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leavningImfimikclanesI.fm
this lecture and the next are we exvloe

PAC learning when the hypothesis Inn has

infinite cardinal tz . We will ulhimeklz prove

the
"

fundamenta theorem of learning
"

next

time and see that one can learn Infinite

hyp clamer as long as the
"

VC dimension
"

is

finite .
The motion of VC dimension is introduced

in next lecture hut this one premier the sround -

*

We start with a recap of what has been

done wel now :

-
Model of PAC learning and definition

- Uniforme convergence pvorertz .

- Learning fini le clamer with ENM
.

-
Ne free lunch thm .



②

N
✗ demain net ✗ c- ✗ .

Y label net y c- Y ,

'2- = ✗ ✗ Y .

-

wnkowm sample distri sample net

② ( x
, y ) =

② (x ) @ ( y / x ) .

S = { Y - - . -2m } ± { ×
,
>
, ,
×
,
>~ ,

_ _ .

> Xmyn }

1St = m

te 3- h h : ✗ → 7
"

h > renren.is
"

✗ → hlx) = y

Len fet lch, 2- ) =/ 1 ( y =/ hcxi )(g- hcx, )
'

-
-

u

True len /risk ↳ (4) = LE
+~@
( l'Çz))

m

Empirical len ↳ (4) = [
,

llh
,
2-il

.



③

Definitive H is agnostic PAC

lecvnahlew.r.tl
and

'Z
, if given any E > o

,
d > ◦ ,

] Mae (E) d) E IN and au algorithm annule

A- (s) : ✗ → Y such that if D if

M ≥ Mjecc, d) we have

in
g.~@

m
{ L@ ( Als)) ≤ min↳ (4) te}≥ /-et

bete

Definition : H is simple PAC Laruelle of
-

ahou holds for just realize ble distributions
,
that

is to such that If with ↳ (f) =o .

( in other made min ↳ = o and P { ↳ (Als,) ≤£}≥ /-6.

Definition : We say te satisfis the uniforme
-

UC

convergence pkrperhz if fa m > Mje CE> d) :

P { these : /↳ Chi- Loch,/ ≤ c- } ≥ /- or

IP { max /↳ CH - ↳ Chi/≤ e} ≥ / - or .

HEX



④

Theorem
.
Cet tel < + x ( finite te _ )
-

and letton fat be bonnabel ( soy o≤ le / ).

Then H has the uniforme convergence propertz

with moué cas ) = µs(2#]2 f2

GIÉ : A finite de is agnostic PAC

leavmeble with ACS ) = ERM ( s ) with

sample complexity MÛ ( c- , d) ,

i.es/--m)mIeRemark--ERMCs)--argminLs(K )
.



⑤

Thorens i hi-FI . label.int problem s )

let A be a fixed algo a vu le
_
(et S

Le sample set with m ≤ 12¥ ( so fa Infinite

✗ this is True for any integer m c- 'N )
.
Then

I D such that

a) we are in mali table une i If with ↳ (f) =o

b) À
son

{ ↳ CA">D- f- } ≥ ± .

Prqofi-I.int Considered C C X with ICE In

and all possible 22m label:p fets C → ( o, i}

f , , f2 ,
- - fzzmand@iCx.y> = @ (x) D (y / x )

= -or
ICI J, f- (x)

and showed that as and b) hold for at least one
such fat .



⑥

¥107 : Teke ✗ to be Infinite and

lette
i ✗ → ( o, if be all ponibh labelinjfcts .

This hypothesis class is not learnabh
.

Prof : We proved by contradiction . Assume te

is PAC learnelle
.

Fix C- > 0
,
8 > o

.
There must

exist A and mjece, f)s.tl/-DwikraealizehhproperhzLgCfl--o(Souef ) we have

P { ↳ ( Acs ) ) ≤ c- { ≥ , - d

for m ≥ Moe (E) 8) .

Beat by the No free lunch Theorem when /✗ 1) 2m

(which is the can here for any MEIN) there exists D

with P { ↳ CAN) ≥ f) ≥ ± .

Thus

À { Locas ,) > f)+ Phocas , > ≤f-D- It to
> 1 fer d' <±

=3 contradiction . Ez



⑦

learnahility of Infinite classes
.

Now we come to infinite classes
.. By themËm
hyannis

clan de is toc hij it is not PAC learned le .

However we have seem in the exercise venions

that threshold functions :

te = { ha i ha (x ) = I ( x ≤ a)
,
AER}

^

au PAC le-unable -

✗ ×

we have mject, 8) ≤ µg÷] .

We will ultimehely show that if some

CI

effective site of te
"

és finite de is Agnostic

PAC learnchb wih ERM
.



⑧

Definition . Gfl-

The gnowth rate of am Hypothesis Ian is by

definition :

Ie (m) = max / Me |
Cc ✗ i ICEM

when Kc is the restriction of H to the set C :

*

We restrict the functions hi ✗ → J to

the arguments in C . So we consider h : C → Y
.

This forms set the
.

For J = {0, , } and te = label'y functions this

amounts to consider aly then le belinjs of points

C = { Ci , Ca , - . .

> Cm { for IC /= m .



⑤

Example .

-

• te = all pénible Ebeling fafs

⇒ Me = all pénible khelinjf.ch of C, - - - Cm

and I tee / = 2
"

so fém ) = 2
"ÎᵐÎÎÎÎÎ

• Thnxfztshacxi.TL ( ✗ ≤a) .

hacx]

.

possible labeliy , au 00 - - - o

Lo - - - o { 1Re /= Mtl .11 - - - 0

111 - - -0

111 - --1

=D Tgecm ) = Mtl lÈ .



④

• Rectangles ha
,
çcx ) = 1 Ca ≤ ✗ ≤ b)
-

Æ¥ .

×

↑ ↑

~ m Choices ~ un choices for

for are threshold other threshold
.

⇒ % Cm1 ~ m

"

-

finally Gramm rate can be exponentiel a

polynomial ect . _.

We will see ultimeLely Ret pol fanm rek weas

a clan is Gounelle
. .



④

Main Theorem :

←_

Fix 8 > o . for any I we

have i

psont "Ploc" - tsui / ≤"[ËË}≥ ,-8
htte

FÉE .

Cet Jéru ) has polynomial

granth rate , sreifically Tgecm) ≤ (%-)
d

then K has the uniforme convergence propertz and

is therefore PAC learn ble by the ERM rnle
.

Remontez : Next time we five a combineLaid

caracter italien of H with pol granth rek and

will see that d = Vcdim (te )
.



④

ÏÏÏÎÏm :

m ≥ c d+bs
C-
~

4+dbg¥T
=D
- ≤ c-

82mV

d + log Yor
This for m ≥ C

Y
we here

P { sur / ↳ Chi - Lint ≤ YÊ÷ᵉT}4- te

≤ P ( sup I Loch) - ↳ Ch ) / ≤ c-}
hate

Thus P { sur /↳ Chi - ↳ Chi / ≤ c- { ≥ 1- of
here

which weas emfcav prev with ruzek ,8) = C ᵈK
£
-2

^

DR



④

PÉᵐ
We Will she that

E

son
[ sur / Loch) - ↳ (4) |] ≤4¥bgtÂm_
bete 2mF

Then by Markov ' s Inequality :

P [ sur /↳ Chi - ↳ en / ≥ 4+g¥ÜT ]here

≤ EEsfgllochi-l.sk/)4+gEYE-
≤ 8 .



④

TE { sup /↳ Ch ) - ↳ (4) 1) = ⊕ -

sit her
J
Egçgm(↳ ' ch ' ) by definition .

=D # = LE
spam

( ↳ (Chi - ↳ Ch

son
/ LE

4TH

≤ E
Som

sur LE

hee Shon
/↳'" ' - ↳ (4) |

≤ E sup / Lg Ch ) - ↳ (4) | .

Svet

sinon
""

Y
Ê@(h , ≥! ) - l Ch , ti )) )
i.=
,

where we pick 2m sampler according to &

2-
, 72 2-

] - - - 2-un

2- Y 2-I ZÇ - - - 2-
'

m



④

This equivalent to

Z
,
Z? 2-

]
- - . Zm

7f 72 2-
'

]
- - - 2-
'

m .

In general it is equivalent to exchange Zi f7!

for each i . This me aus that the v. 4. s of

inequality is quad to

m

E Zoi@K.zi ) -lch.HU/S~gmSud

s'~ @
m

" ←te /± ±,

for any (q . . . qu ) c- { - i, + ,}
"

.

We can feu then average *I over T
,
-- qu ~ uniforme

and chtain

m

* ≤ E E
q . . .am son

↳ /ÎYi(llh.til-llh.tt))
s'~ Dm 4ft



④

* ≤ E E sur /±Ê
,

rifllh.li/-llhr-iDs~DmT--omhc-tl
s'v5

• fa S and S
'

given
"

fixed
"

in this expression ln see arly

the sampler ( ×, - - - ✗
m { = C×

,

'
- - - Km .

Here CCX and ICI = 2m .

So einen if H is infinite in fact

this expression depends aly en tee .

⇒

E sup | tu Êrilllhiil - l'↳ ti ) ) )T -0m HER
m

sur /± Ça:(Achat - l'4. ti
'
))/= 'Î

,
- -on
here



④

E (Oh ) = o since 0in Il unfomly .

4- - 0m

By Hoeffdimj 's inequality i

-

2ⁿᵈ
le

PC Ion - E
non

' l > e) ≤ 2e
↑
,
- -6mn

↑

Remarie → ≤ sa ≤ +, 2e

-EÎÏ

By the union bonnet :

PC sup tout > e) =P/ UKI > et}
""% belle ha-Ha

≤Me / ze
- ¥

"

-

This is finite here !

Am anelyàs calculateur shown later indien

from here

E [surtout ] ≤ 4[HIf- - -0m httlc



④

Since this bonnet is einen Independent of S & S
'

we find (see bottom of pape /6) .

4 + les Kel 4 + bgŒmT
* ≤

←
≤

←
↑

@ call Toe (m ) = me × Idle I and here ICE2)
ICI = M

Me



④

lemmacneededai-7.PT
× >g) ≤ a e

- bs '

⇒ ECX) ≤ 2ËÎˢ
PII .

Cet × ≥ o

to t- t-

E- (X ) = fdp g pls ) = - { de s dot f pa dxo o

= SÏE Pc × ≥ e) Ë≥p
0

= {
Êᵉ

de PCX ≥g) + de PC×≥} )

O

E-
tu

≤ HÉ + f de ae
- bé

ï÷÷÷÷÷
. .



a e-
"et 7E )

'

≤ e-
ça

④

check : ?

⇔ logon - b ( s' + 2eÊ + %-) ≤
- bé

⇔ - zpb GÉ ≤ o V
'

So we have

+ -

EH ≤ HÉ + f. de e-
"
"

FÉE
.

DR


