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Equilibria of collisionless systems

Models defined from DFs:
Polytropes
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The Plummer velocity distribution function
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Equilibria of collisionless systems

Models defined from DFs:
Isothermal spheres
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Self-gravity !

V2(®) = 4Gy

15



TLI& ?o\:SS'G*-'\ Eo] P SN

I 2 (v
' ol'r(r I) - «m G f )
yi:_lr.‘lg

ﬁ(r’- o‘”'ﬂf) - %WG -t f(r.)
olf‘ ol"" G*?

/

|hJ° = lhﬁ, +
ol luf | ol Y-
> o

16



Smlul"l‘c\ag C)G I'LC Pc:k'gsl"-‘-‘v\ -t.?_c] ra\t\rﬂ-v'\

oAr ¢
-5
PoisSonn = -4 = - uwg& s
-
L < 2
ra
a
(vr) = —= .
5. ) 2Tt G "(1 Sinsu)aw 1S u’«ﬂﬂ"“ﬂﬂ-e 'SI':)LE.'I"‘Q_
Nokes
°c ("D TL\C ‘SPEC'-':F"-C Q.MCH’::‘:::) ((]“z) 'S comshanl eueity u.lncwg_

@ The uc\cam‘Lb cli's'r!ers;.'c»m (s iSothvpic

.. Ruk e ol c?f) al"rc.fa,es ak *l“rf_“::
T'lam\mae eclv-{\;l:sm'uw\ ? - {\(r) d.'mragg ak r-oo

17




Isothermal sphere

103
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* often used for gravitational lens models

* But!
 diverge towards the centre !
* Infinite mass !

18



) Hodels with Find i)o}“thL'ﬂs‘Q aw ol o’q,.glng,ly

o - P ~ _ ¥ _ '-\‘a-z k o& )
= 2 v = - Y, ° ’ —_— tuy Fadiuf
f fe (o uaéf‘ ( J

The ?OfS'S'DH Q,c]u-A\n'm L:-trow-\ts

thiu.'m-d": Viuwevica®
+ IDQUhllﬂr-g:) "—bv-\ol¢l'\°_$

i""“"‘%ka""'"‘
- f(a) = 4 hd\rh-..ln_fl.L‘i-.—.
o‘f) = ©O SM&WLL\



Numerical solution of the non-singular isothermal sphere
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Figure 4.6 Volume (p/po) and projected (3/poro) mass densities of the isothermal sphere.
The dotted lines show the volume- and surface-density profiles of the singular isothermal
sphere. The dashed curve shows the surface density of the modified Hubble model (4.109a).
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Equilibria of collisionless systems

Models defined from DFs:
The King model
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Density profiles for the King model
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Figure 4.8 (a) Density profiles of four King models: from top to bottom the central
potentials of these models satisfy ¥(0)/6? = 12, 9, 6, 3. (b) The projected mass densities
of these models (full curves), and the projected modified Hubble model of equation (4.109b)
(dashed curve). The squares show the surface brightness of the elliptical galaxy NGC 283
(Lauer et al. 1995).
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Equilibria of collisionless systems

Anisotropic DFs
In spherical systems
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Definition: anisotropy parameter
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Equilibria of collisionless systems

Models defined from an
anisotropic DFs
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Figure 4.4 Line-of-sight velocity dispersion as a function of projected radius, from spa-
tially identical systems that have different DFs. In each system the density and potential
are those of the Hernquist model and the anisotropy parameter 3 of equation (4.61) is
independent of radius. The curves are labeled by the relevant value of 3. In the isotropic
system, the velocity dispersion falls as one approaches the center (cf. Problem 4.14).
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Line of sight velocity of Hernquist models with three different anisotropies (3)
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Equilibria of collisionless systems

Jeans Equations
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Equilibria of collisionless systems

“Static” Jeans Eguations
for spherical systems
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

%+pr%+@af+ ps / af_<a_c1>_p_§_ p? )8f_(%g’_picos(9)>8f_acp_fo

or 1200 " r2sif(0) 00\ or  r* r3sin®(9) | Op, r2sin’(0) ) Opg O Opy

f candependon ¢ as pg = 7sin(f) vy

Zeroth order moment of the Jeans Equation _E_XEBCIGE )

% (sin(0)vo,) = % (sin(0)vvy)
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

_0epf

l%l+ of ,podf , pof OF (0% pp P, \of %{'_picosw) of
; Pr or r2 00 r2 SiI{(Q) 0o or r3 r3 sin? (9) o, 9 r2 sin3(9) Opg

f candependon ¢ as pg = 7sin(f) vy

Zeroth order moment of the Jeans Equation | EXERCICE -

% (sin(0)voy) = % (sin(0)vvg) if f=f(H) or f(H,L)=7v =7,
vZ =07 v}

0 8p¢_
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The Jeans equations for spherical systems

Canonical momenta

pr:r'.“:.vr
pp =120 = rug

pg = r2sin?(0¢) = rsin(h) vy

The static Collisionless Boltzmann Equation, for spherical systems

/%l+ of  pof ) 0f (0% pj P} of %?'_picosw) of oo pf
t Pror Ti2oe T 2 sin (9) O¢ or 13 r3sin®*(6) ) Opr 0  r2sin®(9) | Ops  Of Opg
f candependon ¢ as pg = 7sin(f) vy -
Zeroth order moment of the Jeans Equation | EXERCICE -
0=0 if f=f(H) or f(H,L)=7v =0, =15 =0
ey @=0 =0} =0
First order moment of the Jeans Equation L__EXER_(_:_‘?.EJ '
o / — 0 202 — E — _35 — — 0P
_— 2 — 2 ~ 2 — .,
gy (vF) +v <8r i r | of 5y (v7) + 20 = vy
where  5_ vptvs v
202 202 55

0



D"'gcugg:cv'\ 9 (\') G\_?- ) + \/ ( _(_Qf L zGr - 0-9?' —G'L:‘\ _ N
r &r

2 Of
C s& = 0, - 0 - —f_. ; v 05 = I
o g ¢ = Vo 2 > 3¢ ( " ) OV
Erbaolh'*:‘. = ?j - F;m
bt

56




Dl{SCuSS;Gw
9 2 cbqﬂ 1 2 (A
(‘r’ﬂl ) + ¥ (__c;)r* 1 ZGP"G—S"G*P\: ==

s
-
C&‘St (l-r = O - G‘l = v Q.J
€ - e
thtV?'t.LALrM m?,ﬁ c,{rc.ula.v* Glel'l's
P
o
DLWoMSIV‘n.L'M bol Fowa all peS‘g.‘Lule P]RMCS
&SS‘OC_;‘G-L‘—J Al\';?er%o\f\ : % Hﬂe l"amath'g\{ ‘)\QH
- 1 !
U,.r ~ Ul' Cbg? G_'f = ?lr(ut (.l-g'lf? J? - é_ Utl
Vo, = V )
e ¢ TN < = = iut-t
. v ) t
5 g, = cr,_? e = Ve

S7



D'{S‘f.:u §SS. o

C&SL

’i)ura‘r.g r‘o-.ou-‘.k'e o l:).'l—g

58




The Jeans equations for spherical systems

0 B e 00
E( )+27“V0 B V@r
0 0P
—28 9 2..28 _o®
or (vopr™) = " or

If the system has a constant anisotrpy parameter 8 = cte

or(r) = r25i(fr)/r dr'r (e’ )gi - r2ﬁ€(r)/ A M)

T

If the system is ergodic (isotropic in velocities) p=0

o2(r) = 1 /OO dr'y(r')gi = G) /OO dr’ %V(T’)M(T’)

v(r r




Play with the core radius R_

Plummer: 5 =0r. =1

D_
Ut —

10 15 20
r |[kpc]

25

30
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Play with the core radius R_
Plummer: 3 =01, = 0.3

O_
Ut —

10 15 20
r [kpc|



Play with the core radius R_

Plummer: 3 =01r.=3

T
IIl|| IIIIIIII| IIIIIIII| IIIIII[|,| IIIIII|1| IIIIIIl[I_

oo
o
I

r |kpc]



Play with the core radius R_

Plummer: 3 =0r.=1

C_
TN —

10 15 20

r |kpc]
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Play with the anisotropy parameter
Plummer: = —-05r, =1

[ JE—
[ah) Q—

10 15 20
r [kpc|
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Play with the anisotropy parameter

Plummer: 3 =—-10r. =1

[ JE—
[Gb) JE—

10 15 20
r [kpc

25

30
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Play with the anisotropy parameter

Plummer: 3 =0r.=1

[ JE—
[Gb) JE—

10 15 20
r[kpc

25

30
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Play with the anisotropy parameter
Plummer: 3 =05r.=1

r [kpc|
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Play with the anisotropy parameter
Plummer: 5 =09 r.=1

4000 —
= 3000 —
—~—

= 2000 —

© 1000 —

r |kpc]



Play with the anisotropy parameter

. Plummer: 3=09r1r. =1

The kinetic energy
(as the potential one)
IS constant !

10

15
r [kpc]

20

25

30
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Equilibria of collisionless systems

“Static” Jeans Eguations
for cylindrical systems
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

%Z+ ﬁ+pqﬁ+ of (0@ py\ of 90pf 0D Of
PRoR " RY06 P*o: \oR  R3) oprn 0d op, 0z op,

)

Zeroth order moment of the Jeans Equations if f=f(HL, = _%% =120 =17, =0

0=0 v =0,
0=0
0=0
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

%Z+ ﬁ+p_¢ﬁ+ of (0@ py\ of 90pf 0D Of
t "PRoR T RYo¢ " "*0: " \OorR R®) opr  od Ops 0z Op.

First order moment of the Jeans Equations "'iéxﬁh_éiéE
|\,__ ahlt
2 () + 2 ) + Vhovg, 92
gR \VUr) + g, WUREG) +v | =5 R | ~
1 0 — od
- 2 R
7R (RVURD,) + 5 (sz) +V82 0
1 0 0
IR (R*voRrvg) + gy (v0204) =0

0
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The Jeans equations for axisymmetric systems

Canonical momenta

pr=R=vp
p¢:R2¢:RU¢

Pz = <2 = Uy

The static Collisionless Boltzmann Equation, for axisymmetric systems

)

%Z+ ﬁ+pqﬁ+ of (0@ py\ of 90pf 0D Of
PRoR " RY06 P*o: \oR  R3) oprn 0d op, 0z op,

First order moment of the Jeans Equations if f=f(HL, = _%z:vﬁ,

R <”“R)+”< R +8R> =0
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =0.3

60 — oF
z — R
% 40 — — 0%
=~ 20 — Ve
— U,
O | B e —
2
4000 ’¢
(7%{ + R/paRpURz
2000 — _JgsIUQRIR/PaRPUW
Vs
0 — Up,
I I I I I I I
0 5 10 15 20 25 30
Radius
L0, o2 K2 R 0
/ 2 _ 2 o —2 2 2 2 2
dzuw Op = 0} 012%_492 Vo _vc—a¢+aR+;ﬁ(1/aR) 82



Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =1.0
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Velocity?

Jeans Moments and rotation curve for a Miyamoto-Nagai disk

h, =0.1
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The End
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