Solution 5
Introduction to Quantum Information Processing

Exercise 1 Corrupted dense coding

(a) If the message of Alice is (00) she sends her particle to Bob who measures the global
state in the usual Bell basis. The probability that he gets the perfect Bell state is :

P(00) = (Bl 0} = 1,
since (Byp| is orthogonal to |01). We also have
52
P(01) = (Bu |)]* = 1+
52
P(10) = [(Bio|¥)* = 31+ 67)

P(11) = [(Bu|¥)[* =0

Remark : the 4 probabilities sum to 1.

(b) If the message of Alice is (10) she applies iY" on her particle and the global state received
by Bob is : .
) = —(1+0%)7%(| Bio) — 3" [11)))

The 4 probabilities become :

P(00) = (B T')* = 2(15—+52)

P(01) = [(Bo|¥)|* =0

P(10) = [(Bio| )] = ﬁ
2 52
PO =[(Bul¥)I* = 53—



Exercise 2 Corrupted teleportation

In the standard teleportation protocol Alice first performs a Bell basis measurement. We
label the particles of Alice with 1,2 and the one of Bob with 3. The global state prior to the
measurement is thus (up to a normalization factor)

1
m(\Bocﬁ

The state after the measurement collapses to the state (up to a normalization factor)

1
(14 02)1/2
for ij = 00,01, 10, 11.

(a]0)1 + B|1)1) ® 23 + 0€7]01)93)

| Bijh2(Bijli2 @ I3(|0)1 + B]1)1) ® (|Boo)as + 6¢”[01)23)

Suppose Alice gets :ij = 00, that is |By)12 = \%(|OO)12 +[11)12). Then Bob gets a state
proportional to

E¥DIE —\/5((00|12 + (11}12) @ I(|0)1 + B|1)1) @ (—\/§|00>23 + —\/5|11>23 +6e"7|01)23)
1 a a I5;
= ar ey gt 50" s+ 5l0) (1)

The probability is m( || + |8+ v2a6e?7|?). Alice sends the classical message 00 to Bob

who then "knows” that he should not perform any operation on his state (or "apply” I3). Of
course for  — 0 this state tends to the ideal state «|0)5 + 5]1)3.

Remark : To compute the probability one can use the formula (¢|P|¢) = (¢|P?|¢) =
| Pg||*> where |¢) is the state prior to measurement and P the projector.

Suppose Alice gets : |Bp1)12 = \%(|01>12 +]10)12). Then Bob gets a state proportional to

11 1 1 "
mﬁ(((ﬂhz + (10]12) ® I(a|0); + B[1)1) ® (Eloom + E|11>23 + 0€"7[01)23)
1 (0% ﬂ iy ﬂ
= W(EM?’ + E&f 1)+ §|0>3) (2)

The probability is g5 (|8[* + |a + V285e7|?). Alice sends the classical message 01 to Bob
who applies then knows he must apply the operation X3 to the state obtaining :

1 a B iy é
m(§|0>3 + Eée 0) + 5 11)3)

Again, this state tends to the ideal state for 6 — 0.

Suppose Alice gets : |Bio)12 = \/Li(|01)12 — |10)12). Then Bob gets a state proportional
to:

1 1 1 1 iy
1 (6% B iy 6
= m(§|1>3 - %56 1) = 5103) (3)



The probability is 775 (|8]* + |a - V285e"|?). Alice sends the classical message 10 to Bob
who applies then knows he must apply the operation Z3X3 to the state obtaining :

1 a8 5
a5 2

Again, this state tends to the ideal state for § — 0.

0e710) + 5 1)3)

Suppose Alice gets : |By)12 = \/ii(|00)12 — |11)12). Then Bob gets a state proportional to

11 1
W\f«oohz—<11!12)®I(a!0>1+5\1>) (5100 fyn

23 + >23+567‘01>23)

The probability is m(\c’c\2 + |8 — v2a8e™|?). Alice sends the classical message 11 to Bob
who applies then knows he must apply the operation Z3 to the state obtaining :

1 Q

; 5
m(g@:a — 2 ge 1) + §|1>3)

V2
Again, this state tends to the ideal state for § — 0.

Remark : We can check that the four probabilities sum to 1.

Exercise 3 A criterion for entanglement of two qubits

(a) For a product state we have |V) = (a|0) + §|1)) ® (7]0) +6|1)) hence agy = vy, ag1 = o,
a9 = B, a;1 = B6. Thus detA = agoai; — agra19 = ayf6 — adfy = 0.

Conversely suppose detA = agoai;; — apraip = 0. Suppose first agp = 0. Then we must
also have g1 = 0 or a19 = 0. In the first case ’\Il> = CL11|].]_> +CL10|].0> = |1> X (CL11’1> —|—a10|0>)
which is product state. In the second case we proceed similarly. Suppose now that agg # 0.

Then we must have a;; = —% and

a ap1a
|\I/>—a00(|00>+ |01>+ 10|1o> 210|11>)
00

_mmwﬂmw<m#%m

which is a product state.
(b) According to the criterion the state is a product state if and only if

1 — dee? =

In other words
1 =decosy and desiny=0
This is the case for v = 0,27 and de = 1.

To summarize the state is product when v = 0, 27 and de = 1. Otherwise it is entangled,
i.e when v # 0,27 or de # 1.



Exercise 4 |IW) state

(a) We proceed by contradiction. We write [1;) = «;|1)4/3;|0) and expand the tensor product
which gives a sum of 8 terms. Equating with |IW) we find contradictions. For example

1 1 1
a1 3233 = ﬁ’ BrasfPs = %7 B1facrz = ﬁ
but also
10903 — 0

The last equality implies at least one «; = 0 which is impossible because of the above
equalities.

(b) Slmllarly if |77/123> = ’700|00> +’701|01> —|—’}/10|10> +711’11> et |1/)1> = 041|0> +61|1> we obtain
(for example)

1
a1y =0, a1y = ﬁ

which imples v99 = 0, but on the other hand we must also have

1
Bi1Yoo = —=

P

hence a contradiction.



