
#LINEITYMATRIX & PARTIAL Density &
-TRIX

IFEATISFICAL Mixtures)
--

The density matrix generalisa the motion

of stale rector 142-4 . It is needed in

two physical settings :

1) To describe statistical mixtures.

2) To decribe part of a system , in other

wad to decribe a part which ismot isolated.

We first in medure the first selting .
In ader

to go to the second setting we will here to make

a mathematical digression to the notion of

partial trace.



②

Statisticalmixtures
.

Imagine a collection of N particles

Con N quantum degree of freedom , qubits,

photon polarisations , spirs .... ) found in

rensible state

19 .
3
, 1423, ..., /41 El

in correspanding proportions (fractions (

Pr 1 Fac --- > PK.

K

Her o Pi 1, & =
are probabilities.

In oher was we imagine a "gos" with :

P ,
N particle in state 14, 7

L " 142]lin =

P,
N 14

" 14k)



③

This is called atratisticalmixture and

is described by the connex sun :

K

g = 24 /4:>: /
i=

1
-

ket- bra matrix.
slumm - line (
projection matrix on stale rectan 14:2

Note (14:) (4 : 1) (4) = 14:) sciles
-------
-

projection indrix Clyis. I.

& is the density matrix describing the

statistical mixture .
All information that#tifrexperieeCan



&
Im older to get an intuitio on the lest

statement imagine the following experiment

I· -
14:7 umen

out with

probability pi

-

then we measure

observable. A

-1J
What is the expectation value of A in this

experimental setting ?

Expectedvelue of A= Pi < /Alti)
i= 1 -

Y expected value
probability that state when stale is

is pi im Statistical 14: )
mixtine (follows from

Bam rule se lan 1)



⑤

ExpCA) = pi < tildih
i=

1

pe in A 14:<Gil
i=1

=in La Pirei il S
=
Tr Ag .

Fin
EIR.

-

Remark (X( we useaicity of
Trace : Tr AB=TrBA

un

Tr Algi) til = Tr (Til Al4i)=spitale)
~
- - -

-
- -

dxddx12xd 2Xd dxldx2 2x1

scalor



&

Similarly we have for all higher

moments of an observable :

Expral (AP) = Th (A g) = Tn(AP)

Thus all statistical information is besically

contained in I

Limitcase of pure states :

# Pj = 1 for same I and P = 0 , ifj

Mon 9 = 1423 Il

= projecte onto state 149329

Expral(A) = Tr gA = <42/A14ah

We are back in the case of the usual

description of a single system in stak venter

14j) + H .
Such j's one called pure stale .



⑰

Nake for a pure state : g" = & (projecta)·

This is a criterion for the purity of a

state. If it is not salisfied we have a

statistical mixture

-topartiesof a density matrix :

If we have a Hitbot space I , dieft= d

& is a square matrix salisfeing

1) 9 = gt ( = g** ) hemitian

2)970 semi-definite positive matrix

3) Trg = 2 mermalization condition .

Proof
-

1) Obrian from g
: Pil4: il
-= 1

since PitiR & (14:3 (4:1*= 14:2 C il.



⑧

2) A matrix M : Mt is positive

semi-definite iff for any recla 143

<+ (M14)0
K

Her <+19143 = [p : Stigitilt]
i=

1

= Pi(14)12
i=1

30 .

Note : this could be = 0 of 143 is
m

↓ to all 14:3 , i = 1 ---k.

Che 14:)doet recenarity form a basis

3) Thenamalization condition is easy :

K

Trg = TrEpileil il
K K

= [Pi #4)(1 = [Pi = 1
.

2=1 d

in (il:) = 1

by cychicity



⑨

Thecem
. Any matrix tat salisfre
-

-

&

9 =9 , 970 , Trg =2

is a density matrix

Proof By the spectre tenem we have
-

fo on heuition matrix
d

s = 2 bi 14:) il
i=

1

who gluil = Jilui) & Mis form
abasis (+ 1

Since &20 we must here J: 20.
d

Also In g = 1 = [di = 1
i=

Mus also 03di1 and they are probabilitien
Remark : the speckal them given a special
-

decomposition s. 10:) form an -basis. But ther are
other decompositions of g if me relax athazarality :
In partienter the "physical" one may be with Ner-Ortho state.



⑯

#CARTIALTRACES

Now in de to introduce the second point of view

(of density matrice as description ofnon-isolted

systems) we have to mal a mathematical

digression an partiel trace.

Let H = HAx His be a lensa product

Hilbut space . Take a basis

1
.
3 --- /5d) for RA

A

1. < --- (Wdz) fa His

A basis of Pakis is :

IN: 7 /Wj) dadis basis rectons.

A general matrix can be represented as



⑪
m = [ Mijne (w:>hy))(e wel)
iK, e -

dadis * dadi matrix .

We define partial trace as !
-

--

Tr M = [ Mijre (ii) (wj) sel
Pa jke

=Mise e
= dix di matrix

TrM Mijke <ww l le

= Micke wetwil) lit sa
= daxda metrix

.

Ne : TrM = T TM Ta M



⑫

In particuler of the basis choen are

athomanal :

TrM=cie) 1) we

= dixdis matrix with elements (jf)

= FMijil

TrM = (Mijj) lil il
= daXda matrix with elements (ik)

= Mijki

#le



⑬

In prectiv this in eproperty will

suffire most of te time because we can

decompose in as a eve of terms of

te fam AB.

E. PARTIAL DENSITY MATRICEs . /
Let U = Raoty and I be a

density matrix describing a system in 29.

We only assume 9 =Sts 970 , Frg = 1.

We define :

alor reduced DM of rents A & B :

fa = TruBS

Sis = Tres



⑭
There matrices describe all

local propertion in parts A and is.

·Fant
Indeed suppare we make an experiment

to measure an obvelable "suppated" on

pent A .

This observable is a hemitian

matrix of the fam

Matis
X 9

daXA diXd i3
malrix identity matrix



⑮

Experal (Max) = Tr(f Maxzi (

= Tr Tr (J Mais

= Tra (Mars(
= Tra (aSa)

Similarly :

Expral (FaxMB) = Tr * Mis

= Tre Tran (9 a Mis (

= Tries ([Trag A) Mis (

= Tres (JaMis)



⑯

I
#

& QUANTUM DESCRIPTION OF A

MESOCATEDSYSTEM
.

-

A
very comman situation is a system S

not me study but which is not isolated and

interets with an Environement E
.

Then S commet be described by state

weaters (at best if interaction with I cannot
beneglected)

The quation adered have is : how should

edifspostible 1." to decribe S ?

Well
,
SUE is isobled (say & is

the ret of the univence except 5) . The

if we assume postule 1 for an isolated system



⑰

me assume a stake recto 141-Rela

for SUG :
This correspond to a

"pure" density marix (projecta) :

Ssua = 14) < 4/-

&dax dgda matrix
.

From discussion in previou paragraph il

have to describe S to take the RDM :

PETra5soa= Tra 12 (4) ·

-

dgxds matrix

-

For all observables couning S only we

will have

[une (Ageta) = TA
-



⑱

This shows tat a density matrix is not

only useful to describe statisticalmixture

Cher is no statenixture her) but is also
-

a useful concept to decribe NON-ISOLATED
-

Systems .
-

This point of view was introduced by

Landan .
The point of view of mixture was

introduced by van Neumann .

#



⑳

EXTeRENSITE MATRICES of QuiBITS

-

Fa H = C2
& gibits or too level systems

Clike Spir in say ; on to let cham , on

superconducting qubits. -.. ) the density

marion take a particularly simple form.

We can also generalize the "Block sphere"

decription of 143-K"to the whle

"Bloch ball" fa DM's-

We can decamper any
2x2 enchrix in Paulibasis

9 = bon + by (x + by by + be

= ( %) , a = (), = (= =), =( -i)



②
↓

Since g = g me must have bo
,
by
, by be E.

Since Trg = 1 , and Tre = Try-Troz =c

me must here bo = t So we write :

3= (k + axk + ayty + 27 %)

Now we must implement 870 .

We must have 3
,
30

,
6250 for the engeneleve

But 6, +be=Trg= 1 & Sidz = defg .

This issufficient to check that

det20.

2 + azax - iaz)S= (axxic 1- 9z

=> de+ 2 = (4) - az) - (ay +ay)
= 131 - 1212)



⑫

faa = (ax
, <y , 9z).

delg10 Es 1121141.

Incummaryave qubit :

S = [(7 + 2 .5)= z avis s(
with 11111 I in unit ball.

pure state g2= S
= For 11 = 2

s



⑬

Remarks. Limit case
.

↑

-
-

- Y
& Cr = g = S = + 1 = ( · in (
Panandli randam variable
-

ht A = 10)(0) - (1) () = 0z -

Exp(+ ) = Tr giz = 0

SExp(E) =Trg = 1.

=> p() = E -
P(k = E-

in fact male pros = in g(0)(0) = 1S
p(k = Tr g(1)(1) =E

Q Fe 11 z we have I = ( d
if we measure Uz :

<) Classical R .
V with Plo-p , PSK = 1-p.



⑫

· Of ourne this is also true fa:

â1X of me measure Ux

â/s
g of me mesure by

· 1111 = 1
.

We can then check that

j = g
and thus g = 143 <41 ·

with appropice

143 = (3 G (0) + (i)e")1k

if a = (sud cay , sudsing , cout)



⑳

#TreEVOLUTION Of RENSITY MATRICES.

From j= P : 14: 3 :l
c
-

1

we info that the correct time evolution

is expressed as

#v So WI

Cindeed Nihceil us >C).

From the Sheedingerequation :

#(4(4= 414()

it & [C) (4 (0 7 = H [h) 14 (01)
dt

· hit = Huit
dt



we also get

al git =(t) glo Et

+ THg(0 ,( Ett)

= 4 Eck gro: EtIti
it

+
[s gros - iE) Est H

=3) = Hy( - y(H

#a

(by definition [A , B] = ABS-BA fartwo

matrice is the cammulator (


