Solutions to Graded Homework 2 (HW6)
(CS-526 Learning Theory

Problem 1. Gradient Descent for Positive Semi-definite Matrices

1. Use the spectral decomposition B = Z?Zl /\juju]T and since B is positive definite all

A; > 0 (and we can take eigenvectors with real components). Then

F(X) =Y NTrX upu] X =) A Tr(X ) (X )"

j=1 j=1
= (X)) (X Tuy) =Y N X Tugl* > 0
j=1 j=1

since A\; > 0 for all j.

2. We find

f(s) =2TrXTBX + 2TrY'BY — Tt XT"BY — TrYTBX
=2Tr(X - Y)'B(X -Y)>0

Thus f is convex. Since f(s) = f((1 —s).0+ s.1) we have f(s) < (1 —s)f(0) +sf(1).
This inequality reads

F((sX + (1 - 8)Y) < sF(X) + (1 - s)F(Y)

3. The gradient of F(X) is the matrix
Vi F(X) = BX

This can be computed using components (%F (X). Since F' is convex it is above its
¥
tangent and this shows (see class)

F(Y)-F(X)>(VxF(X),Y = X) = Te(BX)"(Y — X)

Note the last result can also be found working with components.

The function is not Lipschitz because the gradient BX is not bounded (locally it is
Lipschitz but we did not talk about this in class).

4. For L the gradient is VL(X) = BX + AX — A. The gradient descent algorithm is as
follows: initialize with X; and fort =1,--- ,7T do

Xt+1 = Xt — n(BXt + AXt - A)
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Summing over t = 1,--- ,T we get

1
(X = X0) = =n((B+ 4) th

Since we assume ||X;|| < M uniformly in ¢, we can use || Xi|| < M and || Xr4|| < M
to get

”_ZXt (B+A) 1A||<—||(B+A) il

Problem 2. Gradient Descent

Let S™' = UTA7'U with U an orthogonal matrix, and A = Diag (A;---\g). With z =
T ST, @t, we have

F@) — F @) < T (F () — £ () convexity
<%Z<Vf (ZB) ' —x > convexity

Now, from the backward equation we have:

o =gt —pUT AUV (1)
= Uz = Uzt — A~ UV ()

(U2, = (Uat), - %(Uw)k(;@t)



From which we get

)\max d £\ 2 n a
< 5op 2 (U =)+ 5 — E oV |’

JU (@ =) |+ g IV AP

where we used that ' = 0 and ||z*||*> < R? (by assumption) in the last inequality.

Set
2 )\rnax>\rninR2

n 2T

Then, we find:

/\maxR2p\/T V AmaxAminR 02

J@) = f(@") < 5

AmaxAmin BT’ VT 2Amin
= G PR P 2R

Amin 2v/T Amin 20T

Amax ﬁ

B >\min \/T

Problem 6. (adapted from 14.3, Understanding Machine Learning)

1. We have min|w<|w+| f(W) < f(w*) < 0 because Vi € [m] : y;(W*,x;) > 1. Suppose
there exists w satisfying both ||w| < ||[w*|| and f(w) < 0. Then w can be slightly
modify to obtain a vector w such that |W| < ||w*||, while still having f(Ww) < 0. It con-
tradicts w*’s definition, hence minjw<|w=| f(W) > 0. It proves minjw|<jw=| f(w) = 0.

2. If f(w) < 1 then Vi € [m] : y;(W*,x;) > 0, i.e., w separates the examples.

3. For all i € [m] the gradient of f; : w — 1 — y;(w,x;) is —y;x;. Applying Claim 14.6,
we get that a subgradient of f at w is given by —y;«x;» where ¢* € arg maxl-e[m}{l —

4. The algorithm is inialized with w(!) = 0. At each iteration, if f(w®) > 1 then it
chooses i* € arg minie[m]{yi<w(t),xi>} and updates w1 = w®) 4+ ny.x;.. Otherwise,
if f(w®) < 1, w® separates all the examples and we stop. To analyze the speed of
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convergence of the subgradient algorithm, first notice that (w*, w+1) — (w* w®) =
Ny (W*, x;+) > 1. Therefore, after performing T iterations, we have

T
<W*,W(T+1)> _ <W*,W(T+1)> _ <W*,W(1)> _ Z(W*,W(t+1)> o (W*,W(t)> > 77T- (1)
t=1

Besides, [w(t+D 2 = [[wl9 2 & 7292 [ + 20w, ;) < [[wl02 + 72 R%. The last
inequality follows from ||x;|| < R and y;(w®,x;) < 0 (we update only if f(w®) > 1).
Then

lw T < pRVT . (2)
Combining Cauchy-Schwarz inequality, (1) and (2), we obtain

* (T+1) /
> w7 VT (3)
[wTH||lw*|| = R[jw*|]

The subgradient algorithm must stop in less than R?||w*||? iterations. We see that n
does not affect the speed of convergence.

. The algorithm is almost identical to the Batch Perceptron algorithm with two modifica-
tions. First, the Batch Perceptron updates with any example for which y;(w®, x;) <0,
while the current algorithm chooses the example for which y;(w®, x;) is minimal. Sec-
ond, the current algorithm employs the parameter . However, the only difference with
the case nn = 1 is that it scales w® by 7.



