
②

rincipleof Quantum Physics
. /

Inthis lecture we introduce the minciple

in axiomatic fam .

We formable them in

algebraic manner appropriat for quantum

information and computation in finite dimensional

Hilbert space .

Enciple1. Atlatevectors.
The state of a physical system (isolated from

te ret of the univers) is completely specified

by avecte in a Hitbeut space .

The vector

143 -> R must be normalised <4123= 1.

Remark te principle dont say how to choose-

H and 141 .
This depends on the endelying

physics of the system.
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Remark : For a mar-isabledSystem we will have

to generalize his principle . This will be done in

Kind part of the comme introducing the motion of

Density Matrix
.

--

Examples

· n = (2 = ((9 ,
a
. 4 + 4) .

= ((( +p ,
J - k

, pek)
() (i)

Stale vectus solisty d
*

+ 19
*

= 1

This is the Hithout space of a qubit.

·
In the Mach-Zehnden interferameten experiment me

have two basis state 1
,
IV

t -> IH)
fiv
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· Fa a"qudit" we take U =

&
.

d

States have the fam 143 = [di/i)
i=

1

with 113 E(10) , 113, ..., 1d-1)].

and Xi- D .
We have the mamalisation

d

condition [il = 1
.

i= 1

Trinciples. titary evolution or time evolution

The state of an isolated system evolves

(as a function of time) unitarily .
This means

tat of 140) is a state at time t = o
,
the

state 141) is given by

2
+ 1403 = 14 + >

where WEUX = EEWE = - :. E is

a unibery (usually time dependent) matrix
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&

demark : time evolution fams a group

in the sense Nat

tu+ =
V
+,++ - Vt= = 1 .

-2

t= o te +
2
++
2

-1
--

Ut
,

V
+
z

evolution for a evolution for a
duration +

,
duration +2

--
t=
a

E+E
-

total time evolution for
a duration Et+2 -



&

⑤

Example ~

-

& factlyreflecting

miret
in y fr

The physical proc which transforms the

incident ray into the reflected ray is decribed by

the unitary matrix :

X = (2) =. (H)(u) + 1v)(H)

fa 1xx = (6) and I = ( % ).

6 -ami-transparentmiror.

f() initial state (4) = (d)

/ti find slak (il
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t
N- 1)

initial state (V= (1)
t
IV) final slate li

The unitary matrix duribing the proce is

H
= (! ) called te Hadamand

matrix
.

H =

v ((V)(V) + 1v)(H) + (+)()

- 1>cu].

&
4 1 + = (1) + (v) aH(b)= (i)

H(v) = y (1) -1))aH(i)= (i) .



⑰

Anciple3. surable quantifia.
-

An observable (d measurable) quantity

(such as energy , position , mamention , magnetic

manant
, polarization) is given by an

HeritianMari (satisfying At =A) .

Example
In the Hilbert space

"

(for a qubit (

the observate are 2x2 matrices of the fam

(
-P SA
= 2

= < (0) (0) + Blo)(11 + 5(2)(0)+0(231)

Ther Scrisfy A = A i
. e are Hermitian
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Such 2x2 matio can be represented as linear

combinations of the so-called Pauli matric

1 = (i)
, 2 = X = (ii) ,=))

and E = z = (0 -i).

(sen exercion for their propertion)

Any A = At can be written like

A = a
.
1 + ayT + ayty + az Uz

with ao , ax c Ay , E R .
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~pectral Menau for Hermitian marion :

I

Let A a dx & matrix satifying

A = At (Hemitian) . Let 10. ... lod

and d
.. das--- , Ad the eigenreators and

eigenvales in e

Alvi) = Jilvis
,

i = 1 ... d

The eigenrectors can always be chosen to film an

athonomal basis of & and the eigenvalve

b .
d
.
-- - do are ral (im R)

.

Moreoves we have the "spectral decomposition"

A = di /n (Nil
i=1



⑩

&amark : This last formula just says Net

in the basis 10
,
)
,
lin ... lod) of

eigennectas A is diagonal (d-- )

Example
-

-

In the exercice you will show that the

eisenvalues and eiferechers of the Pauli

matric are

· for ex = (56) -> #1 and Gt)

· fa ry = (5 + #1 and (
· fa r = (52) e = 2 and (6) : (i).
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inciple3 : Measurement postulate

Let 14) behe stale of a system .
Let A

be an observable that we -easule.

The result of a measurement is avandam

outcome where the state become

Iti) for same i = 1 ... d

Leigenrecen of A

the "value of A" is

Si Cassociated 10 (i) (

and the probability law is

prob(i) = 1 < e: 143/
*

given by the squard brocket between 143 & /5
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-
>

d famMeasurement
posteet en

A measurement procon is performed thanks to

a "measurement apparatus". The measurement

apparatus is modelled by an athomeal basis

ofBe Hithest space . [10] , lil --- los) and

the measurement outcome is a randam state

NiD with probli) = 1 < /43/2.

Picticly-

iE wis with

prob(i) = 1 <N=14312
before the measurement

after measurement.
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Remark : The second form of the
-

measurement poshuble is used when we do not

need to specify the observable being measured .

Only the "measurement apparatus" is specified

i. e an athormal basis.

roperting The probabilities in the measurement

postable sun to one . Here is the proof :

d

& public= 1: 1431"
El i=c

d
-

-
E <u (4) <5:/4)
i=

1

=
& <4/5:>(e: 14]
=

= S4)) :L (1) 14 <



⑭

= < (4) = 1
.

↑

Namalisation of
quantum state in

principle 1.

d

We und il = (52
= I

identity matrix

-Importantproperty rege value of an obsurable

Let A be an observable being measured

many times when the system is prepared always

in state 143 . Then the
average value of

A is Kef

-

Av(A)=.



⑮

Prof -

ANCA)= di problic
i=1

d

= [di/(5: 143/2
i=

d

= [b : (415:>(1/43
i=

=<41)dilwiil) 14
A

= (y(A(4) -

Note This is a real value -IR Since bi-i

for a Hermitian matrix
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#leisenbergurcentainty principle

Define the mean square enc (or squareroof

of variance) of measurements for to observable

A & S :

* * 14) - (x1A14)

xB = 4 (4) - (y/B/4)3

We have

(xA)(B)) + /(41[A, B](4))

where [A , B] = AB-BA (the commutata)

Proof : see exercion
-

This property says that fluctuations of A &S cannot

Simultanously vanish if they do not commute (AB] to .



⑰

~inciple 5 : Composition of systems.

Let &a be the Hitbut space of system A

Let His be the Hitbeut space of system is.

The HAxki is the Hitbout space of

the composed system AWB .
The state of

the compared syptem is same racion in#ach.

ampla

Ha= first qu bit (first platon
,polarization say

His = &2 Seandsubit (second photon
polarization ray)

Paekr = Ce

state are thus 4 = 2x2 dimensional rectors-



⑱

portantdefinitions .

Product state : Cet 143 -> Packlis -

ven

It is said to be a productstate if are

can find 19-HA < 1493 - Ris such

met 14 = 143143).

dstate : a state 143Elaeti

is said to be etangled Cintrique (

if it not a product state

As we will see this classification of state

plays a very importantele in quantum

information processing



⑮.
Example .

① 10) * 10)
,
10( /1)

,
Ille10)

,
1)

are product state.

& & (((x(0) + 10(1) + 110(0) + 1ke())

=()
is a product state

· (10) e (0) + 113 /13) is entangled .

V2
↑

(the Bell State (

Prof : assume

m

↓ (10) e(0) + 11e(1)) = (x(0)+p(x))(f(x)+ ())
E

=Cy = 1 -28 = 0 ; 3) = 0 ; 35= t
r2 E

=> X = · = entrediction with CD = 1Ej = 0 => catradiction with BE=t
E

u
E



⑳.

-autricalrepresentation
o ilssite

Quantum state rectus belong to Hilbert

space which consist of rectes with

can plex components . There and NOT
-

vectas in usual Enclidean space and

Mus difficult to represent geometrically.

For the particular case of one qubit
-

there is a convenient geanetrical representatio

which we will often use an give good

intuition (for to gubits te situation

is already mare can plicated
,
and for

m-qubit his constitutes an open problem
La

↑ lange "



⑪
For on qubit H =

"

= (x(0) + p() = a- p - 4)
but we must also have 1912+ 1B1 = 1.

2) This maken 4 real parameters - I real par

= 3 real parameters

In fact one should still remove on

ma parameter . The reason being that :

Miladet (4)
, VeiI

&

=

equivalent state physically

Indeed I can more be observed ! To get

an intuition about this recall bet the

probabilities in the Measurement Postule

sclisfy :



⑫
1 (14x = 11 43/ 2

2

since le
"

= cosy + sig = E

In reality are should stateicipleI in

a more fundamental form stating that %

isolated#
taof

a

esteraras./IMa
u

-

Reman1 im ·
ig

O is called
-
- "a globalphase . It cannet be observed

id
But if you have 102 + e 12) for

example this is a phase J. And a

locel phase canbalsenred (e .g . in interference

experiments (
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=> For Glos + B(1) by multiplying

by a global phase me can male & real
.

-

= #traan-eraanreen ameles

The canonical and useful panamatrisation

isi

in
L = Cost jp = (su)e

+
, 02

This is the pananarisation of a sphere.
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↳loch sphere

·
We have representation of

147 = co +pie#tuen



⑳
Specialcams i

10) -> 0 = 0 113 ->5 = π

1- y
102 - 11)

->
d= y=i-

M

#il
Z

-1131/x·----- 2----

11)

Remark - Other usual motation In Spir interpretation
-
- leten in dans

(0) = (P) (1)
=
Ir)

"up state
//

"down state"



⑯

=>tenen e
on the 13tock sphere

For example <110) = 0 (See picture

(en) () (e picuele

ect

finma
-

Property : recall what a umitaryevolution
-

presence
the mar of rectors .

This implie

Pot on the isloch sphere unitory evolution

will appear as retations of rections on

hissphere (as a rais
.
Treate chantes).


