(H.5 - SUBMANIFOLDS)

VEF SL:let M be a smooth mdd. An embeddad submon -
fod of M s a suset SeM Bt B P, Innid in the
ubspice @oloyl/ L ondowed  with a0 gngoth studine wirt. Which
e indusion mep SeM s g smooth embecBing.

L S 1B (n embecdted bvamifold o M then e ditte-
lence dmM -cinS o ated e adiménsion of S in M,
ind the  (onfed mn% mnid M i lled e ombient oot
fr s

(The avpty <t & 5 an amdeddad  wbmndd o oy am.)

Prov. 5.2 (bpn aomupifolds ) - Jet M ke a mooth mndd. The
embecdded Womnids o odim O in M wre oudly the gpen
Ubmndds .
PLOOF - T UM 15 an opn Lbmndd  (EX.1.8(2) then e
hove wheady seen tred U s o smaoth imndd of - dim U=dim
ind that the Tndusion mep L UesM 5 4 gnagth W%C@?%
(Ex.242),0 UM is an embadd smpdd o odim O,
lonversely, et UM be an anbeddec wiomnéd ed odim O
hon tre indusion |- U<=M 5 ¢ smooth anlectiy , ond Hus
a -load d(ffé@%@?’pmﬁm by ESGESD)  srce dimli=cimM | 0 jt
Soan opn mup by ESGEH(O . Thetefore, U 5 an gpen Subact
o M. o




Tror 5.3 (T neges A amsecdirys as Libmanifolds) - Jot F:N-M
he a smooth @’Y)bédd('y amd et S=FN). With the subspace
p. | S | a fop Inid, ond it has a unigue Smooth shuc-
e mwry it oinfo on ombecred sudmid ot M with the
poperty that £ 15 & difeomophism anfo. 115 /m%c

RO T we give S Pe sispue top thad it infenfs
fom M, then the ossumption that F s an ambedding e
pat F an & (nsicoed s - homéo Hom NV oonto S ond
thus S is a Top ndd e now gie S o smath shudne
b\/ fa/a'm% he smooth charts to ke thoe o He fom
(F/u), 0-F™) whare (Ug) s a Smooth chart Hor M, nofe
fat the smooth mpatibility o these charfs follows fom the
Simooth - omptioility " e (oyre‘s(wn&r% thars Hor M. With
s smaoth shudure on S, the mup F is G ari#eomor-
prism Oonto o imcye ( essenticdly &y ) and #his s Ob-
iusly e only swaoth  stucte  with s property. Firdly,
e induson map ;S <M B aqual fo e @vpositor
o« CiHeomovprusy Jollowed & y a Smaah cmedj/%

g F* = / \/ e M
so it s a smaoth émﬁe‘,wg by [56 -EL(i). -
Since oy emxdwed subvntd 15 e /'mcgz o a wooth
Cniecding (numely (s own- indusion map) | TROP. 53 shaws At
embedoed  subpndds  are muges oL I, ‘
b mn oacly e imuge ol gmooth ambectiys o




Prov S Y ((Mm/ (5 Lmidole)  let M be a smaoth m-mnds,
ot / 5¢ a smaoth n-mndd | jet UM ke an gren sbset,
ond et £ U—=N b o smooth ep. Then The. grph o £

[17):= {(X,y)éMx/\// xeld, y=4x],
s an embadded m-dim ubmndd ol MxN ditteomorpicto U

PRooF - (Tecat! £x. 1.3(1) and Ex. 18(0) (onsider the mup
fy U — MxN, X = (X, 400).
It is a smooth mep whose image i T1F) Sine e po-
Jecwon T, Mxi—M  sutistes Tl g (3 = Id, 00 = x Aor
¢ n 7 i AOAE
xell, the composition  d(n,), )a ) ). 15 the lentity o
(M r eah xell Thus, d) s injeaive 5o gy I
Smooth immersion . It 15 also o homeo onto  its ey, since
Tuly s 0 Ontivas inverse o it Thus, T 5 an anbec-
ot qgomndd o MxINV O ditfeomophic o U Yy TROP. 55 e

In putiacty, iF M oond Mo gnacth mpAes, then A
ach gel  te st Mxfgl wlled ¢ sice o e pocud
mndd  is on émbedded subpmdd o Mx d’f%@@/mrp/m o M
by TRop. oY and ES3E3(Y).

M anledrd gbmntd  S<M s sadd fo be poperly anded-
ded H the indusn S e>M 5 @ poper map. It will ke
dhowt in LSBELL) tat an embedded bmnid SeM /s
noperly - emoedaed iS5 B ou doed qbset o M. onequenty
Owry compuct ambecded ubndd is - propexly ambeced @




S (ompuct subspaces o Hauscbr#t spaces are dosad

DEF 55
(@) Given an gan subset U< and  kefo,. n| q W
sonal_slice of U or smply a b-slice) s ary subset o e
form |

S:gf[x{,,.}xé )t et | ek xno o]

o some wnstonts <4 e R (don fuken 1 e 20)
(When k=0, fen S = fptl =t/ uhile when t=n ten S=U
sometines it s (onvenignt o (Orsicer Slices detined J 5@(&%
e sueset o the wodinates ofter pen the lost ones auad
1 (nstunts.) Mote that ey Lslice (s homeoporphic o an
jon suset o RX
() Let M 52 o smaath modd and let () ke a smooth
thart dor M. IL S (S 0 sulset o U st 2(S) 5 a ke
A oglu) <R then we sy tt S s a b-sdiee A U
Guon o sbset S<=M gpd kel e sy that S sutishes
e loced k-dice oncition it each ptool S 5 onfunad in
the domuin  of a smooth  dort (L) for M st SoU & «
sifgfe k-siice in U Aoy seh chart is adlad a slice dhart for
S in M, ind the (W&Wry odirates  (xt. x?) Gre catied
dlice coordinutes.
THM 5.6 o slice cnterion for embeddad sudmenidoids) : Jot

M be a smoth n-mnid T S s an ambeddzd  E-dimensiyd
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ubmntd oA M then S suteties e locad  E-slice ondition.
(nersely, i£ S<M 5 a ubset that utisties tre load k-
slice (ondition, then with the S’ESP&/@ op S 5 G ﬁq) N
ol dm k ord it hos a smooth structure Py it inty «
F-dim ombedded  bmntd ot M.

POOF -

‘=7 Sine e induson mep LS <=M s I partiador
Smooth immersion, by the runk thaorem e inder ot Hor any
peS thee ae smoath durts (L) dor S ond (Vi) dor M,
hoth Cém‘é)’éd at p I whieh the indusion mep L, U=V e
,,,,, xt) —> (_x{,_”; X6 0 . ,,O\);/*%/D»\/}
(hoose O< £<<_L O tut hoth U and Vo onfain eoxdinare
hlls el ond bV i udius 50 (oferad at ;7 /f
Jolows that L/OE’A(U S wafy ¢ single sl in Vo (using
e dove ol cexviptionz) . Sice S <M /f)as e subspace fop
ind since  Us s om n S, there s an gen bt WerM st
U,=Wns. .?é?z‘w? Vo= Wa'lb we ofin o smooth chart

(0 wh) Jox M oening p st VinS = (haYe = Ue i
5 gmc&/(a sice o Vi (o5 U, 5« Single dice o &),

rer . With the wbspae 1., S 1 Hiuscor and - s20nd -(@un -
e, becuwse both properties e inhenfed by USpaces . rst
S k& O(a{ Euclidean = we construct an - atlers . (/ he idea o ﬁﬂc
otruction = et i X xY are slice woordinofes #r S
n M, then W an use (x- xt) o5 laa woidnafes Hor

@5‘/



let TR —R* be e pojation oo te Hst koo
uizs. let (Uy) e a slice dut Hor S in M and debine
V=Uns, V= (770@,}(1[) , W= Tlyly, oV —V By afn A slice
tharts, ¢(V) s the infersacion of @) with 4 Gerfuin Esice
ASR® (ohred ly serting xbi-ckt, o XM=ct ond frus ¢lU)
s opn n A Since Ty A — RS ;5 oa ditfeomophism, it
Mlows that V5 qen 0 25, Morower, Y s a homeo, becws
i1 ks O Ont. Inverse 77;'5’4/‘7 by gt J'(\;, wharé J: RE— 1"

(X" E) (X Xt, C‘Z’”,....,) C”‘),

s, S is @ fop kmmfd Cand the indusion mop ¢S <=M s
decrly o top embecting. |

We now check thot the churts  asfiucted dbove ore smootly
omputidle . Lot (U@) and (' y) e two Slice chars 4or S i M
e et (V) and () e the (uﬂ/@flﬁﬁd/ﬂ% charts Hor S 7he
fensition map s gl by @l w? = gl ¢*tey, nuch s
mooth as 4 Omposite ¢f o svaoth maps. Honee, the aties 1ve
we ostucted is actuadly a swarh abas (see Bou on p.F),and
it defines a smoth stuctue on S 7 tems o a shice chot (L)
e Moond fhe omesonding et (V) for S, 1S <A has

a wod repr. ol the Aom (¢ ] = (x4 xb x50 it s
0 smath immersion, and we are cdore. by #e pevios taoronh . G))




Notice that the loccd slice  ondition fr S 5 & andi-
ton o the sset S only s it does not prespose any por-
tiador fopdogy or smaoth Siudtue o s Adording fo FS8E6,
e smooth mndd stnature. onstuected in THY S6 is 12
nigue ore in wWich S @n e onsiderad as a submndd,
o subset sutistying the loced  slee cndition s an anbed
ac bmntd i orly “one woy.

DEF SF let &M =N be a mp £ celd, then 370 is
aled « levd set ol B (I the paid we N=PF ad
=0, e lael set PO 15 usuelly wlled e Zero set A B)
fssume row ot @ s« smoath mep. A pt peM is adx
a fguor pt ot & i G M =Ty, N 5 gijective s der-

wise, we sy that po s a citiead ptocd & A ptoceN s
et régwar vlie ot & i eery pt A the el set
07(c) 5 « f@g&dar pL othermse, we say that ¢ s o witicat
wue ot O (I purticddar, # D70 =, then C 15 a requkor
ldlwe.) Fipadly, o lewe) set 97) 5 culled u yegular level 2t
it ¢ B oa o yve of 3

QM 5.8 Lot @M —N bz a smooth mep.
1) L OmM < dimM, then every pt o M s a mticad pz‘

o &
9) Gery pt ot M s ragudor K9 is a swth wbmersion.

DBy LM 43, the set ok rggulor pts o ik an open wb-




(onsider the thvee Jma?f‘ ncts

O R*— ‘S (W/) —> x2~y ,

@ P? R (W) 1._>)<2-y2)

Y-R* =R, (vy)— x2-y3
Al though the 7210 set 940 of O I an andeddad Lbimnid
of RE it will be shown in E£S8E3(L) and  ESTEAC) that
neitrer the za0 et B0 o B ror te zewo set ¢TI0
d Y s embeded submndd of B2 Heree, it is iéw/‘/
sy to And el sefs of Smooth #xefs that are ot smaoh
submndd. In Juct, without - Juther assumptions on e groath et
e sitwation 15 0T e bud as @ud Lo mugined : 0dor
d’ry to (M 916, every dosed subset of M wn le expresd
as e zeo st ot a smooth non -nejutive.  recd-iued 274

Tum 5.9 (Onstunt -ank level set tedem) - fet B -M—N b a
smaoth map ¢ fonsfunt k. r. Each level st o & 15 «
wP@yly emeddad  ubmid o codm r oin M-

In paticdar, O 5 a smaoth submerson. ten awh ol
et of O L oo poperly emiedbd semndd o M A odn
r=dmmn.

PROOF « Set m=dinM  n=dimA/ and  F=m-r. Tick cerl and
et $=970 By the wnk teoem | Jor auwh peS o are
smooth durts (Ug) enfered af p oond (Vi) entaed at =

=00 i weh O s a coodivate rpresentetin o me fm
2




S0 xm L xm) = (%0, ., 0)

;o / 200

ad hence Soll = 87 (0OnU 15 #e Slice

A

{(Xi X{ Xﬂd Xm:} :{//( iXL:'_,,:?,Xy:?O},
Therefore, S stisties tre ol (e=m-r)-sice @ndition so
it (s an embeded suonndd A dim F b / WY 56 T &

doee in M 2y (ontinuity & & o it is propery embedded
by ESSELL). :

(oe. 510 ( Rejuar level set theoem) - Eery equlor level set
¢l oo smooth mp  between smooth  mndds s ¢ property em-
bedced  bmmdd whose cdim s aped o te dim o te

(ccomain..

ProE Lot ©-M—N be o smooth mep  and et cens e
( ré/c/war wlue of & By LEM 53, the set

U={peM | k(dB)=dimm ]} <t
5 open in M, and ntwins  d7(c) by assumption Ths,
d|, U—N s u smoth suomersion, 0 &) s an embec-

ad submndd L U by Th4 57Tt follows now Hom Peor
59 ard  ESGLL(0Mi) that

‘D'(C s (f < M
5 ¢ Smooth  ambecd g o Pl s emdeddad Submndd
A M oand it B aoscc‘ (s0 poperly embedcad by ESSEN () Jy

(oontinty. g



Not all embected  submnids - b expressad as el wrs
A smath somersions. However, the  next popositon shaws that
bty ambeded sumndd = at et locally A his o

Peop. S UL - let S be a qbsct o a smooth m-wnid M.
en S s an embedded  k-sibvmn#dS o M it every pt
ot S hes u h@(gnﬁmmd U n M st Uns s a level
st b a smooth Lbmersion

JROOF - EsgeH




