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SL'Let M fu û srnccth rm14 An ernbe&tC s.l5lrcMJ -

loô o{ t'4 is c( sb*rt. Sçt4 rut t3 & W nnlô irt /tÊ
s, 4tuæ rcVoloyy , endctrel wth û syvwh sfructfure w,r t tllt ich

'tbe 1s6lL.t5tcy1 rnap 5 c.M ts û Stnæ#:

Tl S fi ûn ernfu&4 gtbrvrnilold d [4 , thah he C//e-
Y(n,(e ùn M - CtmS lû (.UleC fug_@n ,

nnll /4 ts calrel tte ûm\ient rul,ntfcUurtl the anfw*ntr

lu5
(ffv ctrVl st Ô rs an enfuCct! slbmnlà d 0n/ dtn)

,7Ko?. 5"2 @ s.bvwru{ous)' lot M be d waih nnlC TLÉ

gtbwnldE 0{ bùn C in /4 ffe exuctty h€ W
Ittiir.rrt*Ct

Pgccr . î1 (JcM ls un W ebrnn# (cx t,Eï) , fhê),t t@"

have rlroaày seen llrwt Lj is t sffwth nn/d d dnU=dmM/

arû thut ùe ircl,rr$ nu? l: Li -, /4 lt ct S^nh
Ex tt Lt{z)) ,çc Ll :M rc c/n entudcbd subnnld d (ùn 0

bnvur.ty, Iet tlct( M Cn crnfuCcbC fubynnlC tL (ùn
[hpn ttu in)uçicn L, Ll .u*{ ris cl srywth ew]bee{r/,(-trl lhin
u (aril ùNlecncrplusm bl fS6 ES(b ) ,;it',(e drnçl -/rr,n/,t , fC it
i', An W W? by ÇSGf4k) Tlpys(ore, U ts an qW SutuL

d[{ '
@



ture W

W@g* ul antace,rryu c6 çubnanifolds) ,kt F'/1/-,r'4

fu- a srnæth &n aû st 5,= F(/û wifu ttv {uw@

ûnd rt hus cl unt{ue snæh sfwc -tq ,S F ct q, 'mn

unl
thut

it infc an mfu&vc s./,hx)n/d d /4 aln #te

r is (/ glfiecnprplusrn ontc i.ts tmee
U

?K1JF T{ ble m,@ s lhe gbiL@ T& lfTlt it rnlvrifs

4ron l'4 , ttv,r) fu asturnïjtton ltyù F is ûn lrvttS

ilTrt F en k brÉi&reC 6 a lpynec 4ffi M n'nfc S,urt
thus S is tL q nn{d We nc\^/ yre S ct sMh slruftire

by talunç ke. srncch chdrts tc fu" tltæ tl ftÊ Ayw

(rtul , ;'F-') , wlvre fu,q) ts a snocth dxtrt lcr N, nofe

frtt tM Srr\,Eth orn;nf.tbltty d flus- charfs lUta,s #otn tle

lnæh tuttyutrartrty il fhe. rcwrynùny harls {cr /v. Wifl't

tus smtth stvurfure ffi S , tha mc,p F is û r-

VLusrn arTb tb tny fusenû^tt/ ry cln),Qrf tus ls ob-

viûusty frt" cny Sr\\ffi sfrtrctitre Mlh /14/5 lycpM/ F,rcntly,

lhe induSicn na? / ; 5 c> y'y' t5 eEu&l fc flÉ (mpcsite7

û+ a ùlkowvytusrn lanwn by cl srncctrt tn
r-l

S r-- -N F rH,,
So it r> a snoctl-'t ernfuuly b/ CS6 - Çtb)(iiil

D

t

Stnce wey emtædbC *r!nn/d is tM t\YTW d û swpth
bune/ its a,m lnrlu;pn naù TPt.Ç3 slws ltLt)

enwcdy
enbûful abnnlôs qre eacf,y lhe lwry d gn h

@



W S!(CruyXs (rs Ebvwnrloæ)' kt t\4 fu & st'nuin tn*rn$,

lat A/ b€. rt Snnh n -vttn{4 , lat (l c M .b tn cfpn aM.,
rlnd tet ( L( -> /v fu. û" srn, th trup \Iw flv foph o1 l,

f(il'= {tr,yl e M xtv I xcU,y=lrxtl , il

is an emfodel n-ùrt g)btnnl1 û1 /4 x M d#eoncrpluc'tc u

?RNF (Wqrtt Çx J.3 (t) art Cx j gti)) bnsr&,r fhe rv)p

fN J -' l'4x/v , x *> (x,lu)
Tt ls a Snccth rnûp whae iwge /s rH Sioce ftv pvc-

J€CÛCI TrM MxN -2 1\ SAtSûeS n,,.t " h hl = TCu{û = / /o,

xe (J , he (wcs[tût o (nr]çr,roù " c(fir rt tha tewty tl
Ttl lor euh xeLL 7hus, C+r) ls in)efrve ,1c tf rt (t

snnth irnynarsiOn ît 5 u,tn c( heyvc onfc ifs iwry , sincg

n, lrtg is ({ inverre /a, it hus, rHi js on ernfuC-

Mô Sub'nnlC C k(xtv ù{fecmorpLuc to tJ b/ ?for>- 53 r

Tn puf,radur, i( [4 lno /V ûre snæth rnn#i,lfun ltr
aûch q(// ttv 5(/M M x {F! , (Med (( sltce. ol ti:ê

mnlC, rs un 6twle.ê subvnnlC d /4xt/ C tc /'(

bl Km t 4 ctt ÇSsESb)

An enfuCël sjmn(l S cM is suC fo be anful

lod t{ tlv tnrhusim S c-'M ts a yqr w}ap k wfi M

sl"onn in ESEELb) that an ernlre&eô fubrnnld S cr./ ls
Droyo,rly e:læëteC i{l S B tl cæC, tubù d lLl

anury rwpuct MtKdCeC srbynnlô t5 prcVwly anlud&d, @



stnce Corrtpacl subs{wes tl Huutbr{/ eu6 ctr€ closec .

Wr s5
(a) Gum ûn W
S{inil sltce t{ Ll

suFwt çt c K' ard ku{c,...,n j , (t L -d-tren-

(0, sffipty (t t-sïca) ls ûry çubst d tte
lan

J= { (nt,, ,,xL, xbt, . ,x")e U. I xr.L = cLnr,..- , xn = r^J

lu scftv. rprcfunfs cL"t, .. , c' e K k/ten ïci'cn tc k Jero)

(ww k=crfrvn s=fpti=u,tilule LMn L=h,lfun S=(/
iqwttrtvs rt rs bnventmt t'e Onsrcbr slicas Celrned ry seffiyl

t1t{v su?*t (i ttu ûx2ylrryfe:, a(tw frwn ttv iat' c{vs cgal
b te)sfunts ) rvofe tlut eve'y L-ske /s hcnecncrythtc tc tn
W sj:*t {A pk

@ bt 14 fu a sffit nnld art tet {u,r4 tu û stffi1
chart lor M I{ 5 is {/ :ubel d {J st g(sS is û L-lrre
c{ q(eû ç Kn , frw t,^/e sry ttxrt 5 rs c{ L*sltce d {/

G,ron û gJb%:t s = k{ ond k erM , ,,/a gy that s fatrEltes

he lurLl b ^d ice onilAfti il each tr û{ 5 ts ccntanC tn

the cÛrytn (i a srwth clart (u,ry) /cr /4 st SoU is t
sim{4 k-slrce ln Ll Any 9,tch ctlÉ rs ctille4 c slice tart b,4

S in M , (tnô frv catæWV cocrdtrafa (x', ., Xo) qre cattëd

9rce cærÙrUtæ

'-Ul't 5.6 UqfiJ sllce" rnfe.nicr) /or enWC suJynaw.loldd ' foL

Lùrcrsisut(
@

yt be a snwth n-nnl4 Tl 5 ts ûn enkêel



submnld o4 M,tun
fuvarCy, tl S cP{ rs

Sit;c(" @ùttffi, tfvn tu{h

t( ùn k , (tr! tt Ws

Ldn Cr^nfoêùd trÛnnld

5 sat*4æ lJv. fua( L-slre rcrdtcn
a ybp.t rhat yttsûa ffv {xcd L-

tle stbsyce. q ,

u Swæth sftnecfure

nl ,i-lvT I t,

S istqutn{d
w|irct rt tnfc û

(/

" -- " Since. frz incJusan rncp [ : S -, H /s in partralor a

Srnmth inwrsricyt, by the runL fhaorwt we in{ar \ft,t, Ior (/ny

?nS tlpre crce swoftt *arts (tt,,/) Ior 5 0nô N,q 4ar /14)

Mh C\nfereC at 'p,in l,tucn ttr inclttstcn ruP tlu (l -'Y txÔ

ha @rC'rufa. yepreynfaf-tcn (rt, .- ,xL) t-> (x' , . , X|, c, . . .,O) NoxJ,

Cfir*- C < t.. )^ so trut 'L1t) U M T orlfan ræv&ncÉe

blls U," ç tJ ctnd V, 
= 
V f,t rctdus t>c tentueC at ? Tt

iljtws flut Lt" i LIL(") ls ewctty t tnclle s{ice ln \l; (r'i::li

t'N [ùJ,i( :Ift.t r(/y'i]ittrt) Stnfe S ckl has lhe SubsTluCa" q,
(,nô Srnre (/" is 7wn to 5, tlÊ{e is (tn ryn gJtryet Wç*{ s t
l)o = l,tn 5 fett trtl V, * vrl nV" , \'P ùfun () snræfh CYtrL

(U, Vfu) ta('t'4 @)funnr) ? St U n5 = LLoV = (Jo,b'lluch

15 a Sûç1le- 162 d- V (c{ t','{o rs c( Siryts 9rc d U)
U

//<=,, l,,litlo flu- Subsyuce- tqt , S ts rcusW# anC çeOû -(un-

ue tnhenfed by {i,tbsSwcas T ç t
consfruct on a(Jos (nn lda(t d tke

, xo) arc S{rce @OrCtnc(fes 4r S

', . ,xL ) ûs iact l r yfun(lfos 4'v 5)

fun\e., M(use bch yWfuet
S 6 laalhl Eudtdeun , we

brctwrticn t"i ttvrt É (x',

lnr M, fr,on \^Q &ft u9 U
@
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Vlet T('En -, llk be rh€ yx4ecticn afo ffie. hst L-r,wd-,-
wres kt (:ltt O1 M û slrcc rkrtrt i)r S n L{ ,and Caflne

V,= UoS, tr =(*,rl)ûf) ,V'= fl,Vlu.y ->t gy dln d lre
ctwrfs, q(9 is ttv infersertln C qbt) wth (( erfwn Lslrce-

AçRn &hrvC ry sffiru/ xtt+L = (L,L ,. . , xn : cn , art tfus r4fu)

is W tn A Çince. nlï tt -, rPk tts a ûllecncrJ>lusm, tt

lr:tla,,,s fhat \i r; W t'{) rTk, /lor@W, V is c( Ipnæ,bewe.

il lvs a ant lfivêae f,nffi by E-' . ik , ulMre J t?n -, En 6

JQt, ..,xl) = (nt,.,, xL, c|rr,..., c"),

Thw,S is û h? b-nnic,at tw tndusûn W L S'FI 6

ûecrly a fq embeCCng

We ww (fuck that- the churfs esffrrcteC (Jfuve ()re smcohly

Wttbte. lpi (tt,,l) and (t/', g,) ba fi4fr sltce. charft br s to M

rinô @t (v,ry) uft tr,V,) tx the rcweinnùrc7 ctvrrts {,r( S fM
transitt,cn rup [s yvm by V' " ,(r, = lt.V,, A-L"J ,t,,tfuach ts

înanh as û ranymite cl (wr fi31p, mup,LWe,fka ailas Lue

lavê rælvuctd rs ûûu#ty ct îutÛh trtlas ke ?ç,ct u't p 7),crû
tt Mûnes fl smuth stwcfue 0n s rn tarns c c(

lN /4 cnd tht turrewÛril , {wtrt iv,q) lor 5,
c( cærô re.{)y ûl ttv /am' (*', ,.,xt) +, (x', .. , xL, (û,
A smotth lunneusiCn, AnC we a@ dw. W ftv We{iû6

L

yl@ clwrt fu,r1)

S -ry'l lwS

, x'l çc it /s

@



rVot-tce- hût .fhe bcal stice ccrdtt,n læ $ =/u( 6 cr cqtr'-
ûn m tue sthset S cnly ) rt not y{es_{)pe cuy frr-
tlaùar^ fqûl,/y 0r snæh1 sTrutru(e ûz 5 . Accord,y rc {s8F6,

fho. çrvwfn rnnl4 str',.rfure oreliucfed in luU t 6 is lM

Vruque W in v{lurrt 3 (ûn fu" onerfurei! #J dt Subnnld,

h û Subæt *tAsfuiruL rhe lxcç{ sl ce cexltust is cr} and-
Col ybmnlc t;n crly 'onz wot/

D;r SrL let Q ,14 
-> tv be t rnup T1 ce /t/ , tfvn Q'Tc) b

cctled Ct tevel set 4 9. (n rhe s?7aû.1 rct.re M= Fk arl
Gc , hé la,ve,t yt t 'b) tt usla^tty ralld tl*-Zge-*t d g)

Asyrne ncw that ë is (r sMh mûp A Vt ?nN ls c./l,!d

U dar cp it dtp'-lpM - TW,N tis sJt7€cttve ) uhar'

luse , Wa d.ty rfui ? lç t critlcal Pt c4 t A É ce/V is

(utle! t re/dar value d 0 il uoy frt tl #e b,vd set

Q-'ft) 6 t regdur" PL ; Othuntse, we ry lhat c /s a Cn/'/tcL(

rûue d Q (rn ynrûcuJau' , 11 Q"0) = t , ten c i'" c( regulcrr

yalua ) îrnct(ly , e iavol set 0'b) /s cuL,led ct r leud vt
tI c 6 c( regular vrilue c4 O
,TfU j.g, l,QJ A M -,N fu c( smooth W
1) Tl ùm4l < Crn M , tlvn uuy pt d /4 rs a cnfical pl

ca
2) rwry ytt ûl N ts reflot)ur i{/ D is a sffi) sbnerscn

c1 A & ftt oW s,tb-3) By LÇt4 t/.3 , the set cl reg,ular pts

sd tt M {ut trûy U emctY) @



hnaCu tfv three smcch hcfs

0 RQ-, E , (x,/ (-> x2-y 
,

A [t' n R , (v,y) t-> xt^Y' ,

V , fP2 n l? , (u,y) t-) x'- yt

/JlttvtXh ke rurc set 0'b) d O is cn anbecMC stbtrtnb

{ll" RL , it tArl{ fu *un it1 [SSE3b) azd E5/E4(c) lhat

n€rtfu,r tlv z€rc st Q-'tû) É P rrcr tlÉ z€r,o sd V'lc)

d q s ûn embe#cc *rbrnn&c d |pz . Herve, it r> latrly

#/sy tc ûnd leuet sets d 5w.*) fufs hat ere nct srnovh

submnlÙ Tn lad, u,rtha,t /urfrw ûssum ffi lha Srrcûh /rc(,

ttÊ Sltwtrcn 6 afuit 16 bae ûs H-tJd M irvyt@ : û(oft

Cry fc Ti+t 2 16, evey 0t6€ô tubset d [4 ur'] re aprased
a

as tv z&o et (i û Srwth rûn-nagatrre real-ucluad frct

W(auront-yanL leud set ffvcrsn),ut Q,M->M be a

tmocth ma? tl rsnfant rank r fado louel vt d û /s (,t

prcy,rly entuôfuô tuhnn# rl @Cm r in pl .

tn Vurilu)ar, d t is a snæth fi.tfunersicn , hat aah ble]

set o1 A u a prryL emreùbc s,tbmntd û1 /'4 d cùn
f=CmN

set fy),= ùnM , p=cm/v aM L = rn -r. hct ce lv ad
set J '= Q"b) By ttv yanv tlvorerrt , /o( euch pns {twe ûre

tunfh clwrts {r,d enterec ai p ûM (v,,/) ertrec cÉ (=
=Qqù t0 y,lyvicb 0 lvs ct tacrtnate reprcs{tfcrûs't d fre hrrL

@



Q(xt, . , x', /'r', , x*) = iÀ', .-, xn, (), ... , O) ,

aM hace SnU . ç'b) n 0t ts #e 5lrce

xrp! x') e {,i lxt =X'=C}{fu I

X ) J"')

-WraloY€, S rttr#fes Û,e

jt ts cm enrcdfuc 't-tbmnlC

tlruô tn M h/ tatûinaty

'ry EsEÇIM

bA 5"n (felular leve( st theaen) ' [vffi/ yêaular ieve.t Cv/t
6t a snnt?t map betv,eo{t s,ndh nnlôs tis t Vrcpe,r{y 

orn -

Mdfud tubrnnld hhæ r&n tt e{{Ætl /'c ttv trn 0/ fre
cqbnun.

?f, F-,, lot Q 't4 -,/V ba û srnmth ru,p ûrd {et cerV k
ct reqdur vufue o{ O gy Lt{ ç.3 , tne ætf

Lt = {ytnU I ,k (aQ,S=dn/vl cM

ts Wn tn 14 , aû onfwns ë-'b) by as;unpilcn T\xls,

01, L/ -rN rs a Snffii subrr)ersort ) I Q-'k) ts tn em41-

CzA scd:nn/d a4 U b/ TUU 5.q Tt ldlor^ts t\).u -fnn ?tæ

5 Q ard BîÇLbi(iil fLwt

Q-'L) (-2 L( c-, y'4

t'> u snæth All , so 8-'{c} ts on ernlwlfuc srhnnld

Gc P{qa/ an,reC.rW by ÇstrJ6) iY

irctl t, = n -r) ^ sl rê ronCûcn , sc

rl dn k b/ l-r-+u 5 6 It 6
tl Q , sc ri ts prryrly etnWcQd

il

u!, M , Ûnô it ts clc

.f>t
'g

roytttnwq



Not U) embeCbd tubrnnlCs (tn lt axpres'xd ûs laet Lts
d Srnæfu ubwersions lLa,nevê{ t rhe t)ext prqmitn shc,,ls frût
uoy emAMeô suturtnld n ,*i leÉ luet/ d tlus brn

WC 5 JJ . kr 5 t€ a tursd d a srntc#t m-nnld /4
Then S t;s 0n antæCfud L-ubrnnb rl f4 i{4 ury lrt
a+ 5 has a naghkyfud U to M çt UnS is a love)

sd" cl û, st@t t:narsmq

E'BE4 u
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