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Differential Geometry II - Smooth Manifolds
Winter Term 2023/2024

Lecturer: Dr. N. Tsakanikas
Assistant: L. E. Rosler

Exercise Sheet 3 — Solutions

Exercise 1: Let M and N be smooth manifolds and let F': M — N be a map. Show
that F' is smooth if and only if either of the following conditions is satisfied:

(a) For every p € M there exist smooth charts (U, ¢) containing p and (V%) containing
F(p) such that UNF~1(V) is open in M and the composite map 1o Fop™! is smooth
from o(UNF~1(V)) to (V).

(b) F is continuous and there exist smooth atlases {(Ua, o)} and {(Vj,13)} for M and
N, respectively, such that for each o and 3, 15 0 F o ' is a smooth map from

a(Ua NF1(V5)) to vs(V).
Solution:
(a) We prove the two directions:

(=) Suppose F' is smooth and let p € M. Then there exist smooth charts (U, ¢)
containing p and (V,) containing F(p) such that F(U) C V and such that
Yo Fop!issmooth from p(U) to (V). Then UNF~(V) = U, and thus the
charts (U, ¢) and (V1)) satisfy the conditions specified in (a).

(<) Assume that (a) holds and let p € M. Let (U, ) resp. (V,4) be the charts
given by (a). Then, if we put U' := U N F~ (V) and ¢’ := p|y, we infer that
(U',¢') is a smooth chart containing p such that F(U’) C V and such that
Yo Fol(p) ™ (U) — ¥(V) is smooth.

(b) We prove the two directions:

(=) Suppose that F'is smooth. By Proposition 2.4 it is continuous. Now, let (U, ¢),
respectively (V)4), be any smooth chart of M, respectively N. We would like
to show that the map F = ¢ o F o ¢! is smooth from (U N F1V)) to
(V). If UN F~1(V) is empty, then there is nothing to prove. Otherwise, let
p € UN F7Y(V) be arbitrary. By smoothness of F', there exist charts (W, n)



containing p and (Z,0) containing F'(p) such that F(W) C Z and such that
0o Fon~tis smooth from n(W) to #(Z). In particular, we have

ﬁ:wo(ﬁflo@)oFo(nflon)ogpfl:(1/10971)0(90}7’07)*1)o(nogpfl)

on the open neighborhood (U N W N F~1(V)) containing »(p). As this is
a composition of smooth functions between open subsets of Euclidean spaces,
it follows that the function F' is smooth in a neighborhood of ¢(p). As p €
U N F~1(V) was arbitrary, we conclude that F is smooth. Hence the maximal
smooth atlases of M and N satisfy (b).

(<) Let p € M, let (U, pa) be a chart containing p and let (Vz,13) be a chart
containing F(p). By hypothesis, 5 0 F o ¢! is smooth from ¢, (U, N F~(V3))
to ¥p(Vs). As p € M was arbitrary and since F' is continuous, we infer that (a)
is satisfied, and thus F is smooth.

Exercise 2: Let M and N be smooth manifolds and let F': M — N be a map. Prove
the following assertions:

(a) If every point p € M has a neighborhood U such that F|y is smooth, then F is
smooth.

(b) If F' is smooth, then its restriction to every open subset of M is smooth.

Solution: Recall that any open subset @f M is considered as an open submanifold of
M, endowed with the smooth structure Ay determined by the smooth atlas

Ay = {(W,0) | (W,0) is a smooth chart for M such that W C U},

(a) Let p € M. By hypothesis there exists an open neighborhood U of p in M such
that F|y is smooth. By definition of smoothness, there are smooth charts (W, 0) € Ay
containing p and (V,v) containing F(p) such that F|y(W) C V and ¢ o (F|y) o 07! is
smooth from §(WW) to (V). But then (W, 6) is also a smooth chart for M containing p
(with W C U) and F(W) = F|y(W) C V. Since we also have

boFob™ =yo(Fly)os

on O(W), we conclude that the former is smooth. As p € M was arbitrary, we infer that
F' is smooth.

(b) Let U be an open subset of M and let p € U. By smoothness of F' there exist smooth
charts (W, 8) for M containing p and (V) for N containing F'(p) such that F(W) C V
and such that ¢ o F o 7! is smooth from 6(W) to ¥ (V). Now, set W' := W N U and
0 = Olwnu. Then (W' 0) is a smooth chart for U containing p, and we also have
Fly(W') C F(W) CV and

Yo (Fly)o(0)™ = (o F oty

Hence, v o (F|y) o (6)~! is smooth from 6'(W') to ¢(V). As p € U was arbitrary, we
conclude that F|y is smooth.



Exercise 3: Let M, N and P be smooth manifolds. Prove the following assertions:

(a) If F: M — N is a smooth map, then the coordinate representation of F with respect
to every pair of smooth charts for M and N is smooth.

(b) If ¢: M — N is a constant map, then ¢ is smooth.

)
(c¢) The identity map Idy : M — M is smooth.
(d) If U € M is an open submanifold, then the inclusion map ¢: U < M is smooth.
)

(e) If F: M — N and G: N — P are smooth maps, then the composite Go F': M — P
is also smooth.

Solution:

(a) Fix p € M. Since F is smooth, there exist smooth charts (U, ) containing p and (V)
containing F(p) such that F(U) C V and ¢ o F oo ': o(U) — (V) is smooth. Pick
smooth charts (U’, ¢’) containing p and (V’, ') containing F'(p). Then VNV’ is an open
neighborhood of F(p) in N, and since F is continuous by Proposition 2.4, F~1(V NV’) is
an open neighborhood of p in M, and thus so is U” .= UNU' N F~Y(V NV’). Consider
now the coordinate representation of F with respect to the smooth charts (U’,¢’) and
(V' ¢") with domain of definition ¢'(U"”) and observe that

YoFo(¢) =10 ov)oFo(plop)o(y)
= @0y o(poFop o (po()).

Thus, 1’ o F o (¢’)~! is smooth on its domain of definition as a composition of smooth
maps between open subsets of Euclidean spaces; indeed, ¥ o F' o ¢~! is smooth and both
Y otp™t and ¢ o (¢')7! are diffeomorphisms. This proves the claim.

(b) Since c is constant, there exists a point ¢ € N such that c¢(xz) = ¢ for all x € M.
Fix p € M, pick smooth charts (U, ¢) containing p and (V1)) containing ¢ = ¢(p), and
observe that {¢q} = ¢(U) C V. Since the composite map ¥ oco o~ ': p(U) — (V) is
clearly a constant map (with value 1¢(q)) between open subsets of Euclidean spaces, it is
certainly smooth. Therefore, the given constant map ¢ is smooth.

(¢) The identity map Idy : M — M of M has an identity map between open subsets of
Euclidean spaces as a coordinate representation, so it is smooth.

(d) Fix p € U € M. Recall that a smooth chart for U containing p is simply a smooth
chart (V) for M such that p € V C U, and clearly it holds that «(V') = V. Since the
coordinate representation of ¢ with respect to such a smooth chart is the identity map
Idyvy: ¥(V) = ¥(V), we deduce that ¢: U < M is smooth.

(e) Fix p € M. Since G is smooth, there exist smooth charts (V) containing F'(p) and
(W, 0) containing G(F(p)) = (G o F)(p) such that G(V) C W and the composite map
GoGorp~t: (V) — O(W) is smooth. Since F' is continuous by Proposition 2.4, F~1(V)
is an open neighborhood of p in M, and thus there exists a smooth chart (U, ¢) for M
such that p € U € F~1(V). By (a), the composite map 1 o F o o~ t: p(U) — (V) is
smooth, and we also have (G o F')(U) C G(V) C W. Now, observe that

fo(GoF)op ! = (QoGolp_l)o(z/;oFogp_l):cp(U)—)H(W)
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is smooth as a composition of smooth maps between open subsets of Euclidean spaces.
Hence, the composite map G o F': M — P is smooth.

Exercise 4: Let My,..., My be smooth manifolds. For each i € {1,... k}, let

k
T ]‘_[]\4]—>]\4Z

j=1
be the projection onto the i-th factor.

(a) Show that each m; is smooth.

(b) Let N be a smooth manifold. Show that a map F': N — H?:l M; is smooth if and
only if each of the component maps F; := m; o F': N — M; is smooth.

Solution:

(a) Let p = (p1,...,pk) € My X ... X My, =0 M and 1 < i < k be arbitrary. Let
(U;, ;) be a smooth chart containing i. By the construction in FEzercise 5, Sheet 2,
the smooth structure of M is generated by products of charts of the individual factors.
Hence, if for j # i we take some chart (Uj, ¢;) of p; in M; and write U = Uy x ... x Uy,
resp. ® = @1 X ... X @, we obtain that (U, ) is a chart of p in M. Note then that
7;(U) C U;, and thus the coordinate representation 7; = ¢; o m; 0 =1 of m; is a map from
©1(Ur) X ... x or(Ug) to ¢;(U;). Furthermore, it is straightforward to see that for all
(v1, ..., 0K) € 1(Uy) X ... X pr(Ug) CR™ (where n :=nq + - -+ 4+ ny), we have

mi(v;) = piomo 90_1(711; Ce V) =4,

and thus 7; is the projection to the i-th factor ¢1(Uy) x -+ X ¢r(Uy) — ¢i(U;). In
particular, it is smooth. As p € M was arbitrary, we conclude that the definition of
smoothness is satisfied by 7;; in other words, 7; it is smooth, as claimed.

(b) Suppose first that F' — H§:1 M; is smooth. Pick 1 <17 < k. By (a) we know that ;
is smooth, and by Ezercise 3(e) we know that a composition of smooth maps is smooth.
Hence, F; = m; o F' is smooth.

Suppose now that each of the component maps F; = m; o F' is smooth. Let ¢ € N
and set F(q) = (p1,...,pk), so that p; = F;(q). By hypothesis, for every 1 < i < k
there exist smooth charts (V;,1;) for N containing ¢ and (U;, ;) for M; containing p;
such that F;(V;) C U; and such that ¢; o Fj o4, is smooth from ;(V;) to ¢;(U;). Set
V =ViNn...NV, and observe that this is an open neighborhood of ¢. Now, fix any
1 <i <k and set ¢ = 9;|y. Note that F;(V) C U, for all 1 < j <k, so by Ezercise 3(a)
we obtain that ¢; o F; o ¢! is smooth from (V) to ¢,;(U;) for all j. Moreover, we have

In summary, (V,1) is a smooth chart for N containing ¢ and (U X ... X U, 1 X ... X @)
is a smooth chart for M; x ... x Mj containing F(¢q) such that F'(V) C Uy x ... x Uy,
and the coordinate representation

(o1 X ...x@p)oF o™ =(proFoYp™)x...x (proFroyp™)

is smooth from ¥(V') to ¢1(Ur) X ... X ¢x(Uy), because all of its components are smooth.
As g € N was arbitrary, we conclude that F' is smooth.
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Exercise 5: Let M be a smooth manifold of dimension n > 1. Show that the vector
space C*°(M) is infinite-dimensional.

[Hint: Show that if fi,..., fi are elements of C°°(M) with non-empty disjoint supports,
then they are linearly independent.|

Solution: Assume first that there is a countable collection F of smooth functions on
M with non-empty disjoint supports. Pick an integer £ > 1. We will show that any k
elements f1,..., fr € F are linearly independent. To this end, write

MFi+ o A =0 (1)

for some \; € R. For each i € {1,...,k}, pick x € supp(f;) and note that f;(x) # 0,
whereas f;(x) = 0 for every j € {1,...,k} \ {i} by assumption. Thus, by evaluating (1)
at the chosen point z, we obtain \;f;(x) = 0, which implies A\; = 0. This shows that
fi,--., fx € F are linearly independent, as claimed.

We will now show that there exists a countable collection of smooth functions on M
with non-empty disjoint supports, which in turn implies that the R-vector space C*°(M)
is infinite-dimensional, as desired. Fix a point p € M and consider a smooth coordinate
chart (U, ) containing p. In view of Ezercise 1, Sheet 1 and by further shrinking U, we
may assume that U is a smooth coordinate cube, i.e., o(U) = (0,1) x ... x (0,1) C R™
For each integer ¢ > 1, consider the open subset

1
i+14

Bi::(O,l)x...x(O,l)x< )Q(p(U)

and pick any non-empty closed subset A; of B;. Since ¢: U — ¢(U) is a homeomorphism,
by Proposition 2.14 for every i > 1 there exists a smooth bump function f; € C*°(M) for
¢ (A;) supported in ¢~ *(B;). Since B; N B; = () whenever i # j, we also have

supp(fi) Nsupp(f;) =0 for i # j.

Therefore, the family (f;)3°, is a countable collection of smooth functions on M with
non-empty disjoint supports. This completes the proof of the above assertion.

Exercise 6: Let A and B be disjoint closed subsets of a smooth manifold M. Show
that there exists f € C*°(M) such that 0 < f(z) < 1 for all x € M, f~%0) = A and

£71(1) = B.

Solution: By Theorem 2.16 there exist non-negative smooth functions f4 and fg on M
such that

fi1(0)=A and f5'(0)=B. (2)
Consider now the function

fa(z)
fa(x) + f5(x)
and observe that it is well-defined (that is, fa(z) + fs(x) # 0 for all z € M) due to (2)

and since AN B = (). Moreover, f is smooth as a quotient of smooth functions, and it
satisfies

fTM—-R, z—

0< f(x) <1 forallxe M,

>



since f4 and fp are non-negative. Finally, it follows from (2) that
f(0)=A and f'(1)=B.

Hence, f € C*°(M) has the desired properties.



