Introduction to Quantum Information Processing

COM 309 Week 1

Complex Numbers

Exercise 1

1. Give the real part, imaginary part, and conjugate of the following complex numbers:

5 4
Q=342 zm=i(l+V2) = z4:%+2i3—i2+i—3
1

2. Give the modulus and argument of the following complex numbers:

2=2 z=14+V3%  z=-5  z=a+ib

3. Give the algebraic form (cartesian coordinates) of the following complex numbers:

54

2 =(2-3)1+V2) 2= (1+30)(6—3i) 5= 2= (1— i)

4. Let z1 = 34 21,29 = 1 —i. Plot in the complex plane 21, 29, 23 = 21 + 29,24 = 21 — 29,
25 = 2_122.

Exercise 2
1. Give the polar form (or exponential form) of the following complex numbers:

_ i0 1 _ i _ b i¢ _
z1=1+e zo=1—¢€ z3=¢€e" +e 24 T o

2. Solve the equation 2™ = 1 and plot the solutions for n = 5 in the complex plane.

3. Solve the equation 2% = I—\E and give the solutions in algebraic form. Deduce the value

of cos (g) and sin (%)



Exercise 3

Find the scalar product (v, w) of the following pairs of vectors in C%:
Ld=2,v=>14142+3i), w=(4—2i,3+1);
2.d=2,v=(4—-2;,3+14), w=(1+14,2+3i);
3.d=3,v=(2— —3i), w = (4, —i,2 +1i);
4.d=3,v=(1+2,2—03+i), w=(1,2i,3—1i).

Exercise 4

Check whether the following vectors in C? form an orthonormal basis :

1 1
l'd:2au1:(%)au2:(2i);

2 T2

14 (1=
2.d=2 ul— <1—Z> u2—§(1+7/>7

i 1 0

3.04’:3,u1:\/i5 1 ,u2:\/ig i ,u;;z\% —1|;
0 1 1
1 1+ 1

4d:3,U1:% ] ,UQZ\/LE 1—Z 7113:\/L6 —1
0 1—1 21

Exercise 5
1. Prove that all eigenvalues Ay, ..., \; of arbitrary Hermitian matrix H € C"*" are real.

2. Prove also that the eigenvectors of distinct eigenvalues are orthogonal.

3. Deduce that we can always choose the set of eignevectors as an orthonormal basis
Viy...,Uq-

4. Finally deduce that for a Hermitian matrix we have the decomposition

d
H = Z )\Z‘?}Z‘Ug
1=1

Exercise 6
3 1—12

Show that the matrix A = (1 4 A

) € C**? is Hermitian and find its eigenvalues and

eigenvectors.



Exercise 7

Let U be an arbitrary unitary matrix in C**".
1. Show that a unitary matrix preserves the scalar product: (Uw)'Uz = w' - z.
2. Show that a unitary matrix preserves the norm of a vector z € C", ||Uz|| = ||z||.

3. Show that the lines of a unitary matrix form an orthonormal basis. Show that the
columns also form an orthonormal basis.

4. Show that the modulus of any eigenvalue of U is 1.

Exercise 8

Show that matrix _
U_ ( cos 6 Smg),HER

—sinf cosf

is unitary and find its eigenvalues and eigenvectors.



