
Phase estimation algorithm

LetU be a 2"x2"unitary transformation
Let also lu) be an eigenvector of U

with corresponding eigenvalue 1 : ((u) = Alv

As U is unitary , HU = I
,
so

1 = <u(u) = culu +Ulu) = 1Hlu > U" = 1112· Huh
and therefore 111 = 1 : X= estig

, 0411



Our aim is to build a quantum circuit

allowing to estimate the phase y.
Let us assume here for simplification
that (= %.2"+ 42.2+...+&2 (binary exp,4: 50,13)
(2x : y = 0 .2+ 1 . 22+ 1 . 2"= 0

.
375)

and fir further simplification ,
let us first

assume that n= 1 (so Y= 4·2 with 4150,13)



Here is the phase estimation circuit (for n=1) :

(analo H

-of
T

(1 qubit) ICC
145

where recall that 14) EK" is the eigenector of 1

and Uln) = exp(iig) /n>

with 4-12" and Ge 30, 13

(so either 4=0 or 4 = 0
.5)



Let us compute the intermediary state (4 :

14) = Contro- U (H(0) @ 1nc)

= Control-U (F(ose(n) +=( * u))

= 100(k)+ 11@UIn-
= 1(4)

= Elo)@lu) + exp(eig) (1) 10
-

= E(0 + exp(aig)(1)(a)



Recalling that- ,
we obtain

14) = &(10) + ep(a)(1)@ (n>

-
= expression of the QFT for n =1 !

S (4) = QFT (4) & 14) ,
and the

actput of the circuit is

QFTT(QFT (4)) @(u) = (y)d(n)

and the measurement of the first qubit

gives exactly 4 in this case.



Let us now consider the general case n 1 :

In this case
,
the action of U on In> is

U lu) = exp(zig) (u > where y:2
likewise : (2 (n) = exp (ziiy . 2) (4)

42" (n) = expletin eh) (4) for ockan-1

This suggests building the following
circuit (see next page).



Phase estimation circuit (n >1)

10) H ⑧

1
-
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QFT 1

-
o-

I
In qubits also ! )



following the n=1The state 147 is given by : computation

14 = =(10) + exp(2xig)(1)
① (0) +ex(iy . 2) (1)

:

① F (10) +exp(ai y .2 /1)) ①142

=-z explain[z1z...2 z ..Eu E 50,23

= ep(iyz)(z)0(u)



Observe finally that

4=41 &
zu

where 41 : In is now the binary decomposition
& de50 , ..,2413

24- 1

So 14)=exp(z)(

= QFT 16 ① lu>



Therefore
,
the final output of the

circuit is QFT (CFT143)(4)

= 193014) , so the measure of the

first n qubits gives 16) = 141 ... Yn)

Of course
,
this only works perfectly

under the assumption that the phase

4=42


