
Potential Theory I



Outlines
Potential Theory : general results

- Gravitational field force, gravitational potential
- Gauss Law
- Poisson Equation
- Total potential energy

Spherical systems:

- Newton’s Theorems
- Circular speed, circular velocity, circular frequency, escape speed, 

potential energy

Examples of spherical models:

- “Potential based” models
- “Density based” models
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Potential Theory

Spherical Systems



Newton’s Theorems
Newton (1642-1727)

First theorem:

A body that is inside a spherical shell of matter experiences no net gravitational 
force from the shell.



 



 



 



 



Newton’s Theorems
Newton (1642-1727)

First theorem:

A body that is inside a spherical shell of matter experiences no net gravitational 
force from the shell.

Second theorem:

The gravitational force on a body that lies outside a spherical shell of matter is 
 the same as it would be if all the shell’s matter where concentrated into a point

at its centre.



 



 



 



Potential Theory

Spherical Systems
general distribution of mass
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Spherical systems : 
useful relations

Poisson in spherical coordinates

Mass inside a radius r

Potential in spherical coordinates

Gradient of the potential in spherical coordinates



Examples of 
Spherical models 

“Potential based” 
models 



Point mass



Plummer model

● Globular clusters, dwarf spheroidal galaxies 



Isochrone potential



Isochrone potential

Orbits are analytical !



Examples of 
Spherical models 

“Density based” 
models 



Homogeneous sphere

Harmonic oscillator !



Isothermal sphere

● often used for gravitational lens models
● But !

● diverge towards the centre !
● infinite mass !



● Avoid the central divergence of the isothermal sphere
● However, the mass is still not bounded

Pseudo-isothermal sphere



Pseudo-isothermal sphere

● Avoid the central divergence of the isothermal sphere
● However, the mass is still not bounded



Generic two power density 
models

● globular clusters

● bulges, elliptic. gal.

● dark haloes

● elliptic. galaxies

● diverges at the center



Generic two power density model

● diverges !! 





NFW (Navarro, Frenk & White 1995, 1996)

● Density profile that fit dark matter haloes formed in LCDM numerical simulations



NFW (Navarro, Frenk & White 1995, 1996)

Springel et al. 2008

Navarro et al. 1995



Einasto model

● Alternative to NFW



Spherical systems model comparison



The End
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