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Et Gvexfw-

D-li-ia.ES .

A set s is convex if fa all ±
, z ES

then for all be [ o, i) : d ± + C- d) z c- S

Not Convex



②

Definition2.com#funhar .

Cet f- i S → IR
,
S au open Convex set

.

We soy that f is convex if for all E
, Its

and all Jf [ o
,
i ] .

f- C) ✗ + 4-d) y ) ≤ 7 f-(± ) + (1-1) flig )

fichue fa S = v2 a S = Ja
,
h [

Ë¥
""""""

•qÊ#_f( J ✗ + 4-d) y )

d ✗ + 4-b) Y

The chad is ahou the function .



③

ACtunah-nechanectuisah-anafacavexfuneh.ae

Lenny : Cet 5 am eren convex set and

leet f : s → IR .

Then f is Convex if

it 2- c- S there exist I such that

f- (± ) ≥ f- Cz ) + CI
,
± - ± )

,
✗ es

tangent line at p :

i y = f-HD + f
'

E) (x- z)

"

.¥÷ÏÏ¥"f- (x) ≥ f- (7) + f47) (x-z)

i
- e

f- (x) - f- (z) ≥ FEZ) ( x- x)
I

If f is différentiable this intuition can be made

migrons and I = ? fcz ) .
Gradient et 2- .



⑤

tmall.lemma.fi
× Z E S

.
Assume I I St it ×, Yes

f- (± ) ≥ fct ) + CI , E- ± >

f- (1) ≥ f- C+ ) + < I
, I - ± )

Then it d c- [ o, i ) imultiplyfinstyn bg ) and
second equalia by i -S

,
and finaly sum them i

If (± ) + c- d) f- (y ) ≥ flz ) + CI , Jxtc -1)y - 7)

Now set 2- = ] ✗ 1- (1-1)y .
We get i

d f (E) + c-1) ff1 ) ≥ f ( J ✗ +c-d) y )

which meneurs that f is Convex ☒

Renault : i- the preef I de rends on t alz . eventually

we Cheon 2- = dx + (i -11} .



⑤

canvnrelemma-iletf.rs → IR and

assure it is Convex
.

Then given any 2- c- S

there exist I such that fa all ✗ c- S

f- (x) ≥ fcz ) t CI ,# ± ) ) .

If f is différentiable et 2-
,
then I is

unique ( for this 2- ) and I = If ( t ) .

Remonte : When f is not différentiable et ±
-

I Shill exists as long as fiscaux , however it

is mon - unique -

1 All Slope between

I I the left and right÷È;÷÷ÊÏ dernier tirer Cam foire

as Iard we have

f ( x ) ≥ f (7) + vcx - 2- ) .



⑥

This leads res to the definition :

Definitioni3.subgnadicnt-A-yfzhetfullf.lkthe condition
f- (± ) ≥ f- ( ± ) + <Iz , ± -2=7

is collect a sub gradient . The set of all such

Is is cachot the diffeuntielnet-aweden.li

this by Iz E Of (Z ) .

-

notation for differentiel at

when f is différentiable at Z we have

0f41 = { IFCZ) } .



⑦

Examrlu.TL . """" ""

ÏÏË¥÷
. .

LE
0f = {

{ ◦ S of ✗ < ◦

{+ IS if ✗ > o

[0,1] of ✗ = 0 [-1,1-1] ✗= 0

Example 2 :( important and classico l )
.

-

91 , - . _ , g. µ Convex différentiable functions . g,

Cet g (⇒ = max Sitt)
l'=\ - - - r

IThengcz-iisaconvexfunch.at/Proef:gjare différentiable and Convex so :

-

gcx> = mcxgicx > ≥ gj (x ) ≥ gj (7)A- § .CH,±
-±)

i

Now fake j = argmex fi ( Z ) . Thus Jj (7) = g. (Z)
i

-a gcx ) ≥ g # + ( Igg (⇒ , ☒-7)
-

Nj with j'
= aymeri Silz)

Not unite -



⑥

PtoofofcamuWmai_diffemhàbCcaIe
We assume f is eaux .

Then

f- ( d ✗ + 4-d) y ) ≤ dfcx ) t c-d)fly )

⇒ f (x ) ≥ ç# ( dx + c-My ) - (1-1) f4,]

fcx) ≥ fcy) + f- [fcd ✗ +4-179) - ft))

K de [est ] .

=D f47 ≥ f4 ) + lim f(Y+dc×Y)-f_d→ ot

if f is différentiable the limit is ( B-fly) , ±≥ )

(by definition of gradient a by Teyla expansion , _ . . . )

Then I, = Pfeg) . B



⑨

The Lipshitz condition meriden a strong fam of

Continuity . When combined with eanvexitz nice

preperhih emerge .

Definition .

f-lipshibfundi-fe.se
- Lipshitz if it I , L E S au open net

we have

If( ± ) - fcz ) / ≤ e Il ≥ -111 .

Lemma
-

Cet S au open Convex set and

f : S → IR a connex function .

F is C - Lipschitz if and alz if fa all 2- c- S

and Iz E Of ( t) we have I/ Vztl ≤ f .

For différentiable f in particuler ☒fc -23h ≤ f.



④

Pzt
first direction : assume HVZK ≤ C .

Nurun

since f is Convex and vais e sub gradient me

here

fcx ) ≥ fct ) t < Vz , ✗- 2- )

⇒ f- ( t) - f- ( x ) ≤ < va ,
7- × )

≤ Il Vzllllz -✗ Il b} Candy
- Schwery .

≤ p
Il 2- - ✗ It

by exchanjinj 2- & × : fcx) - f-⇔ ≤ f Il ×-2-11 .

Thus | f1 ×) -fcz > | ≤ fllx - 2- It and f- is

e- Lipshitz .

CEGLIE : assume f is C - Lipshitz .

Then H ×
,
tes / fcx) - fit > | ≤ C Kx- + Il

Take ✗ = Z t E ¥
, Vzfdfcz)

hvz " ( Recall fiscaux sa

5-hsradiets exist )



④

'

By canvexity y f :

f- ( ± ) ≥ f- ( ± ) t < ¥ , ± - ± )

f '± ) - fcz ) ≥ < vz ,
CE >
"Nzt

-

EHNZ "

By e - Lipshitzmen f4 ) -f47 ≤ CHI- 2=4

Thus e 11E -2=11 ≥ Cutz "

c-

-7 IINZ Il ≤ f .

•



④

Gradient Descent .

-

GD is a way to
"

week " efficiente> through

S is discute time steps in adn to reach

minimum of f in S
.

GD algorithme .

Lets a- o open carex ut and
-

f Convex f-et f : S → R .

1
a) start at W = o

b) at steps t =L . - -
T do

in
" '

= WI - z D-fluet )
-

if f is différentiable and otherwir

pick any sub gradient - that here

we dénote IFCE) by Hight chan

of notation .
T

c) Output : J = 1- [ wt .

T 1-= ,

Here z is cachot the
"

step site
"

en
"

rate
"

.



④

Thevenin
"

GD approche to optimal velues
"

n

Cet w*
-

= aymim f- (ne )

* Il ≤ B

the minimiser of f i- e ball ☐ 3- 0 .

" " + sina.ie.
!ÏÏÏÏÎ

we have i

o ≤ fcû ) - fout) ≤ B¥ .

¥ :

If we ask for ☐ ≤ FCÙ ) - f. (ut ) ≤ c

it is enoujh to Lake 13¥ ≤ c ⇒ T ≥ 13¥
ad r -Ë ≤ËÊ = Ê .

JT≥B¥&z≤Ç.toxtfbuhoMÊ÷



④

Pn

f- là ) - f- Cut) = f ( ¥ Ent ) - flirt )
⇐
,

≤
connexion,

¥ IÉ f ' "" - f- (ut )

= ¥ ÎÇ Cwt) - f- CÀD

≤ ¥ É ( Ifint) , E- ±
# )

carvexitz C-=
,

= 1- É (z ? fluet ) , NI -¥ )
2T 1-= ,

+

= LE
zzt

c-= ,
{ _ " ¥ ¥ - y Iflwt, /12

+ 11¥ - ¥112 +1122 Effets /§
= 1- Et -11¥"- Éliminé- In '

une GD Step 22T
⇐ 1

+ [ Illfurth
'}



④
T

= 1- [ { - une" '- Éliminé- EN}
22T

⇐ ,

+ 2- ÈHDFCUIII "
2T C-= ,

The first sum is a
"

helas copie sum
" and all

suoni re terms Cancel except for first and least one :

= ¥, / kw
'
- v42 - IIWT"- with}
T

+ 2- [ 11 Ifc# d'
2T C-=

,

New mn L' = o ( initializeLe cf GD ) :

T

[kifcwtN'≤ uw
"
"
"
+ ¥

tu
≤èbylirsh :b

condition
.

≤ Ë + ¥ .



④
Non un clone z tu balance the two th- s

( best ponibh y ) :

B
"

7e
'

- =
=

⇒ z=ËT= ±
22T LA

Menemen with this Choice the
upper Loud is

¥, + ¥
'

-

-

IF
+ E-¥

2 B- T
S

= Bcg + ?÷ = BLA '

•



④

Remonter .
=

1) Instead of takinj constant Step site we can

Choon 2f = B-
. Steps are briffer et hegi-riz

Srt

and Thur basically uncharted .

2) In the them ut E Ball Ca
, B) .

But the

result dou not garante that in = L Ent is i-
T C-=

,

this ball
: If we want to make sure that it is

we can modify algo by adding a pnjcch.am Step i

+ + Î
=
ut
- z Ifcw»f- -

ni
or It e Of Cuf)

←+ '
= aymin Une - ≈

" '"
11

WIE Balko
,B)



④
Because B ( o

,
B ) is convex the mi- imiter

Êt ' in "

projection Step
"
is unique .

\ * with

ïÏ
"

a ÷"-⇔ .

B

The pwef of them is alma et same (see ULM )
.

3) One could consider other evuejinjs instead

T

of ¥ [ wt .
For example average au lest

C-= ,

LT Steps .

4)

Notiancfshrayconvexitz.fi≥ ) ≥ f- ( E ) +(Pfc± > , ±≥ > + Il ✗-Hi

@Inder linear pieces and tequila curative .
)

⇔ f- ( d ✗ + c-d)y ) f) flic )+←d) fly) -{ d4-D
- H ✗→1,2

zieleh battu GD estimées .


