1)(94)

a 1m(p)=/p -1
↳
, 9

with Mp = 0, 1
,
2
,
3,--



&
Their commutation relation is

[ App , ] = App

On checks

t

2(p 9kp/Nap) = M
,p(2,p)

↓
Mus a

p 9, 0
has the interpretation of

[) I/ &
te number operator : a13pp = Top

#.

Tamalstate
.

Dropping the mode and polarisatio index

lave considen one mode & polarisation state) Me

density matrix fa a Permal equilibrium

state is

5: le



⑮
with B = (y5)" .

We empute the

everage number of photons in this mode :

< m) = Tr(atag)
Tr ata e-phwata

=

Tre-strate

+8

Tr e
-Btwea

= [ > n) e-stwaa In)
m = 0

+x
-

- 2 e-stur
M =0

=insta
+ stwata

- I

Tr at a -Ptwata = [ sulata e In)
M =o

-
I M 2

- Btwm

M =c
+ x

sh w

- 3 2
- I

== 89ptw)m = 0



&
=
-

·
=
+

[e - sto)2
- - Btw

2) (m) =
t=

2 -

So for are mode wy andone polarization state pi

(p)=- 2I 2 -
This is theaverage number of plations of frequency

Wi (and given poterizetic) at temperature J .

(rotation was themd & MECT) in mote (
Tote-Einstein .
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#pendixB : emission and absorption ester

Weure the Fermi Golden rule to give a

hemistic denivation of emission & absaption reter

Spontaneaus emission rete :
-

We deive J & g2 up
to propfactors.

In an care : (1) = 1201 opha) ; Etw,

If) = 19) e 11 photo mode K) ;

E = Gwk -

F

-

spart
=> Nief= gaelkaplatloxi

Eg( twp-two)

= E(g(op))" Plan - wo)



⑫
Total transition rate to any mode k (this is

rotal probability per mit time iso we su probabilite

V = = [1g(k)) " d(wn -w..

= Edk1g (w) Olwi-wo
↑

(k= fre2- dware)

Using adwk
= v = group relocity assumed

dk

to be constant => = densitee
s

of shake por unit frequency :

8 = 2/g(x)/
*

1
↑

-

F



⑬B
teralemissic rele :

Now 12) = 1e) /m) (m photo
K

state (

If) = 18) @ (N) Cetpl, le
emission 2

M = = (g(0- 1e)(n+1 1a/m > /
inf 5

tYg(l" &Ctop-two

we here plm= (M) = (mm)
=-M+ 1

emissio

M
= E(MK+ 1) / g (w .1) &(0-00i = f t
1

/ ↑
Il

1/

spontanean emission"
stimulated

emission"

Averaying are theel moder give

petitsa crent g withet
2
P- 1 .

-



⑬
Absoptionrate :

let(2) = 1g) x /Mr)

187 = 12)o(nk -1)

M
abs

=elig mai=f
high&(two-twp)

since alm) = m(m)

=> CM1kIm) = Nak

chs

=> T
inf
= engla &wo-wil

Araging over Menual mader we find

Minisa mus,
2kT -1
-
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Appendix C : compatibility of emmission and
-
-

-suptia
reta with Menmal distribution.

The following argument is a simplification

of Einstein's original derivation of the thermal

state of photons :

We suppose that the interaction of radiation

with crows (a two level systems) proce via

te three procemen :

· spontanean emission at rate J.

· shmulted emissio at rete OMth

· absoption at rale With

where Mith ishe aveage number of phatons of

Frequent w = Eex-Egrand of 100 Gret system
-> Eexe
t I-Egrand



⑫
At Manual equilibrium between the atams

Ca to Gel systems) and radiation with mode w

we should here detailed balance schified :

=ee

Ng+Nc
Te + S (DR)

whenN8 = pub not ata isile

e
= preh tet atom is in 123

Ng+Ne

and
9g+ c = EuJdt = prob to have

absaption in him at

Geeg = 24Jdt + Jdt = plab to have

emission in limedt
.

(coming from shiulled of spontaneaus
emission (

.

Morara of termal équilibrum :



- BEg-PE
G

- BEexce
-

2

N +Ne -BE8+ e-PEexeG

a mare simply :

- p(Eex - Eg) -
Btw

Nex
2 -

- = = C

Ng

It men follows from IDB) condition :

-
Stoc

+ = (M++ 1) a
- p+ 2

2x(1 - e
- Ptv) = e

->itBI
Remark : Einstein did not assume that stimulated emission
-

& spatanea emission have same rate but posted it"
*



⑫
Appendix D : Master equation for open
-

-

quantum system .
Lindblad formalism

I
S

--

A mae basic derivation starts from the full

Hamiltonian # (t) = Hab + Hohire + Hern +Hint

andRe Initial state = fab * S beth with

say Jab = /g) (g) and Sbath = the
Te

Then from the Heisehog equation of motion

& g(t) = - [H(t), g(t]dt

andeliminating the bath degrees of freedom

(with appropriete assumptions) teach to

d

di Sant =-[HabtHaine Sant]

+ Ulentil Dg- ( + Une t
⑬
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where the last two turs are the Lindbladians

describing dissipative presnes :

Da(f) = AgA
+

- &(Ay+ ya
+A)

The fidelity is defined as

M =(g(NOT ( Not 1g)
= prob le find qubit at time to in

correct state NOTIg) = 127 .

#

famationthe actic derivation of
Lindblad-quation -

-

Th decoherence processes can be vitwed as

a channel described by the map :

&

e(t +> e( + + dt) = E Eie(E)
L



with = (ensure Trek+at B
=
in yx) = 1)

and E =Criti
, Entif

+

We must here EFE = 1 - ETE, -Et e

= 2-jemdt oto - Offic

t

=> teurradtot-8 entldout
"

↑

~ 2- Unat sto - Serentidot

(this is the analog of an ito herme in the

Redy of classical Breumian mation).

Thus

est +dt) = Eje(kE] + E, est Et + En C(E

= e( - [UMmdt(Hoe +po - Ulfldt
(Vo e + ett)

tumpet -got + Urmidt et-

Lindblad's equation follows immediately -



⑭
Ctdt-y(tdet
= Uman[wer-to, g3]

+ vu + 1) [ogo - Lat,gb]

Covolation [A, 33 = AB +BA = "anticommutate").

*

Generalization .

-

The continuous time version of the knows

operator formalism to ducribe maps :

R
+

e + d(e) = [ Ek9Ek
k=0

wil &ERER = 2 is obtained

byretting :



⑪
Ex = Loret ,

k = 1 ... R

Er = 1_
Check to first ade in at

R

& En = 1 -

k =0

and we get

g(t + dr) = N(g(t)
= g() + de [44

- [4 ,S]]
R

de=

dt

If an lop there is a usual unitary orolution

we have to add on the r . h . S a lever

- [H , 9) -



⑯6
In the Knows famalism his correspond to

a map g -> Egit with

v = exp(y H) .

for infinitional time at this is

v = 1 - Id + Hat

f(t +dt) = (7 - d+ 4)f(t)(n + d + 4)

= glt) + d gtH-EdtA

=D f(t +dt) = g(t) - d+ (H ,g]

= H, ]



⑰
Finaremark : In the duination of the

Lindblad mester equation from the Knows

famalism there is a Chidden) Mankorian

essumption .
For each af the hansition

est+ > p( + + d + ) = d(e(t)) only depand

on te stake at himet ; 1. 2 there is no

memery effect . This is why the master equ

discussed here is parely local in time.

This Mankovily assumption is also present

in the me alboate derivation from the full

sy stem + bath ,
when degrees of freedom of the bath

are climinated
. If this assumption is not made

ore gets more complicated master equations which are

nan-local is time.

&


