
NCAA lectures

( et X -

- An
,

n z o ) be a Markov chain with state spaces

and transition matrix P
.

Theorem ( without proof )

Assume X is irreducible
.

Then X is positive - recurrent iff it admits a stationary
distribution T ; in this case

,
it is Unique .

Ergodic theorem

Assume X is ergodic ( i.e
.

bred
.

, open .

& positive - recurrent )

Then X admits a unique hunting & stationary distribution IT
.



Tools for the proof :

1. Total variation distance between two distributions

Def: Let
µ

& u be two distributions on the same

state space S ( ie
.

o Eph ; Visa
, th - = Es Vi = 1)

The total variation. distance between pr & u is :

Up - V Utv =

Saps
I µ CA ) - VA ) I

pi AKITA Mi

Properties :

{
v CA) = Env .

.

O E H M - V Mtv E I

is i
FA CS ser

peu MA have disjoint support ( µ (A) =L I'

v CA ) = o
)



. triangle inequality : U pi - it Uw E U µ - V Aru t N V - it ht u

. H M - V Utu = I IM.  - Vil

2
. Carp hug between two distributions

Def:
Let µ ,

u be two distributions on S
.

A coupling
between or & u is a pair of random variables( x

,
Y )

with a joint distribution on SXS such that

P ( X -

- i ) = Mi ties & P ( Kj ) = if . YES

Rink Far a given pair (m ,
u )

,

there are multiple couplings !



Example .

S - { o
,

I } Moth =L Vo = Ve - I

a) Choose X
,

Y independently with P ( Xii
, 1-j ) = I kiss '

ES

b) Choose X
,

7 such that D ( X -7=0 ) =P ( x -7=1 ) =L

In this case
,

4=7
.

c) Choose X
,

7 such that P(X=o ,
't e) =P ( Xii

,
7- o ) =L

Proposition
For

everycoupling ( X
,

Y) of pi & u
,

we have :

HM - V Utu EP( x # 7 )
P



Proof
Let A be any subset of S i

pl CA ) =P ( x EA ) = PCXEA
,

7 E A) t PCXEA
,

YEA
' )

V CA ) =P ( YEA ) = PCXEA
,

YEA ) x PCXEAC ,
TEA )

pi (A) - VIA ) =P ( XEA
,

YEA
' ) - PCXE A

'

,
YEA )

E P ( XEA
,

YE Ac ) E P ( Xt Y )
VCA ) - MIA ) = PCXEAC

,
TEA ) - P ( X EA

,
> EAC )

E PCXEAC
,

YEA ) s Plate )

So FACS
, INCA ) - HA ) l E D ( X # Y )

So UM - v 4- u
=

SEE 1pA ) - VA ) I s P ( Xt Y )
#



Couplingof Markov chairs

( et X
,

Y be two Marka chairs defined on the same

state spaces and with the same transition matrix P
,

but with initial distributions T
G'

=p and a-
" 2- V

,
respectively .

The distributions of these two chairs are given by :

P ( xn -

- i ) = (m . P
" )

.

. P(Yn=i ) = ( v .
P

" )
,

.  ies

Coupling of X and 7 ( one possibility ) :

Let ( Zn - ( x
,

Ya )
,

n z o ) be the process a the state

space 5×5 defined as :

. P ( Zo - Ci
,

k ) ) = pi - the i
,

KES



. Xie evolve independently ( according to P ) as long

as tent Yn ( " statistical coupling
" )

. As soon as he Yn
,

then the two processes coalesce

i.e
.

Xm = Ym kn Zn
,

and they evolve together

according to P
.

( u

grand earplug " )

Y
v.

nwhivm.vnindep . IX-tni.mx?tY-
couple

n

Def:

Toupee
= Ihf { not : teh ) coupling time



Lemma : A pep
"

- V P
"

Ntv E P ( Temple > n )
-

-

dust
. often dish of 4

Proof : . pep
"

,
up

"

are both distributions on S

. I = ( X
,

Yu ) is a coupling of these two distributions

. by the proposition above :

Npp
"

- V P
"

Utu I P ( 4th ) =P Couple > n )
s

I #
because of air

choice of coupling !



Proof of the ergodic theorem

+
stat

.
dist

.

Reminder : to be proven : it is a hunting distribution
,

ie
.

HT "
, kiss T

.

.

"
=Ti ties

#
( when1st -

- too )
Actually

,
we will

prove the

slightly.  strange
statement :

tht "
, hung U IT

" '
- TH

tu
= o

-

= Iz est (UT
"

- Til

Let X be the chain with trans
.

matrix P & int
.

dist
.

TO )

Y be the chair u a & suit
.

dis t
.

T



Then

Ti
"

- Plxei ) = @co ?P
" )

.
.

Pff = i ) = @F)
,

.  
= it .

So by the lemma :

A T
" '

- T Um = U @"F ) -@P7Uwtopbe.u , !

I Panth ) =P ( tuple > n ) %
This is equivalent to proving that P( templeCees ) =L :

Indeed : P ( Temple Ceos ) = 1 -
P ( Eeapk = too )

= t - PC Ecurie > n3 ) = a -t.FI?fEa.r.k??!So Pl Temple Lto ) - t Iff uh! PC temple > n ) = o
#

P



Let ⇐= ( f.
,

Ya )
,

nzo ) be the coupled chain

before
coalescence ( only statistical coupling )

.

Step I : Z is positive - recurrent

. Z is a

Markov
chain on the state space 5×5

withtransitionprobabilities :

PC Zhen = Cj,
e) I Zn - Ci

,
k ) ) = Pij . Pice ( Mdgs . )

. Z is irreducible :

A it is not only because X
,

Y are irreducible !Ctr
:

,

Z :C go ) → G. a) → Co,
o ) -

- - .



Fact: If a chain X is irreducible and

open .o.d.IE ,
then

{ Hi
, j ES

,
F Nci

, j ) ze st
. pijln ) so k > N Ci

,

j
)

.
-

- - - - - - -

Comes from : if gcd Ca
,

b) =L
,

then { natmb ;n
,
man }( contains { N

,
Net

,
Nt 2

,
. . . } for same NZ l

)
Thus

, forZ
,

we have :

Flight
, Cj ,

e ) ESXS
,

F N ( ik
, je ) -

- max ( nligj )
,

Nagel )

such that PC Zifje ) I Zo - ( ik ) ) = pijkl.pkehthznlik.ie)
To To

So Z is irreducible
.

and aperiodic .



. Z admits a stationary distribution :

Ii.IE
ti

,
kes

Ties Tik (Pij ' Pree) = Ihs Ti Pij # 5k Pre = Fine

= T
ie

. By the first theorem
,

Z is positive - recurrent
.

✓

Step 2 : P ( Icap le c tool Zo -

- ( jl ))=L
this les

Z is positive - recurrent means : P ( T.ch, ceos I E- C ik ))=L Hikes

Tae ,
= if { use : Zu -

- C ik ) )

This impliesthat P ( T.ca , cos I ZEC je )) = I Vik , jiles



Indeed : P ( Tah ,
=  too I Zo - Cik ) ) = o ( ⇒ pos - rec

. )
#

-
- .

Z P ( Tin ,
# as

,
2=1 je ) I Zo = Cik)) caff

.

denn

Pik
, jets > o

= P(Tan ,
- eoslzelje )

,
2=44 ) - pin

,
jeh )

- to
= t.PCIEE-7.IE?ieD.hwetia-n-og-eieiz

So PC Ten ,
=  too I Zo = C je ) ) = o Vij , bees

.

Now
,

consider ik : P (Iii, CeosI Zo = Cje ))=L VI.jfes
=

As Icaple ETC , .is
K' ES

,
this implies that

P ( Temple t.to/Zo=Cj,e))=1tf;leS
#


