
&

#ElInequalities .

The so-called Bell imagualibie provide a

kind of "artificate" tot Alice & Bob can check

upon communicating classicly (a meeking) to

decide of they share entanged stales
.

There exist today a whole set of such

incqualition depending what are the measured

observable
,
the number of pentia (A, D , C ... ) , the

shared entanglement ect---

Here we go through te simplest such

"Bell inequality" due in fact to

Causen-Horme-Shimany - Helt (CHSH) . They

have been lated in famous experiments (motably of

Aspect-Grangien-Rogen)



②

In a second stave we discuss a myptographic

application , the EkentS2 protocol , for generating

a me-time-pad common to Alice & Bah

Wemole tat the subject has a long history.
in the Go's
uJohn Bell was the first to propose precise experiment

to test the predictions of QM and notably the one

deriving from entanglement. The whole subject

was heavily infuenced by a faman paper of

Einstein-Podolsky-Rosen (1935) . Fo his reason

en tangled particle in Bell stales are also called

EPR pains



③

CHSHirequality

Experimentalsetting :

lie Fit
-

↑
Sance distributen atj

each time I =1 --- NIntwo "photons ~

· At each time i = 1 -- N a sance distribute

a bain of particle" (say photons). In me

quantum experiment it distribute pains in the state

1Bood = 1 (10) x (0) + 117e (1))
F

(but for the moment lets be agnostic about mis .).
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· Alice doen lol Measurements
.
At each time

i = 1 ... N she choor at random a Measurement
-

basis

(123, 1133 a (122 , 1413)

(say with analysen-photodetenten apparatus).

She registes her Meas Result (clic
,
no dia)

in a Vandam variable a =1 1 a a= 11.

· for Rob .
with Meashosis

[192 , 1912) ,
a 31p) , 13

and registes the vr b = +1 a b = 11.



②

· We devote each Meas basis type of choice

by 2 = (6
, p) 2 = (6

, p) 3 =('p)

4 = ('p')

·
Alice and Boh collect their Mas results

. There

here been performed without communication .

After all measurements they meet (a communicate

Pein results and compute the following

"Corelationcoefficient" :

Xexperimental abu en

- Fab -

-
NgMs



&

hauticlorcitiacadiee et e ide's

variat Reain").

We first explain what "classical physics" would

predict muder" reasonable" and very general

assumption about a very
wide let of Reaie

often called "local hidden variable theories"

* We assume that the random outcome of

Alice is described by a transition probability

of the fam

Pa(a(x , J)

2 =
coin + a = 11 binary output

die/no die in photo
of basis datenter

anchyse



⑰

intmini cal,,

particle

~ letiere plak'd)Nodin
input particle

Here 3 demote a collection of so-called

"hidden variables" describing a characterising the

"state" of the source of the pains . There

are modelled as vandom variable (that could change

value at each [ = ...-v but independly of basis

chaim of A & B) . We surrace Ret I are

distributed according to same pof hidl st

hide 20 and Shididd = 1.
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* We assume the same for the outcome of

Rob . They are decibed by a transition prebah.Ily

PB(d1 B , 6).

* The important& cucial point is tat the

ducription of A & B is lot .

This meas

tat a Cora') depends only on 20d

Con <' & b) and not on B & B . Idem

on the sic of Bab.

Locality assumption

Rentre
ma

famally as follows :

proh (a , b(x , p , 6) = Pa(a( ,b) Pp(bli ,5)

-



&

O comen thisequetia apply to al four

settings 1 = (, p) , 2 =(, $) , 3 = ( !B)

4 = (a! 5) .

The Renetical prediction for Xexperiment car

be calculated as

Classicol
X
theory

= E(ab) + E(ab') - E(ab)

+ E
,
(ab')

where

E
,
(ab) = E

,
(d)h(b)p(a, blap, b) ab

En(ab') =E (ddhis pa,bcdas

E(a'b) = [ (ddh(blp(a,b1x'pb) all
a, b

E
,
(a'bl) = [ Sddhidl pla , d'/dp'd) ad

a! 6



⑳

lemma - 2 ↓ Xuassial 2
-

- theory

This is the CHSH inequality

Prof

Note i

((ab)= (ddh(x)p(ab((p)) ab

= (d) his Pacaldb) p(blBs) ab
a
,
b

= [ (d) his(Palalas) Palala'd)
a
,
b
,
a
,
b

Pp(b(p()p(b'lp's) ab

where we uned :

& Pacala's = [Py(b'(ps) = 1 .
a=1 5=1,



continued from previou page ⑫
↓

= [ Q(a, a , b, 6'lacpp) ab
a
,
b
,
al
,
b'

where

& Co , al, b , 611a'pp) =

(d) h(b) Pa(a((() (a (a' (d'd) Py(6136)
- Pp(b'p') .

can be thought as a "joit" prob distr ave a
,
a, b, 6

give 29/31 (but note this is a Reactical

construct not realized in the experiment).

Nole & 20 and [QCaab'k'pp)= 1.
a
,
a', b, s'



⑫

Similarly :

Enlab) = 2 Gladbb'kapp) ab
c
,
a", b

,
5

i
,
(ab) = 2 Glaabb'lapp) all

a alb b

E
,
(ab') = [ Glaabb'ldapp) alb

aabb

Thus

X
classical

- & G(aa ' bb'(xx' p(p)
Meny a alb4

(ab + ab) - ab +ab')

Now ab + ab-ab + abl

= a(b + b) + a(b'- b)

As all uniebeebinarymale tat :

a(b +b) + c(b - 3) = [-
-
-

- -

Il + 2 Il I2-

o
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Thus the average ande any dish

,
in

prticular QLac'b 11'9p) is

F
-

#

This inequality chare is the content of the

CHSH (Bell) insquality · It hums out

tat cimentally ,ofbesance distribute

Balla EPR pains Centangledpains)
,

it is
-

-

violated
.
Moro the experimental results
-

are in agreement with the prediction of

Quantum Theny . Ir the next ragraph we

compute the quantum predictions-
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QuantumPrediction for correletiaefficient
-

-

Let us apply the postulate of QM :

* Alice mesures observable (pelerization

A = (+1)(c(() + c-11k+7+ 1

an

A = (+1)())( + 7111213411 .

* Bob mesures observable (ptvization (

B = (+ 1)(p)(p) + 11/11 >(1

en

R' = (1) (pk(p + +10p ></

* The state of the distributed pain 143.

(pan le mament gandons 143 ginirel).
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The global observable measured in

te fau settings is :

1 = (, 3) 2 = (6
, 4) 3 = ('p)

A B A is Ad is

et y = ('p)

A B'

The carrelation refficient is

PM
X = (4/3144
theory

for the matrix (obsurable (

B = AB + AxB'- A B +AB

Calso called a "Belloperator" ofter).



⑯
9M

Now we calculate Xmey C, C, p, 51

fa 14) = /Book= (p+

Frage :

< Bool A B / Boo] =

=Bl + (AB(4)

+ (x)AM(C) + /A0B(x)

= = <IAId) + [((A()((B()
-

=[( 1. (((((3)12- 191814
+ [ (1)(k- (p)) - 141931)

= (six-p)-si-ps) - 1/sini-p) - usa-p)
-

cos" (-p) - six-p)
=cos[2(-3)) .



⑰
This we obtain

#the:
as 215-p1 + con-p)) -c e ipsI X

9M

-

The following choice of analyser angler meximize

the corretation (NOT unique choice of ence (

E

->
B + Emab

- L = 0 AlicaO
&

5 Alice

YY p= - +/8 Rob

al = -π

QM
, max

=D X
- 2 E 7 2

Georg - -

Max Classical
Quantum boud.

value



Do

Paranks.
-

1) One can check tat for 143 = /Book the

joint distribution

P(a , b(4,b) = !(1 + abas2x-p)
quantum

* Palak) Pis(b19) .

2) En 142 = /a)* /4) a product

state instandi

p(a , b) <, p) =

= (=(14) + 9714a)/4
· (P+1) + KP143)(

= Pa(a(a) pp(31p) .
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3) We say tat in the above sense bell state

are "ma local" (and man generetly &M displays

man-bality) .

Product states on the other hand are "local".
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Applicationto the Elet 92 protocol.

Gerationof the one-time-pod

1) A & is have acces at each time instant to a

Bell pain in state 1Bro]
·

Fa i = 1 ... N :
&

-> Alice Measure her qubit by chosing at randam

a basis with 21 = -E , du = -E , G = 0

-> Bab Measure his qubit by chosing of random

abasis with B . = -E , P2 = 0 , B =E

Alica records X: = #I acceeding t outcame

6 ad (for each basis) i = . ...N

Bob records : = 1) according to outou

pa P1 (for eachbasis) i = 1 . . . .

A this is done withoutever communicating -



⑪

2) intliccommunication phase :

A & is exchange publickly their basis choice

fa each i = 1 ... N . They then select time

instants such that they choose the settings

(s , B) , (6gc .
)
,
<6

, 04, ) , (40 &3)

Note Mat There are the "CHSH angles" met

give Max violation of the Bell inequality

Alice ceim ich chem

-

-O J O
By = π

* Y
- Bi = 0

C, = - π 3. = -I
5



⑫
empirical
-

Ad is empute the correlation afficient fa

the above basis choice. If there is no

eareschappe they will find 2 .(at mis
point they have to exchange X:& %: fa these specific

basis choice ).
3)
_

eaet by generation .

* & is new select the time instants such

tat they choose the settings :

(s , 2) o <2 , B)
--

-

(0 , o 7 -)

Since their basis choice are identical
,
their

Meas outcames are equal Xi = : .
Note

that they have not revealed X : & J : La

basis choice so it is un known (publickly)[X=#)

Thissubsequence constitute the One time Rad.
-



⑬

Analysisheuristic (

We just make a few remake here
-

What can

an carschoppen do ? Suppare it propert two

photons in same "very special" product state and

distribula them to A & B
.

The the corretetic

weff will be in [-2
,
+2] since the

state is product (see previan remank rage 18).

Ifan the other hand the earedroppen just

produce new shake /Bood for itself and

maker measurements like & is in settings

(3 . (2) = ( , 0) a ( · P) = ( E .
-:) me

eareschoppe
= #1 butresulting r.v in E

y

Ale Rob
Bernalli randam and independent of Xi = 2 :.

This the careschopper extracts no information .

⑮


