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Differential Geometry II - Smooth Manifolds
Winter Term 2023/2024

Lecturer: Dr. N. Tsakanikas
Assistant: L. E. Rosler

Exercise Sheet 13 — Part II — Solutions

Exercise 1: Let F': M — N be a smooth map. Prove the following assertions:
(a) F*: QF(N) — QF(M) is an R-linear map.
(b) It holds that F*(w An) = (F*w) A (F*n).

(¢) In any smooth chart (V, (y")) on N, we have

P (Z/wldy“ A...Adyik> — Y (w0 F)d(y o F) A...Ad (y* o F).
I I

Solution:

(a) Let w,n € Q¥(N) and A\, u € R. Fix p € M and let vy, ..., v, € T,M. We have

(F"(Aw + pm)) (01, o) = Aw + )y (dFp(01), - ., dFy(vy)
= Awy(dF,(v1), ..., dF,(vk)) + pip(dF,(v1), . .., dFy(vy))
= ANF'w)p(vr, ... vg) + w(En)p(v1, ..o vg)
= (MF*w)p + u(F*n)p) (v1, ..., vp),
which implies that
(F*(A\w + pm)) ) = MEF W), + u(F )y,
and whence F*: QF(N) — QF(M) is an R-linear map.
(b) Assume that w resp. n are k- resp. l-covectors. Fix p € M and let vy, ..., vpyy € T,M.
We have

F (w Ay (01, 0k1) = (WA D) pe) (dFp (1), -, dFp(vp42))

1
= Z (sgno)w (de (Ug(l)), ..., dF, (va(k))) n (de (UU(;H_U), ..., dE, (UJ(HI)))
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and

[(F*w) A (F™n)]p (v, .« oy Upp) =
1

AT Z (sgno) (Frw), (”0(1)7 e 7Uo(k)) ) (Ua(k:-i—l)a e 7Ua(k:+l))
o UGSk+l
1

=i 2 (800)w (dF,(vo), - dF, (va0)) 1 (dF5 (Vo) - dFy (varan)))
o O'GSkJrl

As the two expressions agree, we conclude that

Fr(wAn) = (Fw) A (Fn).
(c) The assertion follows immediately from (a), (b) and Proposition 8.11.

Exercise 2: Let (r,0) be polar coordinates on the right half-plane H = {(:1:, y) | x> 0}.
Compute the polar coordinate expression for the smooth 1-form = dy —y dz € Q'(R?) and
for the smooth 2-form dz A dy € Q%(R?).

[Hint: Think of the change of coordinates (z,y) = (rcosf,rsinf) as the coordinate
expression for the identity map of H, but using (r,6) as coordinates for the domain and
(z,y) as coordinates for the codomain.]

Solution: We have

[d*(xdy — ydx) = rcosOd(rsinf) — rsin @ d(r cos )
= rcosf(sinf dr + r cos df) — rsin O(cos @ dr — rsin 6 do)
= r?cos® 0 df + r? sin* 0 df
=r*df

and

Id*(dz A dy) = d(rcos @) A d(rsin )
= (cos@dr —rsin@df) A (sinf dr + r cos 6 df)
=rcos’Odr Adf — rsin®dl A dr
=rdr Adb,

since dr Adr =0=d0 Ndf and dr A df = —df A dr.

Exercise 3:

(a) Let M be a compact, connected, smooth manifold of dimension n > 0. Show that
every exact smooth covector field on M vanishes at least at two points of M.

(b) Let V be a finite-dimensional real vector space and let w?,...,w* € V*. Show that
the covectors w', ..., w" are linearly dependent if and only if w! A ... Awk = 0.



(c¢) Consider the smooth map
F:R? = R? (s,1) — (st,e)
and the smooth covector field w € X*(R?) given by
w = xdy.
Compute dw and F*w, and verify by direct computation that d(F*w) = F*(dw).

Solution:

(a) Let w € X*(M) be exact and let f € C°°(M) such that w = df. Since M is compact,
f attains its minimum at a point p € M and its maximum at a point ¢ € M, and since
df is represented in coordinates by the gradient of (the coordinate representation of) f,
we have df, = 0 = df,. Note also that if p = ¢, then f is constant, and thus df = 0 by
Ezxercise 2(e) from Ezxercise Sheet 13 — Part I.

(b) Assume first that the covectors w!, ..., w* are linearly dependent. Then there exist

je{l,... .k} and Ay,... Ao, A, € R such that w? = 37, Aw'. Therefore,

wl/\.../\uﬂ'*lAoﬂ'ij“/\.../\w’“:wl/\.../\uﬂ'*lAZ)\Z-M/WJ“/\...Aw’c

1#]
=Y WAL AGT AW AT AL AW
i#]
=0
by [Multilinear Algebra, Proposition 24(d)].
Assume now that the covectors w!,...,w" are linearly independent. We will show

below that (the alternating k-multilinear function) n == w! A ... Aw* # 0. It suffices to
find vy,...,vp € V such that n(vy,...,vx) # 0. To this end, set n = dimg V' and note that
n > k. Since w', ..., w" are linearly independent elements of V*, we can complete them to
a basis {w!, ..., w* WFL ... w"} of V*, and consider subsequently the basis {vy,...,v,}
of V dual to {w’}; see (the second paragraph after) [Multilinear Algebra, Proposition 4].

By [Multilinear Algebra, Proposition 24(d)] we then obtain

n(vy, ..., v,) = det ((uﬂ(vﬁ)) = det (523) =1,

and thus n # 0, as desired.

(c) We have
dw = dx N dy
and
F*w = (st) d(e') = ste'dt.
Therefore,

d(F*w) = d(ste') Adt = (te' ds + s(1 +t)e' dt) A dt = te' ds A dt

and
F*(dw) = d(st) Ad(e') = (tds + sdt) A (e' dt) = te' ds A dt.
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Exercise 4: Consider the smooth 2-form
w=xdyNdz+ydz Ndr+ zdx ANdy

on R3 with standard coordinates (x,v, 2).

(a) Compute w in spherical coordinates for R* defined by

(x,y,2) = (psingcosb, psin psin b, pcos ).

(b) Compute dw in spherical coordinates.

(c) Consider the inclusion map ¢: S* < R? and compute the pullback t*w to S?, using
coordinates (p, #) on the open subset where these coordinates are defined.

(d) Show that +*w is nowhere zero.

Solution:

(a) We have

dx = d(psingcos ) = sinpcosl dp + pcospcosf dp — psinpsiné db,
dy = d(psinpsinf) = sinpsinf dp + pcos psin@ dp + psinp cosd db,
dz = d(pcosp) = cose dp — psing dp.

Therefore, one computes that

dy N\ dz = p*sin® pcosf dp A df + psin g cospcosd di A dp — psinf dp A dep,
dz A dx = p*sin® psinf dp A df + psingcos psind dd A dp + pcosf dp A de,
dx A dy = p? cospsinp dp A df — psin® p df A dp.

By combining these expressions, we thus obtain

w=zxdyNdz+ydzNdx + zdx \Ndy
= (p®sin® p cos? O + p*sin® psin? 6 + p? cos® @ sin ) dp A db
+ (p* sin?  cos p cos® O + p? sin® p cos psin® @ — p? sin® g cos ) dO A dp

~
=0

+ (—p? sin psin @ cos § + p® sin psin @ cos ) dp A d
G

= p?sin ¢ (sin? ¢ cos® § + sin? @ sin® 6 + cos® ) dp A df
1

= p*sinp dp A df.

(b) We have
d(,o3 sin <p) = 3p*sinp dp + p* cos ¢ dy,

S0 we obtain
dw = d(p3 singp) ANdp Adf = 3p*sing dp A dp A db.
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Another way to compute dw would be to note that
dwo=dr NdyNdz+dyNdz Ndx+dz ANdx N\dy = 3dx ANdy A dz.

For the standard top differential form dx A dy A dz on R3, a change of coordinates induces
a factor given by the determinant of the Jacobian. You may remember or look up (or
compute) that the determinant of the Jacobian of spherical coordinates is p?sin ¢, so we
obtain dw = 3p*siny dp A dp A df as well.

(c) We just have to put p = 1 in the result of part (a). To justify precisely what is
going on, let us spell this out in detail. Note that the change into spherical coordinates
is provided by the diffeomorphism
G:Ruo x (0,7) x (0,27) — U C R?
(p,p,0) — (psinpcosh, psinpsin b, pcos p),
where V' = {(z,y,2) | v # 0}. So what we computed above is G*(w|y). Note that
spherical coordinates on the sphere are provided by the diffeomorphism
F:(0,7)x (0,21) - V C§?
(p,0) — (sinpcos b, sinpsin b, cos ),

where U = S? N V. If we denote by j the embedding

J:(0,7) x (0,27) = Rog x (0,7) x (0,27)
(,0) = (1,,0),

then this is precisely set up so that Goj = 1o F. What we want to compute is F*/*(wl|y),
and this is given by

Fri(wly) = (o F)(wlv) = (Goj) (wlv) = j "G (wlv)
= §*(p*sin dip A df)
= siny dp A df.

(d) As sing # 0 for ¢ € (0,7), we infer that F*/*(w|y) = sing dp A df is nowhere
vanishing on (0,7) x (0,27). As F'is an isomorphism, we obtain that *(w|v) = (*w)|v
is nowhere vanishing on U, i.e., at the points of S* where y # 0. To conclude, note that
we can do the exact same calculations for spherical coordinates around the x- and y-axes,
and obtain that then +*w is non-zero also at all points where z # 0 resp. x # 0. Hence,
t*w is nowhere zero.

Exercise 5:

(a) Eaterior derivative of a smooth 1-form: Show that for any smooth 1-form w and any
smooth vector fields X and Y on a smooth manifold M it holds that

Ao(X,Y) = X (0(V) Y (0(X) —w([X.Y]),



(b) Let M be a smooth n-manifold, let (F;) be a smooth local frame for M and let (%) be
the dual coframe. For each i, denote by b;k the component functions of the exterior
derivative of ' in this frame, and for each j, k, denote by ¢, the component functions
of the Lie bracket [E}, Ej]:

de' = Zb w& Ne¥ and  [Ej Byl =y B

<k
Show that b}, = —c;.
Solution:

(a) Choose local coordinates (U, (z')) and write
w:Zcidxi X:Zfii_ Y:Zgig.
- ’ — " Oa'’ —~ " Oat
Let p € M be arbitrary. Then

[dw(X, Y)](p) = (dw)y(Xp, Yy) = Y [(des)y A (da')p) (X5, Yy)

i

= Z [(dei)p(Xp) (") (V) — (dei)p(Yy) (da)p(X5)]

)+ b0 5 )]
and 7]
Y (00)] () = S @hlip) = 3 AR + )Y (10
S [0 + el 0)
as well as |



where we used part (a) of Ezercise 5, Sheet 11. By combining these expressions, we obtain

X (1) =Y (@(0)] () = (Zgi(p)fj(p)%( )+ a0 S >>

—~ (Z fi(p)g; (p)%(p) +ci(p)g; (M%(M)

I
=[]
@Q
b

Q.D

Q
\_/
b
—
3
L
—~
B
Q
5|
XS
S

~_

j
= [dw(X,V))(p) + [w([X, Y])] (p)-
This yields the assertion.
(b) Let us compute de'(Ej;, Ey,) for some 14, j, k with j < k. By part (a) we obtain
d'(E;, Ey,) = E;(¢'(Ex)) — Ex(e'(E))) — ' ([E;, Ex])
=0 =0

where in the last step we used that a derivation evaluated at a constant function gives 0.
On the other hand, we have

E) =) by [Ej/ A 5k/} (Ej, Ex) = by,
j/<k;/

where we used that &/’ A e¥ = 0"*): see [Multilinear Algebra, Lemma 20(c) and Propo-
sition 25(c)]. Hence, bl = —c.

Remark.

(1) Ezercise 5(b) shows that the exterior derivative is in a certain sense dual to the Lie
bracket. In particular, it shows that if we know all the Lie brackets of basis vector
fields in a smooth local frame, we can compute the exterior derivatives of the dual
covector fields, and vice versa.

(2) There is an analogue of Ezercise 5(a) for smooth k-forms as well, which is referred to

as the invariant formula for the exterior derivative in the literature. Specifically, if
w € QF(M), then for any X, ..., X € X(M) it holds that

dw<X17"'7Xk+1): Z (_1)i_1Xi(w(X17'"7‘5(:7"'7Xk+1))+
1<i<k+1
+ > (F)M(X XL X X X X,
1<i<j<k+1

where the hats indicate omitted arguments. It is worthwhile to mention that the above
formula can be used to give an invariant definition of d, as well as an alternative proof
of Theorem 8.21 on the existence, uniqueness, and properties of d.
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Exercise 6:

(a) Let M be a smooth manifold and let w € Q'(M) = X*(M). Show that the following
are equivalent:

(i) w is closed.

(i) w satisfies
&uj o awi
Oxt  Oxi

in some smooth chart (U , (:L‘Z)) around every point p € M.

(iii) For any open subset U C M and any X,Y € X(U), we have

X(w(Y)) =Y (w(X)) =w([X,Y]).
(b) Consider the smooth covector fields
w = ycos(zy) dz + x cos(zy) dy € X*(R?)
and
n = x cos(xy) dx + y cos(zy) dy € X*(R?).
Show that w is closed and exact, whereas 7 is neither closed nor exact.
Solution:
(a) We will show that (i) = (iii) = (ii) = (i).

(i)=-(iii): Let us suppose that w is closed, i.e. dw = 0. Let X,Y be smooth vector fields
over some open subset U C M. By part (a) of Ezercise 5, we have

0=dw=X(wY)) - Y(wX)) —w(X,Y]),

so (iii) follows.
(ili) = (ii) Suppose that (iii) holds. Let p € M be arbitrary, let (U, (z*)) be a chart
around p, and write

w = Z w; dx’.

For 1 <i < n, denote X; = 9/9z". Then
Ow;  Ow;
Xi(w(X5)) = X5 (w(X0) = Xilwy) = Xj(wi) = 5% = 5

On the other hand, note that by part (b) of Ezercise 5, Sheet 11, we have [X;, X;| = 0.
Therefore, by applying (iii) to X = X; and ¥ = X, we obtain

ij _ (%Ji
oxr'  Oxd

= X;(w(X))) — Xj(w(X5)) = w([Xi, X;]) =0,

so (ii) follows.



(ii) = (i): Suppose that (ii) holds. Let p € M be arbitrary and let (U, (z%)) be the chart
around p given by (ii). We have seen in the lecture notes (before Proposition 8.20) that

and thus dw = 0 on U. In particular, dw, = 0, and as p € M was arbitrary, we conclude
that dw = 0 on M; in other words, w is closed.

(b) We first deal with w. Consider the function
f:R* =, (z,y) ~ sin(xy)

and observe that df = w; in other words, w is exact, and therefore w is closed. (This can
also be verified with a direct computation).
We now deal with . We compute that

dn = d(zcos(zy)) A dx + d(ycos(zy)) Ady
= ((cos(zy) — zysin(zy)) dv + (—2*sin(zy)) dy) A dz +
+ (—y*sin(zy) dz + (cos(zy) — zysin(zy)) dy) A dy
= —a*sin(zy) dy A do — y? sin(zy) do A dy
= (2 — y?) sin(zy) dx A dy,

which does not vanish identically, that is, 7 is not closed (see also (a)(ii)), and thus 5
cannot be exact either.



