Poor - (Smilar o te pod of PROP. 6.5) Gvan a swoath aart
(Uy) for M, uith coxcnate drcts () cedine

3

TN

SiA };& > (p (1. EE))}

whae ¥ B the - (cordinatz ot Aok dsated win
06) Suprose that (@, ) B orother smooth dhat dor M Lit
oovdirate  Hts (%), und et D m(0) —UxR* ke detnad
dncUOgOusiy, On mUnC) it Jollows dom (%) that

@377 =(p.(Z0T,., D] )) |
The GnR)-wuled et (955" [ox) 5 smaoth 5o it follows
hom the varor nde dont lomme (= LEM 6.7) ot TM
hos g smooth Strudure mcda'n% it ot a Smooth vactar burdie
e which the mope & are locd mviadizations . Uniguenés
Plows a5 in the pof of ESILEL. soN_ "
As in the we of He furgent  bundie , SMaoth o (oord-
rotos Jor M yield Smooth locad  coordirutes Hor it (az/rwvt
undle. T4 (X)) are smoath coordingtes on an qpen subset UM,
ESIOES() shows fhat the Iup

OES ¥ RS CUNE L TN Y

s « smooth (ovdinate et fv THM We cull (€,5) He no-
el codinates Hr M Ossaciated  with  (xE) .




-DEF 84 - A ragh /ont. /smoatn (e or g(oba/) sation ot ™M

s qled a rough /ot /amoth owctr deld or a (differen-

ted) L-form omv d smooth mnid M

The set M) o all smooth lglobad) (ovactor fieks o0 a

Smooth mndd M is an infinite-dmersioned  P-v.s. ond a0 mo-

e owr tre y c=omM)  (FSI0E3)

~ loaud /globad_cohame_for M = load fglobd  fame For TM;
See  DEF. 6.11 |

~ ©Ompletion o smooth  lowed  otrumes for M
ot ESIOEY |

EYWMRE 85 - For any smaen dart (U,(0), the @ordirote

vector Higlcs (M) debined chowe  (ongtitute. o lacad (obame

oo U, wlled a  oodinate  odume | By ESI3-T-EL =TeoP

8.6 ,avary (ordirate ©fome & smooth , e Its Onpanent

s 0 He guen dot o Cnstants. )

: Sp@a‘al wse

In dny goth o ordrates (6) on - an open  Subset
U a (mjgh) (ovactor figd W an % witten in s 4
the @odinate (ovety Felds  (F) as =W A dor n s
W« U—=R, aled the componat #xts _of w in the gien
ot and - craradienzed by

W, (p) = w, (29%/,;) |
I wWoe (fmjgh) oty fead ad £ X 5 a /mu%))

(109)




vator #eld on M than we am o a Act

wx) M —R, prswylx)
H we wife 1=w, 4" and X~)<v’§‘ in tfems o loed ©-
odinates , then W(X) Nes the lowd wodinate  repiesentadion

(X) = X
st ws in te wse of vatr s (e PP Z3 ond
75) pere are  severad Weys 10 teck spootyess - ovalor

fields
PROP. 8.6 (Smoothness ciferia Hor covador Aelds) : Let M ke

o smoofh wnddard et M —TM e a ragh ovaror

dold. T o e

(@) w 5 smoth
(0) 1 anery smooth durt, the omparent Ancs o 0 ae

Seoth
(c) Eueh ¢ o M 5 (ntared in some  (oordinate dart I

Which w0 has Smooth (omponant. s
@R ey xex), te ¢ wik) M—R 5 smacth -
(@) For euery open gwset UM ad @@7 smooth vedtor

fod X o U the Mt wX) U —R B smut.

PROOF - £SI3-T-EL. ¥
Since any - open wreer o 0 smooth mndd ks agen ¢ oot
mid , PRop. 8.6 applies apually well fo covacdor feick cetired

oly o some open st o M.
, | Lo




> load obfume Gikerion fr ot Ssmoothness o mugh ©-
vactor fields sjw‘a/ we of TROP 6.13

(framé (E) 4oc M~ (otame (¢9 duad to (E)
Ofume (¢) Hor T*M ~ dave (£) dudd 2 (£)

The wost  importunt opplicertion o ator bods s tat tey
nable s M‘erprcf n a ©oodinate - mde/xermﬂz‘ wy the
patial envatives o u maoth At as the omponerts of a

ovedor Held.
let 4eCflM) We Cefine o ovwctor feld oL, aved the di-

Jerenticd o £ at ped, by
O’fp(’u = /U-£ : UC’Z;M.

TROP_8 F : The differént(’cd o a sooth It s a smooth

(vector held.
PROOE - Tt 15 straightiorand o ek thot  dty e T A au

pei. fo enty that ot 5 smooth we apply TROP. 8.6 - #r
Gy XeX), the At o4(X) s smoth beawse it 15 qued
fo X{ (see Paw 75) s

for a oot ed-vdlued ot £ M —I2 we how he Ao
litkerert cefinitiors #r e d#teentid of ¥ ot peM. T (h3
e dotired oMy, o5 a linar mep M — T, R, uhile here
W defned 04 as a (ovety ot /%M ,/‘,@,'a lnear wap

LM —R These e faully te save et ,once we tuke  info
Ut the  Icentifcation elban TR and R one a@sy (D




way o e ths s 0 note thet Join ore represented  in
odinates by the rw Mamx  whose omporents e e ported
devvatives of 4. Lo w ufm’”y nic bdow Dr M cetnad &
doe) y

Lt s omute e ordnate  representation o8 A4 et () 2
smoth  «ovCigtes. o0 on qen bt UM ond et () ke e
(ovesponding oodinute olame on U Wiite 4 In orcinates
B :"/"215 (p)/’a"/,, e some Ancts 4 - U—R. Then the i A

4 implies

'?P [ VI . i
\ X lp e ;'.;a X
Whidn  yielks the  folowiey  rmwlet Lo dre odinate rgpresen-

J
fation ¢of A4

Ai(ip)::dﬂ/ /_gm} E‘ —_ _2.. f :_gj/:_(?)/

&, = %(p} il )

Tus, the Onporent fcts of o any smoogh - woidinoe
thart e the poxticd  eNTives L 1 Wri thee ordirates
Twe t tis, we @n thnk o L ¢ &m@ﬂu@ o the

/AN “'\/i?z"";?, “ W
fi,v""} ,.!'; )Qf | S AV | (.8 A -

dussiacd 7 udient (e vector Aol m B whose

A . AT £ 4 A e ,: AP R
the qurticd cenvaties ! R dnct) reinfarpietel i o way s

ks ordinute-independent serse on a - mndd.
I we oy Gy b the spauad we 1n wih 15 oed
e ordinate drcts X U—R we obtuin

) — ; -l o I (;,)l =
0x b 8)(1(0);1) '/,f'" U,/ ‘f’ J ip )
N other Woids, the  oidirate vedor held A s ropbe other

than  the  citferentiy]  ox Theredxe, (k) (n X remtien e




0 o5 dn equation fez‘ouéem ovartr Aocs  nstead o owatos

M = Ix (%
axa o o Z
In puticwar, n e 1-0m e, this  recuces 1o
df - T ax
CX

Thus, e hwe raovered  the  duntiliar dassicad oXpIession o
the diflerentiod of a foct 4 in odinates. Hencetorth, we
ahoncon  the notation 2% Ay the  (oordingte  (ofume, a0 use
dxe instead .

ExaMpLE 88 H

{1 R* - (\(y —> X2y oK

then
A = 5 (x%cosy) 2(x¥ycosx)

x Ay Y

— ( IXy (@5% - x2 ;;mj dx + (XZ(OSX) .

~ properties ot the citferentiol = E£513 -T- £9
~ doenvative o a Anct Uz/or\(cjf ¢ wne = ES13-T -F3(y)




DEF. 8.9 :let F-M—N b a smooth map and el pcf/u.

The Cifferentiad  dF - M — To, M yieds  a cuad  lnear ep,

(B TN — M alled tre (poinfwise) pulibeek by F at p
i P |

o the coturgent mup o F) dnd aadevized by
AR (0) = w(dhw) weTin , ve M.

Unlike  vector  fiels Whose fm%fowmfdsr are. oethinad oaoiy I
spaal wses (see, ey., eSILEY ), vedor dhelds  always  pullkads
to vector dields .

DEF 810 : let F-M—N bo o smooth map ond let (o

N—TN be a rougn vecior Aeld. We detine o rough - (0-

ctor hekd Yo Ocﬁ M, wiled the  pulback o w by Fly
(Fwly = dr (W) )
It dds o a vedor Ve M by
(F), 0) = W (dw).

TROP._ 8L« fet F-M—N be a smoth mop and lef w ke
4 Qwctor fgld on NI uN—R 5 a ont A, tren

, Fuw) = us F) Fro
* addvondly u fo smooth, then
Pou) = d(u-F).

ProoF : e have |
Fluw), < 0 ((wa,) a5 (ulp)w ) 2



= u(fp) di, (F(P‘ 2 (nF (7)(F*w)
=<(uo FIF WJ)P

Which poves  the st statement fowl, for the seond  stute-
pent, it peM dnd Ve TH, tren

(F”‘du)’, (V) (i-—g ( (JU- )) (U)

s = O%@ (O’%‘?(U)) fﬂ% =

3’5(% § _ dr?(U) u ezt
3 U . (a
% 8 \ = U(Um‘,) o dluoF)

L= duRW)
Which  yigids  the  seon? statement .

=
PROP._B.19: et F-M—N Lo a smooth mep and let w %
a (ont) owectx 4eld on M Then F*o s 4 lont) ovec-

for #ad on M and # w15 smooth, ey o s FRLW.

PROOF - Fix  peM and haose smooth - coordinates (yd) for N
h n@(ghtoyhood T ot Fp) et U=F*v] and cbsene the
U s «a n&'ﬁwébr‘hax‘ o p 0 M bntng @i oordindrzs

05 W = W yJ for ) s on V' oand usiy Pecp 811

fuice (4 Fl,), we Ompute  that

= F"‘(wjdyf) = (w; -F) Floy) = (L«j'oF)d(yJ'aF) &)
s expression is  ontinous , and 1t IS Smooth  when w s
SMpth , 5o e are cone.

#

d



formulet () Hor the pulltock o a ovdor ded an dlso
o witlen 0 e %)//ou,/% iy

Ff = (woF) dylsF) = (w°F) dFY
whee F) is the j-th mporent i oF Fin e ©-
ordinutes  Using eitrer o these Jormulas , the lompuiuti) o
wihocks In - (oidinates (s quife Smple.
EXAMPLE 813 - (onsicer the smoa) - hep
F-R>— K% (xy,2)— (x2y ysinz) = (uyv)
and the maoth  (vedtor field
W= Udv+vdu e xH(e?)
A((Ord(i% o (k) We hae
Fw = (u-F) v-F) + U F) lu-F)
= (x2y) d (ysinz) + (ysinz) d (x%)

= (x%) (§i02dy + yios202) + psinz (2xyck + xoy)
:@W‘QWZ )Ox Jr(fx?)/fmz)dy +(x2y9(052)d2 ,

Jn other wds, fo omufe Fioo, ad we paed o b 5
stitufe  the omporent s of F Ax the ordinafe g
W N ceywhae trey dpear 0w

~> s W [Lee, Eample 11981 fr o0 exmpe dast

the  trunstormation s Ax 4 ovedor seld uncer d
durge of  (oidingtes
v



In (07 (s also E51961) we Opsidored tre Onditins
Uncer which « vector 4eld restncts o d ubimntd The. iesiic-
ton ol (owdor felds H submndcs 5 much Simpler - and
mil be bnedly discussed  Lefow (22 ako £513-T-£3(0))

Lt M e o swooth mdd, et SeM he oan immevsad 2b-
mid ard et L SesmM ke te indusion mep T we XH(M),
then *weX*(5). More precisely, gien peS and Ve S, we

Ve,
Pwlv = w, (dyW) = w, (V)

Since. di{’ S S THM L just the  indusion map under ur
usuel dantification  of 1,5 with e ubpae  di, (75) A
M. Thus, 1% s yust the restndion o w fo vedrs fup-
gév\f fo S FOr this Jeoon, (Yoo Is Olfen aled the restncion
o W fo S Mfe | however that %00 ng“ aqual o0 af &
gren pt ¢S even Wh onsicered cs  a (ovator Hed
n M, might ot wnish there. For exiple

EXAME B IH - (onsicer 1a=0ye X*(R?) and let S (=0
be the x-oxis, Onsidered as o enbecded sbmndd ot 2
5 a ovedor fad o0 R w5 canly ronzao ewrybere
becase ore ot ifs omponents 15 adw ys  aued fo L Howeer
e 1estndion 1Fo of w v S B mntmé/y 20, keawe
y wnishes denticlly op S
*w= 1"y = d(y.z)

o distinguush the fwo Leys in whm e might - interpret
he siofevent W vonisres on S, 00e usilly stys that




W Wnishes abry S (or vanishes at ps b S) i =0

Yo every pes. 7%@ wedker ondition  that  1FL0 =O éxpres%d
by Saly/ry that  the resthction ¢f w fo S nnishes (0r the

llbock el fo S vanishes) '




