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iid samples .

•
h : ✗ → Y a nule en an hypothesis .

•
Hah a class of ruler or

"

hypothesis clan "

.
l : te ✗ 2- → R+ ton fort } . 0-1 En is(h , Z ) H lch

,
7)

lch.tl =L ( hertz)l
• Square less is•

Tue loin
,
Kwen"

' 8ᵉᵐᵉ"""

{ eu
,
⇒= [y - hlx>Î↳ Chi = IE [ lch

,
z ) ]

2- ~@

a Empirical lors
m

↳ ( hl = ± E- Uh, 2-il



②
• ERM nule : hs = ERMCS) = arjmin ↳ (4)

Defi-ihmid-gnasticPAclearmitl.is
agnostic PAC leernehlew.int D=

,
l if

I my i @, /[→ N ; CE > d)↳ maecf, d) and a

learning nule A such that i

V-H.cl) and V-D ( on D- )
,
when running

A ou M > Maele, d) iid samples S ~ D
"

Prob
,
{↳ ( Aa ) ≤ min ↳ Ch) + £ } ≥ 1- et

hete

Terminale sz :
-

•
PAC = Probably Approximately Correct

•
Realizeble can is when 3-HEH s.tl@ (4) = o so

heh

if I my and A St ACE,f) ,HD realize46f:c

Prob
,
IL@ CA 7≤ £ } ≥ /- or .

•AsnoshiPAclearnabGismaegenexlandeen1idnsanyLI



③

Lost time we San that all finite hypothesis

classes (H ) < to are agnosticPAC-le.msle

with the ERM rule for m > mâle, 8)=/ËGg2ˢ)
Of course this impies met finite hypothesis classes

are also PAClearme.LI .

In exercises ou the other Hand you San that

Infinite classes IHI = to may
be PAC learnelle

.

For example te = Threshold functions ( and the

less fet is the o - 1 classifier ) .

This brings the questions :

* Are all infinite hyp classes PAC learnelle ?

* We moy
also ask a more maire and basis question : Do we meed

to restrict ourselves to nuki belongings to some

hypothesis clan ? In other mach could me find

a universal Also that learn, for any & Innes relie

of have the restriction here?



③

The censurer h first question all be given in next

Chapters and turnes out to be sahthe
.
Same Infinite

classes au PAC leavnebh when they are in some

renne of effective finite sire as captured by

the motion of VC (Vapnik - Cherno ventis) dimension .

T-nmischapknweanswertheseeendquestiaf.fr
an now on we assume that we are in the

rectites le Cane
.
So basically we consider H and

D such that I her i L@ (4) = o .

Moreau we cohen the question only for 9€10, |}

classification problemes and the In function

l ( h ; ×, y ) = 1 ( ki ) =/ y ) .
I
- particular

L
@
(4) = ELI ( hcx> =/ g) /= À ( hlx ) ≠ y ) .

*



④

Ptorosilia .Ës (e.gl/--iRN)--
<

Cet ✗ beau Infinite domain set and

lettre
the set of all functions h : ✗→ {0,1} .

Then H is not PAC learn ah le
.

Discussion i This proposition basically
-

says that same ferm of prior know ledge is

me una uy fa PAC learnehilitz . The hypothesis

clan should be snihably un kicked ( in particular

the set of all functions hi ✗→ { o, i } is much bro

hij when X is infinite ) .

Pro-of-ReadofkrNFLtheorem-JIS.me
✗ is infinite we can

taken C C X with ICI= 2m

whatenn Integer m sizeof S is . By the construction of
No Free Lunch Theorem (see later )Z@whichisreali2-a4Ce.fnsanefand at the same time PC Lott ≥ f- ) ± .

Toke any [ < § ,
et < ¥ . We have ?

8$ ¥ # P ( (• (f)# f) ≤Pilots≥ c)=⇒P(↳K'¥)#
-I

which contredits PAC leernabelitz .



⑤
Theorem i No Free Lunch

.

-

(et A 4e any learning sub fa the Trask of

binary classification over a finite demain ✗ .

( o - 1 lors assumed here) . Leet m < 12¥ be

the site of the Training set S = ( × , - . . ✗
m
) .

Than there exist a distribution ② over

✗ ✗ ( o , i } =
'Z such that i

a) There exist f : ✗ → (o, i } with ↳ (f) = 0

b) P ( Lo ( Als )) ≥ 'g) ≥ ¥ .

☆

The theorem says thethÎËÉbarmen

which Suaeda since we are in realizeble ease it suffi ces

k take ERM and
"

minimi 2e
"

it over the net { f} triviale.www.ann.n.m.a.man.aga.e.ag.M
1SothexisNoUnimsalySnunfulAm"Nofwlune4"_



⑥

Et .

a) we first show J@s.t ↳ (f) = o .

lel- C C X with IC / = 2m

✗
×

×
✗

✗ ×

ÏI
×

×

"

txt > un✗

ICI = 2m

→ Set of all functions fi : c → {0,1 }

has Caroline City T = 22m

( for each i-put ×
,
- - - ✗

am
we here 2.2 . .

-2=22"

possible-Les that define the fct )
.

→ Define Di (×, g)= (¥, I J -fi" )
of y =/ fil» .

push ho choon (x
, y ) is ¥, if

label is correct

according to fi .



⑦

À ( y ≠ f. (x ) ) = o

Di

so Equivalentey Eag
,
( I (y ≠ f- (x ) ) )

= Loi (fil = o .

We see that all Di ' s i = | . . . 2

"

are realizeble
.

This achieve to pren peut a)
.

NÉ .

(
we wel show that

* maxs~à[Là(ACsHl' =/ . . . 2am
À

So there is some I for which

Æsnsoî (Loi ( Aisi ) ) ) ≥ ç
we wel proie later ( see lemme) that this indics

À ( La. CA ) ≥ ¥soi +



⑧

To Show * ne prend ces follows :

S = (×, - - Xun)

Consider all possible
←

tuwithsampcessequences

in C
.

There are K = ICI
"

of them

and recall ICI = 2m sa K = (2M )
"

.

Bernate them S1
, Sr , - - - , SK .

Fa Sj = ( ×
, . . _

✗
m
) me dénote by

Sj = ( (× , f4, ) ) . . . . (Xmflxm )) ) the

i i

training sets with the labels correspondiez to fi .

If sampleur are drawn ~ Di then the

algorithm A receives the possible Training nets

si si _ . . Si
,
with uniforme pub (since the

sample are chaun in C with unif pub )

⇒ LE [ La .

( Acs ) )].⇐ 1- ÈL (AISÉ)
S-D? K j= , toi



⑨

E⇒ max

sain
[ Loi ( Avs )]

ix.
..im

ë≥ L - E [ toi ( Aiss ) ]
22m L' = ,

soin

im

= ¥ Ë ¥ En loi CACSÏ
) )

j'= , n' = ,

22m

≥ min

im i? Lo:( Acsj:)) .

j'=/ . . - K
<

Now fix same sequence j c- ( l - - - K } (recall K -_ ICÎ)

f- = (× , - - - ✗m ) C C
.

Cet v1 - - - Np the ✗ c- C

✗natan *ÏÏ¥2p≥ m since ICK 2m
*{and there can be repetitions in G- .



⑤
for any rukh by definition :

↳ich ' = ¥ , Çà 1 ( film ≠ hcx ) )

since Di has weight ¥, on ( ×, y = fil» 7 .

⇒ La.CH ≥ '
-

É 1 ( film ) =/ hey > )
ICI t'= ,

↑

fake alz Np that do not appear

in Sj
P

≥ '
- 5- 1 ( fileur ) ≠ hlvr) )
2 p r= ,

since ICI = 2m ≤ 2 p .

p

⇒ L@i.Acsj:)) ≥ ¥ ,

1ff
, .ws#A(sjIcys)

in p in
⇒ '
-

F- La.CA%:D ≥.pt?,-j=.EHfiHHAG:Hz2mi--i

-
we slow Kelan that ≥ {



En ④

Thus En ?=
,

Loi (A CI: ' ≥ ç +j .

and Cambini
my

with Ines- choix ou rage 9 i

m"

go;
[La:(Als) ) ]

ix. .. in
E

in

≥ min

ix. _ µ ¥ ¥ toi
CAC!:) ≥ ç .

op

Now it remain s to Show :

î
'
-
5- Il film ≠ ACSÏ) arr ) ) ≥ { .

22m L'= ,

This sum is over set of functions f, f2 - - - fin
There are 22m

-2
disjoint nains ( fi, fio )

such that i

FX c- C fill) =/fi- (x) iff ✗= Nn .



④

Recall N
, .
. . vp au the ✗ c- C not Seen in

Sj .
The pains are as follows i

x fi (✗7 fiac × )

X
,

1 1 allrosribh
✗
2

° °

← aquel sequences .

i :

Sj {
m

.

'

1 1

Ni 1 0

Net [~ 0 1
← Complementary .

i- Sj ! 1 °

sequences .

i: i:Np

c-
En 2m

En E- I ( Lieur ) # Acs;) (vra
) =Èm 2-2
←

= {
= 1 fa helf of fi

= o for other help of fi '

fThwohpwofafNofvelwcT- ☒



④

Lemma
-

(und previously ) .

E/↳facs:D)≥ 'y ⇒ Prob / La.CA's:D≥j ) ≥ ±

Proof .

-

Et suffira to show that for a r
- v

'2- c- [0,1]

we must have :

Plz ≥ a) ≥ E¥[ˢ
Choon 7- = ↳i (Acs;) & a = f- .

The pnoef is am application of Mantois inex

for c positive v.v ✗ ≥ o i

P ( X ≥ b) ≤
'EI)

.

b

New let ✗ = 1- 2- .

This is zu .
Thus



④
PC 1- 7 ≥ b) ≤ ÷tZ

)

⇒ P ( 1- '2- ≤ b) ≥ 1- 1⇔
= b-1j→

Teke b. = 1- a .
We get

PC I - 7- ≤ £ - a) ≥ EUZ
- l - a

2-≥ a .

☒



RemanksanBics-canrhxitztredecff.am

④

(et hg = ERM (s) = aymi- Ls ch )
h

the hypothesis elan given by the ERM nule
.

The tent error of an ERM pvedicta il ↳ (hs ) .

We can de
compare
it as i

↳ (4) = min ↳ Ch ) + (↳ Chs) - mi- ↳Ch))
her here
--

appnex error estimation error

a
"

bias " of of ERM > = East
.

hyp clan = Earp

• We here iohlvionrly net Eepp as 1Mt

• We also ex net usuel y Eut as 141
.

For example the generalis-hin bind shown fa finite classes

snjgents Eeg ~Ê'
as tel



④144s )

I.x
IN/ = clan

complexity

This is the traditional bias - complexity

hredeaff fichue . Increasing te decree si
-2

ou bics but et sonne point mey lead to overFittig .

This pictura has been challenged i- recent
zecrs .

Indeed there are situations display i-j a
"

double descent
"

phenomenon

J
Gun" lisahiaena

0ᵗʰ raremetrized
regime .

and it is recognized that the pictura is much tricher .


