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Some useful facts:

1. Taylor’s theorem with remainder: Let f : R — R be a twice differentiable func-
tion. Then for any x,y € R? we have

fy) = f@) + @y —2)'Vf(x)+ %(y — ) Hessian(f)(éz + (1 — &)y)(y — z),
for some ¢ € [0, 1].

2. AM-GM inequality: For a; > 0, we have

m 1/m 1 m
{H ai] < — a;.
5 m =



Problem 1. PAC learning ( 10 pts)

Let D;, i = 1,--- ,m be a collection of possibly different distributions over (z,y) € X x{0,1}.
Let H be a finite class of binary classifiers h. In other words for |H| < 400 and h : = €
X — h(z) =y €{0,1}. Let S ={(x1,%1),- .-, (Tm, Ym)} where (z;,y;) ~ D; be a set of i.i.d
samples. Consider the average distribution given by the convex combination

We recall that the true (or population) risk for a distribution P is

Lp(h) = Ep[1(h() # )

(in this exercise P = D, D;) and the empirical risk is

m

> 1(h(x;) # i)

=1

Lg(h) = %

1. Show that
P[Lg(h) =0] < (1 — Lp(h))™.

2. Prove that for any € > 0 we have

P[3h € H : Lp(h) > eand Lg(h) = 0] < |H|e™ ™.



Solution to Problem 1:

1. (5 pts) Since the empirical risk is a sum of non-negative i.i.d terms distributed with
DZ‘I
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Note that > " Lp,(h) = Lp(h). Thus using the AGM inequality
1 « "
Pollsh) =0/ < |13 (1~ Lo ()] = (1~ Lo(h)"

2. (5 pts) We have
{Hh - 7‘[ . Lp(h) > eand Lg(h) = 0} = Uhe’H:LD(h)>e{LS(h) = 0}
Thus by the union bound

P[3h €M : Lp(h) > eand Ls(h) =0] < Y P[Lg(h) = 0]
heH:Lp(h)>e

Replacing the inequality obtained in the previous question in this union bound:

P[3h € H: Lp(h) > eand Ls(h) =0/ < > (1= Lp(h))"

heH:Lp(h)>e

< ) (-9

heH:Lp(h)>e
< H|(1 - "
S ’H|€—Em



Problem 2. Gradient descent( 14 pts)

Consider a dataset given by S = {(x;,y;)}",, where x; € R? satisfies ||z;]| = 1, and y; € R
for all 1 < i < n. Let X be the matrix with z;’s as its rows. Assume that the smallest
eigenvalue of the matrix X7 X is > 0. We consider the ‘linear noiseless setting’, where we
assume that there exists a * € R? such that y; = 27 5* for all i < i < n. We want to find
£* by minimizing the loss function

L(B) = %Zg(ﬁvitiayi) = %Z(l";[ﬂ — i)
i=1 i=1

1. Show that for any 3, 3’ € R¢,

L(8) = L(B) = (8 = B VL(3) + =15 - B

2. Consider the following stochastic gradient descent for minimizing the loss function L:
At each step k, we sample i; uniformly at random from {1,2,--- ,n} independent of
the previous steps and do the SGD step given by

Brt1 = Br — nVU(Br, T4y, Uiy, )-

Show that for sufficiently small n, we have

k
Bl - 1 < (1= 22 oo -

Find the values of 1 for which the above convergence rate is satisfied.
Hint: First estimate the conditional expectation of ||8x — 8*||* given Bj_;.

3. Discuss the differences between the convergence result in Problem 2.2 and the conver-
gence result for SGD discussed in class for convex functions with bounded stochastic
gradients.



Solution to Problem 2:

1. (4 pts) From the Taylor’s theorem, we have
L(B) = L(B) + (8 — BT VL(B) + (8 — ) Hessian(L)(EB + (1~ )8)(5' ~ ),
for some £ € [0,1]. We can rewrite L as
1
L(B) = TIX8 il
which gives Hessian(L)(8) = 2X7 X. Hence, we have
(8~ B)"Hessian(L) (65 + (1 - 8) (3~ 5) = ' — 6]

giving the desired result.

2. (8 pts) Expanding ||Sx11 — 8*||*, we have

1Bes1 = B> = 18k = nVE(Br, iy, wi) — B
= Hﬁk - B*H2 - 277<Bk - ﬂ*v vg(ﬂkﬁxlmylk» + 7]2||v£(ﬁk, Iimyikmz

Let E; denote expectation conditioned on the randomness till step k. We have

Eill Brsr — 8112 = 18x — 811> — 20(Bk — B*, BV L(Br, iy, i) + B[V E(Br, iy, iy ) ||
= 1Bk — B> = 20{Br — B, VL(Br)) + 0’ Ex[(z]. B — yi)* i, |1*)

The result from the previous question with 8 = £, 5/ = 5* gives

(B = B VL(B)) = L(B) + S8 — 5711

Hence,

Exll B — 8712 < 118k — 1% — 2nL(Bx) — 2WHB — 8% + 40PEil(2L By — yar) ||, |17

Using the fact that [|z;, ||> = 1, we get
*(|2 * (12 277:“ * (12 2
BullBun — 57 < 18— 8°1F = 202080 — 228, — 5" + 4rPL(50)
2
= (122 o - 1 - 20— 207 L5,

2 1
(1—ﬂ) 18— B, forn < .



Taking expectation, we get
‘ 2np ]
Bl - 017 < (1- 2 Bl - PP

Now, recursively applying the above result, we get
2\ "
Bl - 1P < (1= 22) Bl - 1P

. (2 pts) In Problem 2.2, the convergence is guaranteed for the iterates () itself without
averaging, and is exponentially fast. The convergence result derived in class is for
function value at the average of iterates, and the convergence is polynomial in the
number of iterations.



Problem 3. Tensor decomposition (14 pts)

Consider a collection of R of d-dimensional vectors w; € R?, ||w||> =d, i =1,...,R. We
assume that their barycenter is at the origin, that is Zf;l w; = 0. Consider the following
‘model’

i=1
where the observation y € R, the signal ¥ € R? is random distributed as N(0, I;) (with I,
the d x d identity matrix), and the additive noise £ € R? is gaussian distributed as N(0, I,)
(independent of 7).

In this problem the goal is to construct an algorithm (using tensor methods) to estimate the
vectors Wy, i = 1,..., R given n training data samples (Z1,91), ..., (Zn, Yn)-

. . . . ol'z
1. What is the mean, variance, and covariance, of the random variables Z; = N ?

2. Form the tensor
T=dEyfeix 7
where the expectation is with respect to ¥ and . Compute and find an expression for

this expectation which involves only the w;’s.

Hint: you are advised to work with the components 7%V, o, 3,7 = 1,--- ,d. You
can also use the following property for standard Gaussian variables (sometimes called
Wick’s theorem)

E[z*2'a™ 22”17 =(04a0150m~ + permutations of k, [, m)
+ 0ap (ciykélm + cyclic permutations of &, [, m)
+ oy (55k61m + cyclic permutations ofk, [, m)
+ ds, (5ak51m + cyclic permutations of k, [, m)

3. Now suppose that we are given data (Z1,v1), ..., (Zs, yn) and that we assume it follows
the above model. Suggest a tensor-based algorithm to estimate y, ..., wg. Justify
your answer by specifying:

(a) What tensor exactly do you suggest we should look at ?
(b) Suggest an algorithm of your choice and discuss the ”chances” of succeeding.
4. Bonus question (8 pts): Now we want to investigate how many samples we would need
in practice, given a dimensionality d. How would you go about finding the minimum

number of samples required for your algorithm to work ? Your answer may consist of
a qualitative argument.



Solution to Problem 3:

1. (3 pts) Since ¥ ~ N(0,1;) and Z; = \[Ea L wia®

and
1 —
Cov(Z;; Z;) = E[Z;Z;] — E[Z;E[Z;] = p g wf‘wa[xo‘xﬁ] = —; - W;

2. (7 pts) Working in components, using that & is zero mean and independent of #, and
using Wick’s theorem (in the hint):

T8 = d3/2E[y:c 28 z7|

= éZE[(@T 7)) x% 2P 2]
L n
— —Z Z whwlw"Elz* ™ a2l 1]
0= e
R 1 R d
= J+ 6a + —0q 24 5
Using 3¢, (w})? = d and 3% w® = 0 (barycenter at origin) we find

R
TP = g wiwlw]
i=1

in other words T' = Zle W; @ W; @ W;.
3. (4 pts) Given the data we have access to the empirical tensor
d3/2 n

Tomp = o E YT & T @ T
k=1

We expect that for n large enough this will concentrate on 7' = Zil W; ® W; ® W.

One could try Jennrich’s algorithm as we have a three mode tensor. However the w;’s
are not independent so the guarantees of success are not fulfilled. One could try the
tensor power method but again this would require to whiten the Tensor first and again
the vectors are not linearly independent. Finally the alternating minimisation method
often works in practice but without any a priori guarantees.



4. (3 pts) Bonus question: We must ensure that T.,,, concentrates on 7. Since we have
a sum of i.i.d terms the squared-fluctuations of 7., are of the order of

d3
Var[T32] = ﬁnVar[yxz‘xfxz]
With ¢ independent additive noise we have two contributions (cross terms vanish).

The first one is
d? d?

—E[|E[(z*2"27)?] = O(—
Llegenaray) = 0(L)
The second one is
3., 8 & 3,0, 8 3,8 &’
—VgZo‘ ”’:—ECZ-O‘ T Zia P = O(—
ar %zl x w2 ov[Z7x 2 x"; Z5x 2 7] (n)

(R dependent). To see the last fact we check that Z;’s, 2*’s are jointly gaussian with
covariances independent of d. For example:

1 1., . 1, .
ZJ] = p wawé.E[xkxl] = C—lwi cwj < EleHHwJH =1
k

1 ok Loy .
N w K[z z :—wigOl\/Erouhlseakm
\/Zl;k [z'2"] 7 (1/V d) roughly speaking

ect...

In conclusion to have small fluctuations we should have n >> d* samples.

10



Problem 4 (12 pts). This problem consists of 4 short questions. Answer each point with a
short justification, picture, or calculation.

1. (3 pts) Determine the VC-dimension of the following hypothesis class defined on = € R:

2%
H = {SgnH(x —a;), a;<az< ...CLQk}
i=1

where sgn means the sign of the product.

2. (3 pts) Let f(x) = alz|® + blz| + ¢ for a,b € R, and ¢ € R. Is this function convex ?
If yes what are the subgradient sets 0f(z) 7

22

3. (3 pts) Let G(z) = e&; and the convolution fg(z) = [pdzG(z — z)f(z). Consider

the standard Gaussian random variable Z ~ AN(0,1). Consider the random map
x— Zf(x+ Z). Which is true ?

(a) This random map is a stochastic gradient of fg.
b) This random map cannot be a stochastic gradient since it does not contain an
g y

derivative.

4. (3 pts) Let T = Zle a, ® b, ® ¢, where the a,, b,, and ¢, form the columns of square
matrices A, B, and C. Let det A = det B # 0 and det C' = 0. Which of the following
is true 7 Justify.

(a) For all matrices A, B, C satisfying the assumptions above, the decomposition of
T is not unique (up to trivial rescalings and permutation of terms).

(b) There exist matrices A, B,C satisfying the assumptions above, such that the
decomposition of T is unique (up to trivial rescalings and permutation of terms).

11



Solution:

1. The VC dimension is 2k-+1. Pictures.

2. The function |z|? is convex (but not strictly convex) and this can be seen by computing
the second derivative. Also |z| is convex. The sum of convex fuunctions is convex
therefore the whole function is convex. For z # 0 the subgradient is just the derivative
3az? + bsgn(z). For x = 0 the subgradient is [—b, +0].

3. Small calculation shows that (a) is true.

4. By Jenrich’s theorem (b) is true.
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