
Solutions to Homework 5
CS-526 Learning Theory

Problem 1. VC dimension of union

1. Let H =
⋃r

i=1 Hi. By definition of the growth function we have τH(m) ≤
∑r

i=1 τHi
(m)

for any set of m points. If k > d + 1 points are shattered by H then 2k = τH(k) ≤∑r
i=1 τHi

(k) ≤ rkd, where the last inequality follows directly from Sauer’s lemma.
Taking the logarithm on both sides and using the inequality yields

k ≤ 4d

log(2)
log

(
2d

log(2)

)
+ 2

log(r)

log(2)
.

Note that this inequality is trivially satisfied if k ≤ d+ 1.

2. Assume that k ≥ 2d+ 2. It is enough to prove that τH1∪H2(k) < 2k.

τH1∪H2(k) ≤ τH1(k) + τH2(k) ≤
d∑

i=0

(
k

i

)
+

d∑
i=0

(
k

i

)
=

=
d∑

i=0

(
k

i

)
+

d∑
i=0

(
k

k − i

)
=

d∑
i=0

(
k

i

)
+

k∑
i=k−d

(
k

i

)
≤

≤
d∑

i=0

(
k

i

)
+

k∑
i=d+2

(
k

i

)
<

d∑
i=0

(
k

i

)
+

k∑
i=d+1

(
k

i

)
=

=
k∑

i=0

(
k

i

)
= 2k

Lemma (Sauer-Shelah-Perles) Let H be a hypothesis class with V Cdim(H) ≤ d <
∞ and growth function τH. Then, for all m, τH(m) ≤

∑d
i=0

(
m
i

)
. In particular, if m > d+ 1

and d > 2 then τH(m) < md.

Problem 2. Least squares and regularized least squares

1. We have
β̂ = arg min

β∈Rd

J (β) := ∥y −Xβ∥2

J (β) = βTXTXβ − 2βTXTy + yTy

∇J (β) = 2(XTXβ −XTy)

Equating ∇J to 0, we get β̂ = (XTX)−1XTy.
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2. In this case, we have

β̂ = arg min
β∈Rd

J ′(β) := ∥y −Xβ∥2 + λ∥β∥2

J ′(β) = βTXTXβ − 2βTXTy + yTy + λβTλ

∇J ′(β) = 2(XTXβ −XTy + λβ)

Equating ∇J to 0, we get β̂ = (XTX + λId)
−1XTy.

Increasing the regularization parameter reduces the variance of the model at the cost
of increasing its bias towards solutions with a small l2-norm.

Problem 3. Linear regression with projections

Refer to the lecture notes.

Problem 4. Bias-variance decomposition

The three contributions are

Noise = Ex,y

[
(h̄(x)− y)2

]
(Bias)2 = Ex

[(
ES [hS(x)]− h̄(x)

)2]
Variance = ESEx|S

[
(hS(x)− ES [hS(x)])

2] .
First let us compute the optimal estimator h̄:

h̄(x) = E [y|x] = βTx

With this we can already compute the noise part:

Ex,y

[
(h̄(x)− y)2

]
= µ2E

[
ϵ2
]
= µ2.

Let’s now focus on the data-dependent estimator:

hS(x) =

{
((XT

AXA)
−1XT

Ay)
TxA, p < n− 1

(XT
A(X

T
AXA)

†y)TxA, p > n+ 1.

Consider the quantity E [hS(x)] for p < n− 1:

E
[
((XT

AXA)
−1XT

Ay)
TxA

]
= E

[
(XAβA +XACβAC + µϵ)TXA(X

T
AXA)

−1xA
]

= E
[
βT
AX

T
AXA(X

T
AXA)

−1xA
]

= βT
AxA.

Similarly for p > n+ 1:

E
[
(XT

A(X
T
AXA)

†y)TxA
]
= βT

AE
[
XT

A(XAX
T
A)

†XA
]
xA

=
n

p
βAxA.
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Let’s define the following quantity:

ψ =

{
1; p < n− 1

n/p; p > n+ 1.

Then we have
E [hS(x)] = ψβAxA.

Computation of the (Bias)2 contribution:

Ex

[(
ES [hS(x)]− h̄(x)

)2]
= Ex

[(
ψβT

AxA − βTx
)2]

= Ex

[(
(ψ − 1)βT

AxA − βT
ACxAC

)2]
= Ex

[
(ψ − 1)2

(
βT
AxA

)2]
+ Ex

[(
βT
ACxAC

)2]
= (ψ − 1)2∥βA∥2 + ∥βAC∥2.

We now compute the variance:

ESEx|S
[
(hS(x)− ES [hS(x)])

2] = ESEx|S

[(
β̂AxA − ψβAxA

)2
]

= ES

[
∥β̂A − ψβA∥2

]
= ES

[
∥βA − β̂A + (ψ − 1)βA∥2

]
= ES

[
∥βA − β̂A∥2 + (ψ2 − 2ψ + 1)∥βA∥2 + 2(βA − β̂A)

TβA(ψ − 1)
]

= ES

[
∥βA − β̂A∥2

]
+ (ψ2 − 1)∥βA∥2 − 2(ψ − 1)ES

[
βT
Aβ̂A

]
.

Focusing on the last term which exists only when p > n+ 1, we have:

ES

[
βT
Aβ̂A

]
= ES

[
βT
AX

T
A(XAX

T
A)

†y
]

= ES

[
βT
AX

T
A(XAX

T
A)

†(XAβA +XACβAC + µϵ)
]

= ES

[
βT
AX

T
A(XAX

T
A)

†XAβA
]

= ES

[
Tr{βAβT

AX
T
A(XAX

T
A)

†XA}
]

= Tr{βAβT
AES

[
XT

A(XAX
T
A)

†XA
]
}

= Tr{βAβT
AIp

n

p
} =

n

p
∥βA∥2.

Plugging back, we get

ESEx|S
[
(hS(x)− ES [hS(x)])

2] = ES

[
∥βA − β̂A∥2

]
− (1− ψ)2∥βA∥2.

Therefore,

Variance =

ES

[
∥βA − β̂A∥2

]
, p < n− 1

ES

[
∥βA − β̂A∥2

]
− (1− n

p
)2∥βA∥2, p > n+ 1.
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By using the expression obtained for ES

[
∥βA − β̂A∥2

]
in the class, we have the following

contributions to the error.
For p < n− 1:

Error = µ2︸︷︷︸
Noise

+ ∥βAC∥2︸ ︷︷ ︸
Bias2

+
p

n− p− 1
(µ2 + ∥βAC∥2)︸ ︷︷ ︸

Variance

.

For p > n+ 1:

Error = µ2︸︷︷︸
Noise

+ ∥βAC∥2 + (1− n/p)2∥βA∥2︸ ︷︷ ︸
Bias2

+ (1− n/p)∥βAC∥2 + n

p− n− 1
(µ2 + ∥βAC∥2)− (1− n/p)2∥βA∥2︸ ︷︷ ︸

Variance

.

Define α = p/n and φ = n/d. Assume A as a uniformly random subset of 1, 2, · · · , d and
taking p, n, d→ ∞ with α and φ finite. For α < 1:

Error = µ2︸︷︷︸
Noise

+(1− αφ)∥β∥2︸ ︷︷ ︸
Bias2

+µ2 + (1− αφ)∥β∥2 α

1− α︸ ︷︷ ︸
Variance

.

For α > 1:

Error = µ2︸︷︷︸
Noise

+(1− αφ)∥β∥2 + (α− 1)2

α
φ∥β∥2︸ ︷︷ ︸

Bias2

+ (α− 1)φ∥β∥2 + µ2 + (1− αφ)

α− 1
∥β∥2 − (α− 1)2

α
φ∥β∥2︸ ︷︷ ︸

Variance

.
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