
Quantum computation : Lecture 4

· Simon's problem
· Classical method(s) of resolution

· Simon's quantum algorithm
Part F : quantum circuit



Simai's problem
Let f : 50, 13" - X be a function
such that f(x) =fly) iff :
· either x=y

· or x0a = y for some a 50,13" (0]

NB : · X to be defined later

· a is unknown



Our am : to discover the value of a to

by asking as few questions as possible to

the crace f
· Classically , this requires O(2") calls (see below

· Siman's quantum algorithm finds the vector a
with probability 1-2 in runtime poly() /loge
&& similar number of calls to the crade)



Example with n= 3
0012

· 110 a= (0,1 , 0)

0110 * f(x0a) = f(x) x 20,233
A A >x

100

0018 181 Image space X must be
L

x of cardinality" here.

In general , IX1==2



Iassical algorithm
· draw randomly pairs of parts in 50,73" (with

replacement) : (x", y') . ... (x19), ya)
· if for one such pair (sayj) , f(xH) = f(y') ,
compute a =x y(il)= x")ex" by theway
and declare success

· on the contrary , if f(x")(f(y(i) Fezjng
then declare failure



lemma

p(success)
So in order to ensure P(success) = 1-d

,

92(2"-1)(1-2) draws are needed

Proof : & (success) = P (719 withb) =fly)
-[f(H)= f(y()) = 9(2-1j =1

= (for a given s, there(
is a unique carr. Y



Slightly better (classical algorithm

Bolay pb : randan sampling in a set an Nelemate
-> order in trials until you see

two identical elements

=>O(2") draws needed only,
but this is still exponential in n



Slight generalization
G= 50,13" = group = vector space

H = subgroup of G & subverter space
-I

unknown = SpanEh) , ...., h(k)) k-dimensional

hu
. independent

-> subspace

f : 50,23"-X St f(x)=fly)
if xGy H



Cardinalities

· 16) = 24

· H k-dimensional => 1H1 =2

· so f takes possibly 22-k values = IX I

A possible option for X is therefore X=
with 1x1 = /GH1 = 10H =2 - ↓

↓ quotient
Lagrange's Mum gray



· Equivalence relation : x my iff xey et

· The group G can then be divided into

24-h equivalence classes, namely there
exist vi ...v(k)

, representatives of each

class
,
such that

zn-k

G = Ev(H)
9j =1

disjant union



Example with n= 3 & k= 2 :

xz
1 f=1
⑨ & H = E(0,0,0 , (1,0,0,

Y 5 (0, 0,1) , (1, 0,1)}
- >

f=0
·

* (x1 = 2
23

eg . classes are H & H (0
,
1
,
0



Simon's quantum algorithm
Circuit :

H H

unnest ! 1

Up H

n- LimesS " i

140 14) 142 143) 14s



Stage 0 : 140) = 100 ...010s ①10 ① ... los
--

n times n-k times

Stage 1 :

14. = (H* In -

1) 140

= H
*
10 ...010 ...03

=1 ( ... ) @ 10
... o)

n/2
2 x, ..n 50, 13

-

=n 250
,22
(10 ...0x



Note that contrary to the D-f algorithm,
the n-K ancilla bits are left untached

before the passage through the crack Uf.

Stage 2 : The crac Up is defined as :

Uf((x)Q(y)) = (ee(yef(x))
but here

,
both y & f(x) are (n-k)-dimensional.



5 142) = Up 14) =Ele@1f()>

Stage 3 :

Again , following what was done for D-2's

algorithm , we have :

50

He"(x)=(1) ly

14a) =(*@I)(42)= (y)01f(x



Let us rewrite this :

Let vK) ... vi2"") be the representatives of

the equivalence classes of G.

14) :[1zi) lyth
yesail"2"j= neM

= f(v())=E
(the sum over the is has been split into

two sums :
(
j = 1 n EH



So

143)= 12vly
ye50,13"2"j =1

Now : mabix repri
H = ( h) = kxn matrix

-

whose Kernel=H = [x5g13": He = 03
is an (n-k)-dimensional subspace ofSop!"

(and note that (HH)
+

= H)
It slight notation overload)



Observe that I (1) e50, 243 :

· if yellt , then y.h =0 thet
So I (-15h = 24 in this case

·If yeHt , then TheH sir hy = 1
,
and

E-==En (3
-4

so this sum is equal to 0.



Finally
, we

obtain :

143) =(1)(yself
y(H

+ 2n4j=1

To be continued next week...


