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^' J extensicn lenna lcr v(tlcr -hetcs ' speial rctse d
/EH 6 IO; tae C* E1:JF3[) /o{ {tn ttgttt(,(6c2

/9 lcut lclxtt Iturne, 4u /L{ = lccù /VloM lrume lor TM j
Sea D$ 6 lT

.e (O{n?lAû\n C Srvnfh lXttl it,fws lor M Woal &sz d
ESNÇL/

ùtr 7 2 , /ft /4 fu a snsnth nnld ûnd let X 'Pl -,TM Je
mvn ygçflr *e,tô ûn l,'l The d /,t ts deûnec 0>U

the ûo*re d ftre. set {prttIX,fol b,te say that 
^t5ovVu4 suptnrtal il itt ryp,rt 6 a Orytw(t set

let 14 cnâ x M cts ahNe 11 (u, k,ù 15 o crrvcth terr
Ùnrie hart lor l'4 , ttvx) t,re an wnte ttÊ wlue ïl X at
ny ït petl n terrw t/ tM. r,nrdnatu ùtss vecfors

0
0xr P

ftus de*nes n

lncfs rl X rn

lrxrs X' " Ll -> lR ,
(akc the

tl'v Yen chart

'?fol I ? (Snxû+trvss cntenion lor vecfor iletds) : fuf H tu
(t sn$th nn!4 ûN let X , M -, Tt( M. o fwgtt vecfor
(taA Tl ((t,{x's) rS ûny srnæth ûnrCrvrte chart ffi M ,llvn
ttv rffincfion û/ X b U s smæh itl is
W,r t tlus Mrt û@ srw*t

,/rT/s
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(tt,!'l) Srrwtb cLart lor M .->
-- t//f

(n''(û' , Lxi,u4) lafura,l ocrCrnates 0n -/Plr>
'/

rqr *CXwrtWdwrhts

So X ti SrYaJh ffi U

ute sncch Jn u

= q (x'fu-'(x) &l,p-,*,)
= (x',. . ., Xu , Xt (,!"(xr) , ., Xn (,a-'Ul)

11 tfs byrtrynarf lrvrs Xî , I {i s t/L

t v¤crcr $otc tr1 u , rub,@ the t-tt

xo)^X (^',

,

[yç7ap7ç q Lt

t) T( (Lt,t^,t) t5 any snæth dnrt 0n M , tiyn lbe rtssigrvrrunt
. ? I ^t nL.,nn ),n.a-
? *, ftrl, dere,wn¤s

pgyrjyyfta W$Cr $¤,CI rri clerwteC ry #, Tt ts snuh by

?næ 7.3, Mru)Y tfs fcrrtynrcnt ,{ruts Ct{e ûÉ/-anfs
In f)urtrular, the porù'nûfe. vufcr *e,tds hrn & smcctt

lMil 4ravne (&) 4or T4 , (ûtec u bcrfunafe lvurte . rVofe

tlyt aûery rrt (fl [,( is io the dlnan 11 sLtch (( tcte] 44t/,v

p) -ttv Eulw vectcr 4A ff) fRo ) see fSlJE3
(,',t;f rj ,(r'ri-.lfyti)!C", l i,lii r.:tfi iu:rl{ l,.ifflf {trA iiï {:.;:: , {--!)J? , f*: )

lYl essanf,td prcpry d v¤cfcr lide 6 that ttV &ârv-
cyarUlus 0n fu Eûce d Snætt ret l-vu,lud l"ncfs fl Xe
êXM) t)ûô le (*ûn ,u,,hte (J çL'l is ûW , w0 tybWn (/ rur,\/

hnL X4 L( + t9., CeliruC ry Dt+ (Xll(ù,= Xr4 (rX rnt on-
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lus tæ notaûææ lX ûrt X4 : he ,fumar ts û smæfri
vacTcr $aA 0n U cbfuruc ry nulnfliy x ry 4, klrule lhe

lutfu b he reul-valueé lrvr 0n U obrarvC by appyrry lhe

v&fx /1æ X rc tLe srnath lnct ( ) Sirce. ttv acûst tl
(/ furynt trecfx u1 (t lrxt ls &fern rT4 by lha ualm C
he. l{yt in 0n arbifranly snatl nû/hlnrheÙ (ff1n Z e) , it
lollcws h(,rt Xl 15 l**r/ r^¤r¤r 'xt neC Tn partattar, /or ûny

Wm subpt V c(t ,we hlue *41,{ = f UW}
Trus Anstruct,tcn yrCAs arvtrer use&ll smæhnæs cnferiorl

lor v&r$ *rere Gæ atn k'g>" 6 13 lr amttur cne)

TpOp l. s (SWnex ffiTsnsç lor re(cr Aetds) ' /et l-4 tu e
gvùh nn{d and let X , /4 -> TM M ct yuflh" vectcr traa
Tl a e :

(a) X s srvtæ*t

@ rf e C*&Û ' Xl M -R tt snæt|
(Ô vUs[4 qw vlefttl X(,(J-rlR ts Snæ#t
PKffiT
fu) => b) ' GNQ,n pn M , taLe t çwh rrvrt (u, {r,17 l0{ l,/
iafifawnî P Ftr X eLl We na/ unfe

xt(x) = (r'r)kl_) t = xi(x) #ro
Since. tTu r^trnpwrt lrytt
?ecv +3,it ltilcws ftrlt
Çs382tu)

XL û1 X Cte snntb *) U by
Xl t'> çwh on u ,wa. bfiduce by

b) :> k) ' iix u crtt ,JW and le c"kA . t-û( lny peu, let v fu- @



(1 snætt? burnp 4rrt ttyt i: equt fo -L in û naqhbatnr' cÉ

? urt aryrted rn U Lve PfCp 2 JLi) , ûN Ulrrv" T = ty{ ,exun-

CeC fc fu zuro 0n M ,. WV. Ttvn Xî is sns6, ry 45{Ltrr1f)-

tl p by tM rhs-

&b)
ûn , aû t> oqu(d fo X/ n û
(ussrn on ? n) ),rE 6nclub. b/
(d + b), Tl (xù a(e srw#) lcca,l @dyv(tæ 0n LtçM,l|vr)
We Un tlunt" d eqn a$drate. XL A'> û smffih Nnct ffi iJ ,

AnC ùre hçue
axi/axj 

=Ji;
X (xt) = X.t

0 XL
0xt

tûuch '5 sn\tcth ry usstnptcn We ronduV ry Wop 7 3

Aru ufiPqûence C ?gæ 7 5 t5 ttYÉ a srûh vecfcr-

Itao X.E{M M$rvs û na?

C^û't) n f(t4 , 4 *, X4 ,

t^t\u& ts tlZ - ltoear (tnC 5{ttÆ{1

4or {ecrc( ûi,e}ds ;

XUil= {Xg + txl
kvcU. tht'> ii,Jto1tl.e',,\ , ln otho,,r- w,xds , tl'us rnnp iS t( ttltvu -
ûn û1 C*$'()

-M. next ycyn#ton fiû^6 rut denuatcrs É nPÛ &n fu
twntt*cl tutrt Snactb veftcr AeAs (a* thus we scnetne: uæ

tru SQyne tetre{ #a bth he stwtls ,ccfcr â'-b (trq,qhi iJ tt:
t i1:yt,? M -rTirù tM lhe {tb{}vattln Cl f {/,1)) .

(xi) )

es he lo(Cung prcttct wte
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W,Let M be a Snffi) nn{4 A no? D,C*û1)-'(*(N)

rs û Mnvûlû't r/4 iL ls N he $xrn D4 -X{ Na nftv-

X eY(ul
?r<tnr
'a' . tle Jrtst- gnwed (ttrae tiwt any smæth recfu hAa
tnù.tcas a danvaûcn û4 C*{p(}
// :> '' /oL y*M und Pnsrc7t fu wrP

Xp , C"k'û -, R. , + t-> (D{) Q)
Since D 6 f7.-liryoç, Xp rs aln [Llirwrr, ut strve D is a
funvatrcn ) wg. rvtle

Xp($) = aUflQ
= ltpt Dtg)tp) r f,tflû#)(p\
= lQt xpt + flQ) 

yp+

lbnce,Xp is t M.nuaf,,on dÊ. pep( ,tC,Xfrçl4,tnletfUn
tflus tt wtt/1 vetu {rOæ X , pl -> nL4 , p u Xr, , fuft stue
X4 =D{ is Snæth lor woy/ /eC*&t), X is ûcfuall/ sndtt
ry TKOP 7 S ., ûnô L{a. ûre ûcrv. r
Uhlizny ?Rof 7 G , w¤ rlow introùtce ûn inTnryunt hlûy rt

ûcmbt:ar{ tvta Smootrt v&rcr ltet*s fc obfan anttæ snæ#1

v((tcr aa'
Let l.( Je t{ smæth m'nld *rd let X,Ye y{û 6,pn /,

e C*(/4) , we &n ilplv X fc ( fc rj,ttatn X / , C*fu) kee ?r<oi>

75) anô we ffi{t ncw ûWy y fc X1 rc olfatn y(XL) e ((u) The
@



cPLrclfitr)

ttu Mlcw

exnrtUE 7.7 . (orn|Mr- {M v¤cfcn ,ûals

1 p yxl , l!':agh , r1¤*t tvt rrtC,sly produtf

, ûr-tô lhw Cftnnot M (/ t¤(,r,cr .$Aa {pe \f?g) Vb) ,as

n/ otrtrnPle Jaltr
t0

d âX CN ry

g (^,y) = y

Y=Xtx
ond tfu snnfri {ncrs

l(r,yl = \
ofi RL We tw,ytfe

nnd

XYQ7) =X(r,#) = x|"J 7#-ex, t
{xvg * g XY{ = xXU#ï ,"'y X(ffi'

tc XY is not t ænvuûon tl C irY')

\,,Je {{m utn (lvty W tane fuvc vtfflr ilde tn ftv W-
îtT¤ ffCA{ , obfûtruty û (uwûy Cltaent) srnph /nct /X4 ,

dyyiy Mh flvse ffrufcrs tc / e C*(ril rrod subtracï-tyl,

we rrtfun cn q)1rufftr

Ix,YJ , C*(/4) -' (fu) , { *' XY/ - YXl,

ful,ted trc te traC1ei d X tnd Y We uttlll wr stw ftu(t

fx,fl s (( ôanraûa d c,0.0, tM hence fx,yJ exle] û/

Wor 7- 6

P-llreantt7 lX,vJ Ql+ag) = ft[x,r]( + b [X,Y]f
@uot,s l*, tbc- r{-munny ol x (rnd Y) u

Tnù,ct" wte Lx,Yl ($) = xYq) - YXU7) =

=t # =X,
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= X ((Yg * g/I) v (txf *gxa)

+ (XY/ + lyY| + ftxY(J=[xI

,-V

(tnô

l\lxi + |YXfl r W 
x{ +g Yxll

= +(xvX yxfl +fr (xyt-yxû
= ([x,flfl + f,[x,vT(

l,rf a lnrrv'fnc ioterisrefatpn û4 ttv he braket, se(.

[ue, ê r q'he Mrtvaûtes' J
^, br bastc Vrcperhæ sl the (ie brafut, Pa fSU cnd

ESLZEL

Tl Sc/4 ts (/n mrnerseC ff ernfudCd çujrnnld , û vafç
$Atd X 0t1 l''( does n,lt 1g(ess7vrly resfnCt fc û. ve1t,r $eld

0n S , Wrtuts. Xp n T/4 nûy rnt lre r{7 ttv fubspre $ S e
ç T{,/,1 at a Vt pn S (;tven û pt pns , û vecfcr^ haa x w
Pl is sud fc be ta tcSat ir xr,, Tps ç ÇM,

to 5 i4 it is furynt fc 5 ot &U pfs çl 5

The (cllcr,utnr. res,lt 6 tn in,rwC*fe ffiw/u,T* d TtsP'

çL+
,Wo? r g_, lat pl be t( smeÛt nnld., S cil Je an emfuCted

-

subrnnl!,oû Y e Xû-{) Fhe) y lis taryant to 5 t/4 (Xillr=O
lor avav 4e c*fu) çt. tls = O
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let Pl ba (1 snnth mnld Tr r I cK ->/4 tt ct snæt{rt

tuwe,Wn l0{' uun fuJ tu valoaty træty ;( (t) is 0n aewL
od T6$t M l,,te Mynbe rwxt a ù&/ fc work Ja&warcls 'flu,ffi
a tangont vecw at eûh pt,we sek û ûlwe vlryre vdca(y

ert g,th ft /s qu(tJ tc #v f4\,m u¤cfcr tlve
.Dç"f +q,/ft /4 M û srwnth nn{d arl let V be û vecrtr

NrAA on M,An ctlr<e & V ls t( ù#erenttube (uwe

y-.î ->/11 whcv- uacaty ($ e(uh frt 6 quûJ fc tW. ualue

û{ Y ut tIYtL *
l'(t) =Vryft) ,rteY

Tl CeI ,f,,en y6eM b alleC he-

cLw6 d vecror $el& btl= htn tc
C )DEs tn û smæffi dlurL : fu1spou tlYà

6 :->M t'> c srwth fuwe m a st'ntfr)

Ll ctr( trJe (tn wnt'e f in lccal tccrdwtes
y'ftt =1{6(y ItJt f tc

FinCrry

t*V a sysfetn

{ a XM cnô #vt
tal,ttw+e fimQ,tn
()s àlil = [yL(il, ,lr(t)) Tnm tM tcrfltron
fu an ,Wo,t &twe ol V ûn u. wfrayt

trttt, *t =T'|tt) ?- 
Dxi llttt àx;

ttv {tiiw,rV ûtufcrwrLas

fr(il =1f'(ù'' (il,. . ,ln ftù

d

I
II
Ilom )

sysen fl o}e

@
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Wv funCawnful 1M xfu,rt stch systexrn is ftv bl(uty
eqttfervQ ) urvtque,rws Ari srrtûllnds thrn

'TUU , kL { U -> Rn fu- û smæth væfor-valuaô ûxt,,
l,,here U çï?' ts oW bn>i Car tu int1al value yc,btao

irù)=VlyL(û,,/'ft)),Lr[sn &)
yi(t"\=6t , L:t<rL (L)

tor abîfrury t" ettl ctnd ( = (c', . ,, (') n l7L
fu) Exisfencc Fû{ any t" ¤ [? and x. e u, frvre çxisfs 0n

t?on tnf¤yvu( I a t" (ul tû W gbret Xo ê U, c {.( st
lor &frh cn(.to ttvre i* 0( Cr map y' I +U trtat dues
(L)-u

(ù ttn/lquefrcsl An/ twc ùllerentchte nluflcrt to b - A)
Celtneê 0n tnfervaJs {ûnT(il[vt{ï. f; a/ree 0n har ommtrL
hnun

(d 5nætnru55 kI T" ûû u, k ûs tn (d, urt cansiw lfv
na? A T" x L(o -> U , (t,x)*, yft) ,uh7re y,I +U is
the uru/ue solutrcn fc Ol wfri inibtal @nùttst y(r,j = X
-(Mn 0 ts Srncafrt ,

An oc6y rcr)ieqI
?not r. Lo , Lot

(rcrce. d tlr,rs hrn l: ffe retult

wlô M Fu sucn pt
srrwh cLuye tr,Crn)
sraûtry ûI petV

V fu (/ srrwh vecfor^ {iaa an rl snæ{l-t

?nM , fTvre e*sb t>C and u (r*rpn)
+ P{ ttrtt ts Ctn in@al LJwe d V
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'ExAuPtÇ" 7 lI , kt U,y) fu. tre. ;rurùrrd csvC.trwfæ 0n R2

1) brriAr V- &"X(R') The rnt-erp'til 0,/N6 C T o@

preutuy he" srrafrnt

lnotnzatrorn C tiv.

{irvs parc{tet rr tt'E x -éutb, wh Wra-
ftorn Nt) = fu +t , b) lor nnsfrnts o,be tR

.-2. 4.

\\tut, M.rc ts (t unrque rnfuTra) ûtve

sTurttry at eutt ft d tu f,are, ûû:

tfv trÂc,ges c,/- d4laratt ,rbft'"l aYua

Ara, afur i&ntrcdt or Ùsptint -/tl:/129 bn'>tyrr

&rves tl w

a
N
Pp

_\

Lrl = -/
we

u r ? e xÛô To Mfervuirv tMry
ceed ûs ltlbt,ts (tae P q+) 

'

y(t) = lV'ttt , y'tu) yftl = Wt,n :)
7,(t) = - ryrft)

lrtti * frrc)

^J>

nU) +n (t) =O

l,&, = QCost -bsint
fr&l = (rltnt + hcost (= - 5(tt)

lx Onslurtts 0 , bel7, , 
"lnug, eÛch Cuwe Û( tl'v. hrrrt

:)

ilfl = (aon-Jsrnt ,crstint + bcrxt) , teR
b cn ntefûl ct#ve C- w . WM ho)=

=(c,o), tius is ttt ffis-tcnL arve. Vhl=b,ci,
otrvwg,rt S cL CuCe. ûrwuæC dækwiy.
Sirxe. yb)= b,b) , we see aguo #at twe
t3 a uruque rntqrd (uwe tfortry ol 

,e.


