
Quantum computation : Lecture G

Plan for the next 3 Lectures :

1
. Recap of Simon's algorithm
2

.
Order finding algorithm
- principle
- QFT

- details

3
.
Shor's factorization algorithm



(
in the case (Recap of Simon's algorithm K = 1; H = So,a

We are given a function f : 50,13"-> 50,13
such that Fac[o,13" with f(xeal = f(x) V

aFo

The aim is to identify the vectora period off)
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Output of the algorithm :

a vector ye 50,13" uniformly distributed

in the set H
+
= Eze50n3

"
: z . a = 0]
T

= dat product Zatze92t .+End

(Sinner product)
so after sufficiently many runs of the

algorithm , it is possible to identify the vectora



Here is a slight variation of the problem
Given a periodic function 7 : 2 - 2,

identify the period r21 of the function f

(i.e. the smallest value of r such that

f(x+ r) = f(x) (x2)

Here
,
I is infinite : this adds a difficulty !



In particular, we will be interested

In the function f defined as follows :

· Let N be a llarge) positive integer

GeE2 ... N-1) be such that god (a,n)= 1

f(x) =a (modn)x4
· Finding the period off amounts here to

finding its order , i.e. the smallest value of
r21 such that a" (mod N) =1



In order to deal with the fact that IZ1=c :

· Let n = Flogi(n) 7 be the number of bits needed

in the binary decomposition of numbers -> N-1

· Let also M = 2
m with m21 be such that

M = N2 (so M>r also
,
as >N)

and view f : [0 .. M - 13 -> 50 .. N- 1]

· Let us also assume for now (! strange assumption ! )

that M = Kir for some K - 1.



Quantum circuit (order finding algorithm (
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=name a
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(sharthand)
Renunders : ·x -..x = binary representation of

·(k) , 0x-M-1) = computational basis of
M



Recall also that the crade If acts as :

Uf((x)@ (y)) = (x & 1y f(x)

so 142)= (x If

=Deotin
= f(x)

decomposition of the sum :

by assumption
j=2 --- = -1

↓jo,



Quantum Farier Transform orlinary product !
↓

QFT (x)= exp(ix)
This is a unitary operation :

QFTT · QFT loc=expy)a
=expla
=e)~



We will study more deeply the GFT next

week
.
For now, let Us pursue our computation :

I - 1

142)= Kejn) If(x)

So

143) =(QF+① In)(42)

=+je If(x)

=explantic)



143)=ex(it)(y

=-

O otherwise
So we should only retain the

terms y = k .1 , with Oxkt-1 :

143)=epk)(k If(x



Claim 1 : After the measurement of the

first in qubits , the state 143) is

projected uniformly at random onto

one of the states /k .> with Ozkar-

(please note the similarity with Simon's algorithm)

Claim 2 : From this measurement
,
it is

possible to extract the value of r

with probability(hm)



Once proven the above two claims , we

can declare victory , as O(In(InM)

measurements will lead to the result with

probability approaching 1 (Cf. Simon's algo)

But : All this has been done under

the (slightly absurd) simplifying assumption

M = k . r for same k 1
.
We still need to deal
with this also-



Proof of Claim 1

Measuring the first m qubits in the computational
basis leads to the output state

(*) (4) = Pyolts) where Py = (y) < Y/ *In
11 Py 143) //

with probability
0 1 YoM -1

prob(yo) = < 431Py. 143)
(*) Note that this looks more complex than necessary :

The output state of the firstm qubits is simply 1%0



Let us compute this probability :

prob(y) = < 43 /Py. 143
=(exp()(lyy

n- 1

·((k) (k* ① (f(x))

=expe1

·) (f(x

If differs across-1 = Eac
I



Therefore, among the above four sums over, , d

only the one overio remains
,
so

prob(yo
I => ↳ if Jocker_1 with Yo=

E r2
O otherwise

proving Claim 1 #



Proof of Claim 2

Theoutput of the circuit is a number yoEM (wi ore)
So
knum
I kar are not known a priori.

· If ged (k, r) = 1 , then simplifying the fraction
↑ leads to and looking at the denominator,
we find r.

· If god (k, r)+1 , then this procedure fails.



Note that in practice , we do not know

a priori whether gcd (k, r) = 1 or not

(because we don't know k & r) , but we

can still simplify the fractionI and
test whether the resulting denominator
is indeed a period of f(x) = a"(modN)

or not (if gcd (k , r) + 1 , it want be).



As ockar-e is uniform
,
the success

probability of this procedure is

prob(gcd(k, r) = 1)=
whereC(r) = #502kzr- 1 : gcd(k, r) = 1}

= Fuler's function

Ex : 4 (10) = # [1 , 3,7, 93 = 4

It can be sharn that 4(r)there
so prob (success)try Fullur) , proving Claim2

-


