
I APPLICATION
OF THE PRINCIPLES TO#interference
experiments.

D

-

In this chapter we illustrate the application of

the principle to a few interfernce experiments.

This will allow to better understand them on on

hand
, as

well as have concrete example of

qubits , before we go on to communication

protocols in the next few classes.

xampleof qubits.

· Path state in the Mach-Mehuden experiments

Recall the simple ME interferameter of

the first Lecture
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&

I
--refective
Semitransparent mirror

mirror

ATeymodel" fa te Hitbut space is

ne H= K
"

= [C 13 + plu) S
when 1H = (d) = haizontal path state

of photon.

(vc = (i) = vertical path state

of plate.

Recell <
, -D such thet KIIB) = 1.



③

-trizationof photons.

Photons carry with tem a polarization
-

rector which is analogom to the polarization of

me electron cutic waven.

We will see that this is desuibed by

ventors of K" = D .

This the polarization

of platons is a quantum bit .
The descriptia

in les of qubit is "eact" This time

Cie not a toy model approximation)

· pin Ye (of electrons , protons , same muclei ,

same ias
,
alans
... (

Many particle carry a small magnetic

dipole tat
e

whore state rector



&
isabscribed by a recta in 4=K"

-

This is analogam (but different) to

polarization of photons . We will come back

to spir telen in can when we study its

interaction with magnetic finde. Again her

we have am "exact" qubit
energy

E2
· Tolevalsystems I

6
-E

Just like atows have energy tech correspanding

to different orbital states , many systems are

described by same set of "energy brets".

Often or can isolated to important levels from

the est of the spectrum and model the
-

system to a good approximation by a gubit

with Hilbert space
".



⑤

=Analysis of
ME interferanctes.

H = C2. Basis 1H) = (6) = haizental
nath state

(VL = (i) = vatical
path state.

semi-transparent mirror
-
> a unitary

matrix
, for example

v = H = v (1) "Hadamand
mehrix"

H = f((H)(H) + 1()(V) + (V)H)
- IV>V/ &
~fectly refleating mirror :

v = X = (ib)



&
also called a NOT gate or matrix

X = (H) (vl + (V)(H)

Analysis:

initial stale 1)
⑧

· after firstsemi-transparent mirror :

H(m) = j (4) + (V)

· after reflecting mirrors

XH(H) = j (X(t) + X(v))

= I(N) + 1H))

· after second semi-transperent mirror :

HXH (H) = 1 (H(V) + H(t))
Ve

= (H) - (V)) +
+
+ (+1))



⑰

= 1 +

So me see tathe photoncameautof en
- -

inkeferamete as 1H) !·
-----------

⑧thetotal unitary evolution is:

Word =
HXH-

· Measurement process :

The detectons constitute a measurement

apparatus modelled by the basic (1) , 1v)
We thus apply the Born rule and get :

Prob (photo obsim D . ) = Probl output stale is 1HL)

= ((H) + ))
2

= 2

↑ ↑
output imput



⑳

Prob (photonobs inD2) = Prob (autput state is 1V3)

= ((VI + ))" = 0

T ↑
output imput

Recall Mis is the result of the experiment

decribed in the first lecture

Remark : Que can introduce the "Clic"
-

-

obsuebable
,
an hermitian matrix :

C = (+ 1) (H)(H) +1 (V] (V)

with eigenvalues/eigenrectes 11
,
1HS
,
(V) :

S C(H) = (+1)(H)
C(v = (-11 Iv)

According to the Measurement postulate the outcame is

# 1 with probabilitie

Prob(+1) = 1 <H(+)= 1 : irh() =) <VIDE=0
-
D
,
clics

*
Du clics .



&

Remark The whole experiment has
-
-

a

11

irmit interpretation" ·
Quantum

incuits constitute a representation of

quantum algorithms (see second semale
CS -300 ).

*ID TitInitial state

1H) apport
basis

[14), 103]

-
TIME -



Do

# Another ME interferameten .

-
-

Let us look at the following variation

-of the preceding interferancteD

if
14)

B is a "dephases" which changes the "phase"

of a photon by 143 -- 241H)

⑫ a "deplace" : IV) +
e in

The carrepanding unitary operations are



⑪

( eieo a i
Thus the dephases acts on the state in K

as

e
:4

o

-D = (eito) ) = (02 iYz(
↑ -

Note these commute so here it doen not matter

in what ander they act (a simultanousty).
#

Sami-transparent mirror : we choose the
-

model

-("")i1

effectlyreflecting mirrors : we coore the model

-V= (i)R



⑫

Amelysis - the total unitary operator is

Utotal = I E E USi

-
2

:
%e "Ya -i2

iltieYe

-
↓ (

- (2
i2
iY1
-ie
if

-
eiY
-

e"Y

For an initial state(H)
,
the final stale is

1 fince) = gi ERWpTi 1H)

iy1
- e

:Yz
- 2

= ! ( ic iy ie
iYmS

=

-i (m) + c e
Measurement results
-

-

Trob (D
,
dics) = 17H14fines et

3



⑬

=-
=( + cosyn- 4,))"+ si y. -ya)]
= (1 + ws(42-y, 1)

=(syj2

Similarly :

Prh(Dedis) = 1 <~14 e)=/
*1
, "Yegh

=+(1 - e
i(y2- Y,) ,

2

= (X- 3312-4,3)" + (si (yz-y
,
1)"]

=E (1 -cos1y2-Ti

= (in Eyel)
"

Prob(D
,
clics) & Prob (De clics)

A

*-&
2,

) 4. -Ye
D



⑭

#thotan polarization .

Electromagnetic ware carry a degree of

freedom called "Polerization".

Fr
plane wave direction

------------- -> Z

of propagation

↑ (x
, j) plane + z

LE
,
B) field oscillate in the plane

perpendicular to the direction of

propagation.

i(kz -wt)

E(z
, +) = Realpant[E 2 Sg

k= w = 2π J = wave legth Ju =c
V = frequency



⑮
I

with Eo = Es sein&
Limear polarization :Y = 0 so the

-
-

=held usullate alango directio in (XY1 plane

17

-et
->

E a (3) eikz- div of propagation

Circular polerization : J = i y =+I
- 5 -

2
-

E-field is retating clockwise on anticlockwice

+
-

⑧ Est-
E
=-



⑯
General polarization
-

Can be decribed from superpositions

of basis rectors of linear pot

10 . Fin de
*

on also by basis rectors of circuler pot

(2) Fof
8

↳



⑰

~contum polarization degue of freedom of

photon .

-
-

Et tures aut photon (the "quante of E-m field)"

evry an analogons degue of freedom

This is decribed by vectas of the

Hitbut sac =

2

.(i . e qubits (

(
cat

10
, 4) = cudes)

athomanal brisLinearpol -

S
15) = =as(x) + site le

101) = (si) = -sid(x) + ad
mu

horizontal vertical

ro pol .



⑯

-merpot authoramal basis :

S 18) = (2) = (x)
+ i (es)

(D) = (2) = (x) - i (z))
un

haizantal pol
.

rol

Note : m = (6)=
12 = (i)=.



⑮
# Experiments with photon polerizeria .
-

(1)Polarizn - Analyzen - Retenta setting :

Let us prepare photons in a state of

linear polaritation (5) = 20/x) + sindle]

This is don by a "Preidfothe
11

depicted

as

u x ---

incoherent

pabrization 10)
state of outgoing plater

Now we imagine platons in state 10]

enter an "analysen-detecter appanches
-



·
· If platon goen through anolytes it eules

D in stote () = casa (x) + sicle)

and D clies ; we regist +1.

· If phalan is absabed by analyze it

collapses in state 121) = - Six (x) + ca/y) -

D does not clic and me registe - 1.

adingto Mess postible :

Prob( + 1) =1a(0) (cs 10-x)2
↑
lic



⑭

Pel(1) = 110))" = (Sico-s))2
T

No chic

~bsurable measured here :

(a = (+ ,)(2)() + 71)())

eigenrectors and eigenvales : P() = (1)k)LIP(G) =[k()
Remarks

.

-

·
With classical electromagmatic waves the

similar experiments give intensity of

electric field detected in D & (COSTO-a)(2
This isme law of Malus (191 unluny)

and was instrumental in discovering the

polarization of mares



⑫

· Amotha good quation is: What is the

unitary time evolution of slate 103 in

This experiment ? In fact here to is

Il 1 int
ta simple 2x1 matrix C where

w = anw the frequency of the photon.

-(0) = eict 10)

So here this plys a somenhat trivia role

andme do not considen it
.



⑮

(-athsplitting with Birefririgent cystals.

12)

Et
T

birefringent
crystal interacts with radiction.

· incoming photos (a were) in state to)

· outgoing photons (a wave) ar split in

two possible paths :

in upper path pot state is ly) =veriel

in lown path pol state is 1x) = bizeld.

total quantum stale is : catix) + sitly)



⑭

· Prectionproces : if are don the

experiment are will observe a sequence of dics
with probability dish :

Prob (D
, dias) = (sind)

Rech (D2 dics) = (0)

This is consistent with the quantum prediction

from the Measurement Postule (d Bar rub):

Prob)stake legs is observed (
2

= ((y)(25(x) + sui())/

= 100 < y(x) + sit <elys/"
--

~

O 2

= (Siro?

Prob (state(x) is observed)= )(X) ant(x)+sity> P
= Losal"



⑮

E . 3) deference experiment by canbining

the previous to
-

upper path

*- pet 1x)
crystal in luen (Amalynest)path

If we do this experiment we observe in D

a sequence of clics/moclics :

(+ 1) (- 1)(-1(+ 1)(+ 1)(+ 1) -
- - (f ,))- 1) ---

T ↑

mo dic dic

The obsenred experimental statistics is

Prob(clic) = (s(0-a))2: Rob (Nodia) = (Si(ta)



⑳

Note : an experiment with classical
nu

electranauelic wave given that the intensity

of electric field collected in D is

& (cs(0-2))*

~hantun analysis of experiment :

According to the postible, we are measuring

Te observable :

P = (+1)(x)() + 711(d)(11
L

T T
clic no dia

·
Initial stake before cysle 10

·
state in between costlX) + Sid (y]
with split paths

· find state after second syslel 10h



⑰

·
Measurement : applying the Bon rule,

Prob ( + 1) = Prob (1) is observed)

= Kalo)12 = (s@-)) "

Prob(-1) = Prob (11) is observed (

= Klo)1 = (Sicd-1)
2

#



⑳

Classicalanalysis with classical "balls"

Classical balls would choone withe

* the upper path -> on piney" say

oh

* the lower path -> prob cosot" say.

Thusi

Prob (D dics) = Prob (Ddias/wore path) Prob Curren rath)

t

Prob (D dics /bren path) Prob Clown path)

We Prch (Ddicslupmpeth) = 1< /y> /E Dishave &
Prah (Dalics Ilwe path) = (< (x))" =Cosa]



③

=> Preb (D dics) = (sinclsand"+ (4)esso,
2

T

classical prediction
-

But theautumprediction is

Yrch (Dalics) = (G(0-C)2
2

= (Cst sx-sidsic)

= (Wsi)<Casal" + (sid) (sic)
2

- a cisit ad six

-

1)interferenteMisde ne
the classical ducription

III miste Re inte frendeen



⑳
Excuse i
-

-

Do the same analysis with a dephase

on the wira path . Assume the de phason acts as:

is
(g) + e les ;

(x) + (x)

-15)
S&

1) What is the
shale here ?

2) Prob (D clics

=?
Answer : Prob (D clics)
-
-

= cost cosd + Si sind + 200 casa suitsid cost
-
-


