Advanced Probability and Applications EPFL - Fall Semester 2024-2025
Homework 2

Exercise 1.

a) Which of the following are cdfs?
1. Fi(t) =exp(—e7"),teR 2. B(t)= 24— teR

et—&-e*t’
3. F3(t) =1—exp(—1/|t]), t e R 4. Fy(t) =1—exp(—€'),t€R

b) Let now F be a generic cdf. Which of the following functions are guaranteed to be also cdfs?

5. F5(t) = F(t?),t € R 6. Fs(t) = F(t)?, teR

7. Fr(t) = F(1 —exp(—t)), t € R 8. Fy(t) {1 —exp(=F(t)/(1 - F(t) if F(t) <1

1 if F(t) =1
Exercise 2.

Let (Q, F,P) be a probability space. Using only the axioms given in the definition of a probability
measure, show the following properties:

a)If A,B € Fand A C B, then P(A) <P(B) and P(B\A) = P(B)—P(A). Also, P(A°) = 1-P(A4).
b) [inclusion-exclusion formula] If A, B € F, then P(AU B) =P(A) +P(B) —P(AN B).
¢) [union bound] If (A4,, n > 1) is a sequence of events in F, then P(UX ; A,) <> > P(A,).

d) If (A,, n > 1) is a sequence of events in F such that A, C A, 11, Yn > 1, then P(U24,) =
lim, 00 P(A45).

e) If (A,, n > 1) is a sequence of events in F such that A, D A,41, Vn > 1, then P(N22,A4,) =
limy, o0 P(4;,).

Exercise 3.*

Let Q = [0,1]%, F = B([0,1]?) and P be the probability measure defined on (£, F) defined as
P(]a,b[x]c,d]) =(b—a)-(d—¢c), for0<a<b<land0<c<d<l1

which can be extended uniquely to all Borel sets in B([0, 1]?), according to Caratheodory’s extension
theorem.

Let us now consider the following two random variables defined on (2, F,P):

w1 — w2

2

X(w1,w2) =wiwy and Y (wy,we) =

a) Compute and plot the cdf F'x of X.
b) Compute and plot the cdf Fy of Y.



Exercise 4.

Let Xi,...,X, be iid. ~ £(1) random variables (i.e., they are independent and identically dis-
tributed, all with the exponential distribution of parameter A = 1).

a) Compute the cdf of V;, = min{Xy,..., X, }.

b) How do P({Y,, < t}) and P({X; < t}) compare when n is large and ¢ is such that ¢t < % ?

c¢) Compute the cdf of Z,, = max{X;y,..., Xp}.

d) How do P({Z,, > t}) and P({X; > t}) compare when n is large and ¢ is such that t > log(n) ?

Exercise 5.

a) Let (2, F) denote a measurable space. Define a function X : Q@ — R as follows:

—2 on Fj
X(w)=<1 onFfUPF,
0 on FY U F¥

where Fy, F» € F. Is X a random variable on the measurable space (2, F)?

b) Let (€2, F) denote a measurable space such that Q = {a,b,c,d} and F = {¢,{a,b},{c,d},Q} .
Let X be a function such that X (a) = X(b) = —1, X(¢) = 1 and X(d) = 2. Is X a F— measurable
random variable ?

¢) [Median of a random variable] Let (2, F,P) be a probability space and X be a F— measur-
able random variable. Then, a real number m is called the median of X whenever lim,_,o F'(m—e¢) <
1 < F(m), (€ > 0) where F denotes the cdf of X. Show that every random variable X has at least
one median, and that the set of medians of X is a closed interval of R. Under which condition, is
the median of a random variable unique?



