
Quantum computation : Lecture 13

Reminder : classical cades

g
-

000
↑ d=3 in this repetition code1 111 Y

info codewards

of Length le of length n
- -

These codewards go through a channel :

codeward x Ichannel-y output bit flip
↓

simple error model : (bitfhip) y=+e
, eg.2=010



This repetition cade can correct up to I = 1 error

If probability (bitflip) = p < E , then the majority
rule outputs the most likely into bit 0 or 1.

GeneralLinear (n , k , d) code :
u

K

1

= generator matrix G 3 6 . HT= 0

n-K = parity-check matrix H

2 =Exx = u .G
,
uEY = [x" : HxT = 0)



Ex : Hamming code n= 7
,
k= 4

,
d = 3

H= all non-zero columns

of length 3

·1
G = (0110011 ( k= 1 2"= 16 codewards

1010101

1111111

d = 3 here : no column in H is (a)
& no two columns inH are linearly dep.
= d23 (and d= 3 because 1110000 is a codewad)



This cade can therefore correct 1 error

Syndrom decoding :

Codeward i -> output y =x+e

HyT = H(+eT) = Hx
+
+ Hei= HeT
-

=g

assume e = 0.000100 = He t = column which
↑

position :
is the binary rep.

(ex : i= 5) of i (ex : (b)
-



Quantum error correction

repetition code : 10) -> 1000E11) -- (111)
* this is not cloning !

(clowing would be lys = 10 +Bles -> <yelysely)
Here we do :

143= c(0 +B11) -> (4) = %1000 + B(1)
"Codewards"



X Z

Error models : bitfilip or phase-flip
(NB : we could think about other types of errors ,
-

like variations of & B... later ! )

it-flip : (in position 1
,
e

.g.) = Xy

143 + x - 14 =XI) 14
= 0000 + B(111) = (100) + Bl011)



Measurements (-"Syndrams")
Observables :Entz & ZzZ3

um -

= Zezol = lozet

possible eigenvalues + 1 & - 1

NB : remember the parity-check matrix of

the classical repetition code in

-zzz
(M =zets



Assume no error happened : 14 = 0 1000 +B(111)

= z214') = 0 1000 + ( 1) (1)3(111) =( 1) 143
-

=+1

z2zy14) = (1) . 14's (likewise)

Assume bit1 was flipped : 14 = 0 100 + Block

Ez2(4) = - &(1003 -B1011) = (1)(4)

E2zy(4 = + 0(100 + Blom) = (1)(4



In summary :Measurement of Entz & E2E3 gives !
-

= "Stabilizers"

(+ 1 + 1) E no bit flip

( -1 , + 1) - bit-flip in position 1

(-1 , -1) > bit flip in position 2

(+ 1 , -1) -bit-flip in position 3

↑ observe that 14's an eigen-
an new syndrams rector of E , ze , E, in all cases :

no state perturbation !



Error detection is done ; now we need

to do error correction :

· If (+1+1) -> do nothing
back to

· if (1 , +1) -> apply Xn-Estate 14) = 01000 +Blank
Note X

,
need to be applied after the Es

to 14 which is not an eigenvector of X1-

land the to other cases are similar



In summary : channel

(bit-flip)
· (4)= 01000 +Bluet -> 14 = X1 14>

= /1003 + B(on)

· error detection : ZnZz14's = (-1) 14

and Zzz314) = (+114's , 143 unchanged

· error correction : Y1 14 = X+-x, (4) = 147



z(o) = 10)
pOther possible error : phase - th E z (1) = (-1)(1)

=> new code E
10)- 1+ ++>

143 = 01 +++)+ 3)--->
(1) -> 1 ---)

z (t) = 1-)
,
E ( ) = It) = same as before !

phase-flp : =, (4) = al -++ ) + 1+-)

error detection : observables fixe & X243

error correction : if (1 , +1) , apply I to

recover the original state !



How to handle bit& phase-flips together ?
-> Shar's code ( = concatenation of the two

previous codes

Step 1 : (good for phase-flips (-

10) + 11)10) ->(t ++ )=E

103 - 11)(n) -> ---=



Step 2 : (good for bit-flips
-

loo + 11193
① 00

+ 1111)
10) -

↳

1000 + 1m)
= 10s har- -

E E

(1) 1000 - 1111)
- ① to

(11)
= 11)
shar

->
1000) - 1m) -

E E

Observe k =1 & n =g here
.

Claim: This code protects against a bit flip
-

and /or a phase-flip-



· Initial state : 14) = &10) shor + B113 show
=> output state 14 (bit-flip and/or phase-flip)

·Stabilizers : Zzz
,
Zetz

, zn75 , 75 Ej
,
Z

,
ZyZ,

These measuments will not perfurb the state

and will provide info on the bit-flip.
· Next stabilizers : YuXaXgXyX5Xo

,
XaX5XoXaXgX,

These will provide info on the phase-flp.



Fact : All these operators commute
-

and 14 is an eigenvector of all of them

Error correction : apply the correct Zor X!

# : bit flip error on bit 3

In this case
, only Eezs has eigenvalue -

=> one applies Xz to correct the error



Ex2 : phase-flip error on bit 5

In this case
,
both X

.X2X3XX5Xc and

X
< X5XXIXgX, have eigenvalue - 1 ; one does

not know where the phase-flip occurred among

bits 4
,
5 or 6
,
but are can still correct

the error by applying EEzEs !



Ex3 : bit-flip and phase-flip error on bits

In this case
,
Ents
,
X-XexzYnXsXo and

Xy*XXXgXg have eigenvalue - 1

This bir-phase flip can be corrected by

applying both X
>
& Za (note that depending on the

order
,
this might generate a global (1) phase,

as XnZs = -Eaxy
,

but the error will be corrected).



Steame's code : k =1
,
n=7 (more efficient)

10) - -(10000000+ 101010+ 100011 + 1000111)

S
T

+ 101111003 + --- S

11) +>1 (11111111) + 10 on 10 + 1100100) + 11110000

+ 1000011) +..- (

Stabilizers : XXXX7 ZaZsZszz

X2X3XsXz ZeZyZZz

X1X3X5X7 Enzzzzzz



Laim: All these measurements commute
and 14 = state after one bit-flip and /or

phase-flip is an eigenvector.

=> error correction : next week !


