
Quantum computation : Lecture 1

General introduction

· Classical circuits - Post's theorem

· Reversible gates
· Linear algebra in Dirac's notation



Introduction : Chronology
80's : -Feynman : idea that using quantum pro-

perties of matter at a microscopic level

could help compute more efficiently
- Bennett

,
Wiesner

,
Deutsch : quantuncitus

00s : -quantum algorithms (Deutsch-Josza, Siman,
Bernstein-Vazivani

,
Shar

,
Green)

2000s : realization of quantum computers...



Classical circuits

Let f : E0, 13" -- 2013" be a Boolean function.
(x. . . x ) +o (y) Yul = f(x, .x)

Does there exist a classical circuit computing

in an automated manner the value of f for

every input (x... ) ?

- - Ye
! Circuit :

x -

- Ym



Examples of simple circuts (= elementary gates)
and associated Boolean functions

a) NOT gate:x No-f(x)==S? it
equivalent to :

x -

xar - f(x)= x01 =-
1 -

b) AND gate: And -f(,x) = x1x
2

= 1 iff < =1 and =1



C) OR gate: ar - f( ,
x) = xvx

x2

= 1 iff x =1 arx= 1

NB :This is the non-exclusive or
-

d) COPY gate :

x-cor f(x) = (oc

NB : not really a gate , as it can be realized

physically by janing two wires together



Example of a circuit for

f (x,,x) = ( 1x) v(x1(4)

NOT
x1 - Copy

AND

xz- or - f(x,x,
3)

AND
23-



Formal definition of a Bodean circuit

A Boolean circuit is a directed
, acyclic

graph (DAG) with n-qubits input and

m-qubits output , whose vertices are

logic gates and edges are wires.



Theorem (Emil Post, 1921)

Every Boolean function f can be realized by
a Bodean circuit made only of the elementary

gates AND
,
OR

,
NOT and COPY.
-

This theorem therefore implies
that this set of4 gates is universal



Proof
Let f : 50,17- Eyes" be a Boolean function

1) f = (f1 , . . .

, ful in general , but the theorem

needs only to be proven for m=1 because :

x1 Capy
-

fe
! 3

!

In- copy-
L fun



2) Consider those vectors all... al Eg13
such thatGarF

vectors !
x=aand define calcal =51 if
-

o otherwise

Than f(x) = Can(x)V .. -

V Calm(x)
M T

1/
OR's



3) Observe now that for a 50,13 :

Cab = Pa()1 --- PankaT
AND's

where Pap (5) =1 =9)
=27
Y

NOT

So the computation of f(x ..x) can be

realized exclusively with COPY
,
Gre

,
AND NOT

gas



Irreversibility
The gates AND,

OR & Cas are inreversible :

-And- 12 2 -

or-x

xJe
-
-S

?

x-capy
-

is logically reversible :

---

copy-
- x x-

but its inverse deletes a bit : physically,
it dissipates heat = irreversible process !



Reversible gates
In quantum circuits , irreversibles gates are

Forbidden. Fortunately ,
the previous gates

-

can be emulated by reversible gates :

1) NOT gate : x - No f(x)= xen=

is obviously reversible (apply it twice

to recover the initial state)



2) Controlled-NOT(C-NOT) gate
Xor

x-

C-Not

-x

f(x
,y) = (x

,
y x)

y -
- yox

E ) = (1 , 5)↑ nivalent symbo :=9
x & x This gate is also reversible

Y O yox (again , apply it twice)



3)Toffi gate (or CGNOT gate)
x - -

y - CC-NOT- y f(x,y,z)= (x, y, z(ny))
z- -z((y)

f(x, y , z) = (x, y,
z) as long as X=0 ar y=0

E & (, 1 ,
z) = (x, y ,

zen) = (x
, y,
z)

Equivalent symbol :

Again a reversible gate
x ① K

(apply itrwice)
Y A Y
Z O zo(x(y)



All previously seen gates can be retrieved

from these 3 reversible gates :

use red

input/output

1) NOT : obviously...

⑳ & x

2) AND :

Gi & Y

GO S 00((y) = xly

3) OR · ⑳ NOT & 2 DeMorgan's law
y NOT & 5C

renj)= ug1 C O



4) Copy : · ⑫

O O ex=

So the set of 3 gates NOT
,
GNOT

,
CC-NOT

is also universal
, according to post's this.

Note that actually, the NOT & GNOT
-

gates can themselves be retrieved from CC-NOT

gates; but the reciprocal statement is wrong .



Linear algebra in Dirac's notation

The state of a quantum system is described

by a unit vector in a Hilbert space J (on ().

In this course
,
we will only consider the finite-

dimensional Hilbert space fl = C
" with N= 2

"

(n = number of qubits). In particular, the state

of a single qubit is a unit vector in K ?



Illustration :

(2 ↑ state "1"
(actually,2)

&

- superposition of "n"&o"↑
D& >-

State On

The whole idea of quantum computation
is to work with qubits in these superposed
states in order to perform simultaneous

computations.



Dirac's notation

· "Ket" : 147))E edumn vee

complex-conjugate
↓

· "bra" : < 41 = (5
, ...,
) nau vecter

· scalar product between 14) = (9) & 14=
<q14) = zibi , 1114
"braket"



Properties :

·Positivity : 1414) = i

· Strict positivity : <4143 = 0 iff 193 = (i)
· Symmetry :

1414) =zi, =Zi = <414

· Bilinearity :

(y1(14) +1142))= FilBri +Bei) =...



...
= ZiBi +Bi = <y (4) + B(y(42)

Ao :

z
i= 0

Computational basis of H = EN (N =2)

ei = (aiparia = (x,2 - -x) xixn -1

: where ...
= binary representation of i



Observe that <x..i 13-. L = Secisa--- Secisa
(ie. [kc -..>)

, x .. x 50,23] is an arthogonal basis)
Also
, any 14) EN can be written as

143 =z G
.. can
13 ... ]

x . . Due 50, 13

-

=2 &eli (Shal-hande
=5913"

-& <y(y) =1 iff 2 15.. / = 1

(Unit vecter)
x..75023



Examples :

· n =1(c- N = 2)

Co= (b) = 10) en = (i) = 1)

(4) = 0
. %+ 2 = (0) = &(0 + 0

. (1)

unit vector 101+ 10= 1

(1) A

>
lys

(previously seemlos example



· n= 2 (eN = 22=4)

2= (%) ebin . rep .

of i=1

e= (a) = 10 es =10)bin
. rep.

of i= 2

143= 000100 + 50,
101) + G0(10) + 2m(11)

1000K" + 1 GoK+ 1601+ 10ml = 1



Tensor product
Let 2 =

= Hilbert space for Un qubits
f=2"Hilbert space for ne qubits

H= H,H =22~ 24+42

Cisanaph(
= vector space of dimension 2

+ 12 spanned
Eth Efz

by all basis elements (x
, y) = (x) * (y)

Flo eye ,
it holds that 14 =z & (x

, y)
·&[21-1

x
, y

unit veder iff /y= 1
Ozyzz-



T-important remark

· Every element 14) in H =1
.0 H2 can be

written as a linear combination of the

basis elements1x
,y

· But not every element 191 in I can
-

be written in the product form 14 > *142)

(those are called "product states")



Conjugation inHeH2 :

ket (4) & (4) -> bra < 4+ /@ D21

* the same order is kept !

Scalar product in H, He :

(G110 <421) (14) 142)) = <G14) · 442142

So (xiy1x, y) =< (x) ·<Yly) = Secsc Syny



Example : H = "
,
He

,
H = HR -Kh

143 = 001d + 111) Eff
, 142) =Bolo +Balese

14) &142) = GoBolgo + doBe 10,1 + &Bo 11, 07 + de B- 14,

(Note the specific form of a product state ! )

10,0 = 10 010 = (b)(2) =() = e

-

binary
-
(01) = 10)(1) = (b)0(q) = (i) = e

represen-

tations !
- (1,0 = (1) (0) = (i)0(b) = (i) = e

& (1
,
1) = (x)*() = (i)(i) = (a) = es


