
Quantum computation : Lecture 7

Done last week :

order finding algorithm (smallest value ofsuch that a
" (mod n)=1

under the strange assumption :

M = zm and M = K. r
A

Plan for today :

· QFT

· getting rid of



Definition :
The QFT is the unitary

transformation on m qubits defined as :
m

QFT (x)= exp(tiez)(z)#
zm

where (x) is an element of the campu-
tational basis (withoxx 2 -1)

Note : xZ above is the classical product
-

of the numbers < & Z



Remark

The QFT is a "true" complex-valued
transformation (except in the case m =1);

its usage may therefore lead to quantum

algorithms out performing classical ones.



Claim

The action of the QFT on a basis

Vector ()
,
with ee50,13, may also

be rewritten as

QFT(x) I ② (E(10) +exp(mix(i)(+)
ji1



Proof of the claim

Let us start from the definition :
2n- 1

QFT() =1 [exp(z) (m
2 z = 0

m-jObserve that z= Ej2 ,
where Z .. Em

is the binary decomposition of zego .. 2- 13

(please pay attention that the order chosen for
the bits En -Eu is somehow unconventional here)

leveque
//2



So We find successively that :

· exp() =exp(
=expa

un

· ex(2)(z)=expleti
· QFT (x=(ii)(z)

= (10 + exp(eixin)(1))
#



Construction of the circuit for the QFT

m-k= binary decomposition (samecan

exp(etix2) = exp(zi Z -ki

Observe that 2-Ki is an integer for km-j
so exp(iai-ki) = 1 in this case :

QFT() =(0 +expleti x2m -k-j)()
k= m - j+



Still written differently : rotation by it can

↓
QFT (x) = (E (10) + exp(eixnz") ( + > ))(14)]

① (E (10) + exp(2ai (an-2"+(n. 2-2()(13) #142]
↑ T

controlled rotation
①--- rotation by in-

byinn/2

Now we can finally draw the circuit !



QT circuit

k --- · in 14

k(2 -- it T 142

" Swap : ↑

:
:

*-

(m) -. --- 14a>m1
2

S

generalization of the 2-qubit SWAP gate) /



Inverse circuit QFT

QT(()0 ...eln)) = (41)0 - .. 014m)

in short-hand notation : QFT (x) = 14)

As QFT is unitary , it is possible to

invert in easily : GFT + 14 > = k>

with QFT /z) =1expz) letm

2 7= 0

↑
basis element

leveque
//2



Let us now try to get rid of the weird

assumption M = k . r (and see where this goes ...)

So remember we are looking for the smallest

value of 21 St f(r) =a (modN) = 1

with 21aN-1 S
.

t
. gcd(a, n) = 1

and M = z"
,
m21 is such that M2N2

& viewed as f : 50 ..M-1) -50 .. N-13



Let us recall Shows circuit :

H

-ne : QFT i 1

Si i

140) 15) 1423 143[

(recall n : Tgz(NIT



Some things remain the same :

14) = 10 ... 03 010 ... 0)

(t)= le 10.0

M = 1

142 =>If(x)
Define now , for oo1r-1 :

A(x) = i f(j21 : x +jr >M - 1]

(when M = k . r
,
Ako)=)



So we can spht the sum ,
as before :

r - 1 A(x) - 1

142 =Electivele
TheO

Ako = 1) = 3 , white A /x = 5) = 2

Let us proceed now and compute (43)



143)=e()()(y2(2)
this is not anymoreoart !

After the measurement of the first in qubits,
the state of the first in qubits is lyo

(0 < YM- 1) with probability

prob(y) = < 43 / (y)<Y. /@ In 143
Let us compute this probabilityy



prob(yo) =

expi))y
↓

· (140) <Yol@In) . - Say yoSe
↑

·ex()
=ep



A(x) -1

prob(y0)=expo
-

In the case M = Kr
,
this expression is equal to 1

foryo multiple of , and o otherwise :

problyd ! e ↓. L Yo
G

In the general case , the situation is as follows :

probly)-
I > Yo· Fir



So the output yo of the circuit is not necessarily

a multiple of 1 any more.

Nevertheless
,
one can show the following :

Let= with Erk-E ,k+ ]
Then prob (yoF)<

: Inle In

proble
I > Yo· Fir



Plan for next week :

· last details for the order finding algorithm :

- how to recover r from yotI ?
1- convergents (

-how to build the crack gate Up ?
(+ modular exponential (

· Shar's factoring algorithm


