
Quantum computation : Lectura12

Error correcting codes (classical , first
· circuit with AND

,
or
,
Not gates

each component has probability p of failing
lassume independence & p : same component (

-· first idea : I - AND Any-
crepetitition) 2LEDi p - Cp =p

-

AND-

leveque

leveque

leveque

leveque

leveque
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We want p < p ,
i
.e . Cpp ,

i
.e
. p

So if it is possiblehe build an AN gate

with pCE ,
then it is possible to build

an AND with p- < p , and to repeat this an

arbitrary number of times with p, p, p... p..-

= Threshold theorem

2k
NB : p" = <p = c(cp2= Exp)" ; p(= 1(p)
-

Creat : majority gate to be built
---

-



Let us now think about transmission of information

instead of circuits) :

O channel
x = -> -E 1 E

observation y e []
with PP(x =y) =1-p

Repetition code (lengths) : (o<pE small)

E
0 - 000 channel

- observation ye ye Yex=

1 - 111
-

↳
(independent for each bit)



How to retrieve from y1YzYs ?

(In general , look for the most probable given y,yuys)
Here : apply the majority rule :

-

Ex : Y, %243 = 110 -- output 1

Y1 %243 =010 -> output o

What is the probability that we make a mistake ?

IP (output =1(x= 0 is sent) = p+ 3p+( -p) < p
=IP (airput = 0 kc =- is seal I I if p

3 bit flips 2 bit flips



Here are same parameters :

n = length of codewords = 3

r = rate =3 (3 bits sent for1 bit of information
1

d = distance = 3

#diff . bits in ⑧111-the cadewards 000- 7

We want both larger and large d
- -

lots of info/ses good error correction



#
Binary codes of length

2
0005

O
·Code C = subset of

" :00

K

121 = 2 in order to transmit k information bits
(k(n)

· codewards should be separated by distance

=2pu (pn = average number of errors on are codeward)
· decoding : look for nearest neighbor of the

received sequence of bits



9
-received↳

So e =E , ....
(a) C,

·

s

sequence

d = mind distance (Ci, g) : cigeel
Ci + S

-> I can correct up toL) errors-

The name of the game is now to place the

2
↑ codewards in

"

so that the

minimum distance d is the largest possible.



· The 3 important parameters of the code

are (n , k , d) : M -

hadeoff-
- d

-

· lots of codewards in C ; we need some structure
-

=> focus on hear codes I satisfying
-

↳
,ge2 = CGEC ( = subspace)-

(or)



Generator paint of view :

I2 =3 : c = u . G ; ne - )
G = kxn generator matrix

code C = raw space of G

Ex: repetition code 2 = 5000 , 1113Ehnear code)
n=3
,
k=1

,
G = (111)

(take then u = (d ar u = (1) EFe



Parity check view :

2 =EE" : H ·c = 03
H = (- k) xn parity check matrix (Cofu)

Ex: 2 = 2000 , 1113 n=3
,
k=, n-k = 2

H =(vi) indeed : H .CT= o

for both c= lood)
and c= (111)



Hamming code :

k= 4
,
n -k = 3

,
n = 24k-1 = 7

colum
yH = 0001 11 1 n = binary

0110011 expansion of j(
1010101

S ( (

This code has minimum distance d= 3. . Indeed :

· for hear codes , min distance - min weight
(= # 15)

of a non-zero codeward , as d (Ci , 5) =
E2
-

d (0, C ,g) Vijj (and City iff <es +0



· HC" = 0 implies at least weight (0)21,
as H does not have a column of os

· But it is also the case that weight (c) > 2

as It does not have identical colums.

· If weight (C) = 3 , then it is indeed

possible that HCT= 0 (take eg C= (000d

=> d = 3
.



syndromError correction with this code : ( decoding)
Assume y is received ( = c+e) :

↳ ener

HyT = H . (c+e=) = H . c + H . eT= Her
-

= o

If e = 10010000
,
then H .

eT= (i) - 3 :
in this case

,
we know the error occurred

in position 3.



Quantum error correction

Potential problems :

0
.
1 - state (4) = 010> + B11)

(1) repetition code ? A no cloning theorem

(2) type of errors ? Continuous vector space !

(3) measurement destroys a state , potentially !

Sstates cannot be observed (nor corrected
2
.
22


