Quantum Inf. Proc. Exam Correction February 10, 2022

Problem 1

question a (5 points)
(2 points) Hilbert Space: C* or C* ® C?
(8 points) Unitary Matrix (be careful for the order)

U= (5 ®52)(R1 ® Ry)(D1(a) ® Do(B)) (1)

question b (7 points)
(2 points) First dephasing steps:

[¥1) = (D(e) @ D(B)) |4) = E (et ) + [yy)) (2)
(2 points) Then the semi-reflecting mirrors:
i) = (R @ R) i) = —= (2 lyy) + o) g
(8 points) then the semi-transparents mirrors:
[¥3) = (S ®5) |tha) = \1/— (e |2}y = [y)y) ® (|2); — [y)s)) (4)
\/_ ()1 +1y)1) @ (J2)y + 19),)) ()

= 2\1/5 (1 + e D) (Jaz) + lyy)) + (1 = ) (|ay) + |yz)))  (6)

question c (3 points)

(2 points) Possible states after measurement: {|xz),|yy),|zy), |yz)}
(1 points) 2 detectors will always click at each shot

question d (4 points)

P = i) = P10} o)) = S cos( 57 )
PUIY) = L) = PA10) 9 = g sin( 57 ®)
)
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Other possible solution:

P(ly) = lyy)) = P([¢) = |ex)) =

P(p) = |zy)) = P(l¢) = lyx)) =

(1 + cos(a+ B))

WS | =

(1 cos(a + 3))

question e (6 points)

(2 points) Same direction with probability 1:

P() — |2y)) = P(|¢) — |yx)) = lsin(a+5) 0

2
a+f
2
—(a+p) € 2nZ

< € /.

(2 points) Opposite direction with probability 1:

P(lv)y = |yy)) = P(|Y) — |zz)) = %cos<a+ﬁ) =0

a+p 7
- 7
5 € 2+7T
—(a+p) e+ 21Z

(2 points) any direction with uniform probability:

a+ 8\ . [a+pB)\
COS = Sin
2 2
a+pf m 7
—S——c -+ =7
> €173
<:>(a+ﬁ)€g+7TZ
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Problem 2

question a (6 points)

(4 points) Calculus:

Play =1,bp = 1) = P(|B) = |ay) @ |Bk)) (22)
= |(Bla, Br)| (23)
= 5 ((0l0) (Bel0) + (1) (Bul1)) (24)
= (cos(eus) cos() + sin(a) sin(5))° (25)
= %Cos(ak — Bp)? (26)
Play = 1,by = —1) = P(|B) = |ou) ® By, 1)) (27)
= [(Bla, Br..)|* (28)
= 2 (fxel0) (B, 110) + (1) (B [1))° (29)
= % (— cos(ay,) sin(Bg) + sin(ag) cos(Bi))? (30)
= %sin(ak — B’ (31)
Similarly:
Play = —1,be = —1) =  cos(on — i)’ (32)
P(ak = —17bk = 1) = %Sin(ak - 61@)2 (33)
(34)

(2 points) Calculus:

Plag = 1) = Plag = 1by = 1) + Plag = 1, by — —1) — % (35)
Plap = —1) = Plag = —1,by = 1) + Plag = —1, by — —1) = % (36)
Pb=1) = Play = 1,by = 1) + Pla = —1,b, = 1) = % (37)
Pl = —1) = Plax = 1,by = —1) + Plag = —1, b = —1) — % (38)
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question b (3 points)
(2 points) When «y, = B = 0 we have:

Pla = —1,by = 1) = P(ay = 1,b;, = —1)

I
I
n
-
o=
—~
(=}
N~—

Or similarly:

Play = —1,by = 1) = P(ay, = 1,by = —1) = = cos(0)*

(1 points) Length Calculus:

P(ay = 0,8, = 0) = Plag = 0)P(B, = 0) = %

So if L(N) is the length:

WE

L(N) = ) _ do(ew)do(Br)

k=1

Thus using the Law of Large Number, when N is large:
L(N)
N

question c (5 points)

(8 points) Empirical average:

©|2| —

(1 points) Theoretical average: (B|S |B)

(1 points) Expected result from Bell inequality: 2/2
question d (3 points)

(1 points) Recall the Bell state satisfies the relation for any 6:

1

V2

1

1B) 7

(100) +[11)) = —=(166) + 16.61))

— > Eldo(ck)o(Br)] = Plow = 0,8 = 0) = é

Z apby + Z agby + Z aibr + Z

a=0,5=F o =0.8:=7 ar=—F.0e=F =T,

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(2 points) Therefore, for any measurement of Eve in the basis {|0),]0.)}, it leaves the

particles in the state |#6) or [6,0,)

question e (8 points)
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(5 points) In general:
(11 Ale) @ B(B) [7') = (v Ale) [n) (V' B(a) |7)
And:

(Y[ A(@) [7) = (+1{v]e) (aly) + (=1) {vlew) (aLly)
— cos(a —v)* — sin(a — 7)°
= cos(2(a — 7))

And similarly:

(YIB(B) 1Y) = cos(2(8 — 7))
So In general:
(11 Ale) @ B(B) |7y') = cos(2(a — 7)) cos(2(8 — 7))
So:
(YY1 S |7 = cos(2y) cos(% - 27’) + cos(27) COS(% + 2’/)
— cos(% + 27) cos(% — 2”/) + COS(% + 27) cos(% + 27')

(1 points) As stated in previous question, we have: [yv') = |00) or |vv') =10.6,)
(2 points) For |yv') = 166) :

— cos(% + 20) cos(% — 20) + COS(% + 29) cos(E + 20)
(

4
= cos(26) (cos(% - 29) + Cos(% + 29))

+ cos g + 29) (cos(% + 29) — COS(% — 29))

= c0s(26)2 cos(%) cos(20) — cos(% + 29)2 sin(%) sin(26)
= /2 (cos(26) cos(260) — cos(% + 29) sin(29))

V2 (cos(26) cos(26) + sin(26) sin(20))

2 cos(20 — 20)

I
55

So the test would be to check if the empirical correlation is above this value.
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Problem 3

question a (6 points)

2

(1 points) Recall: o} =0 = 02 = I and 0,0, + 0,0, = 0 etc

(2 points) Calculus:

(- 3)* =n202 + nzaj +nlo? + NNy (004 + 0404) + Ny (0,0, + 0.0,) + nyn.(oy0, + 0,0,)
(64)
=2 4ni+n)=1 (65)
T Yy z

(3 points) Calculus:

elond — Z —‘z o (66)

k>0
— 2k 2k k41 2k+1, =
Z 2]{: Z e -+ Z ml [0 n-o (67)
k>0 k>0
1
= cos( )I +isin(a)n - & (69)

question b (6 points)
(2 points) The representation:

U(t) = exp (%” (_ZAUZ + _Z‘”l a>) (71)

ty/w? —i— A2 wy A (72)
=exp | Oz
, \/w1+A2 \/w%+A2
(2 points) The solution to the first bullet point is the first column of the matrix:
[ cos(a) +in, sin(a) ing sin(«)
ult) = ( ing sin(a) cos(ar) — in, sin(«) (73)
(2 points) for the second bullet point:
tl o s A 1 AQ .
Qs Jw =g ngy >~ 1 ne=_- <1 — §w_1<1 +o(1)) | =o(1) (74)
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So the vector:

question c (6 points)

[U(ty)) ~ (

Sk
SN—

Assuming this is the opposite: % >~ 0

(2 points) Approximation:
o

(2 points) The matrix:

(2 points) the vector:

[W(t +T)) =Ultr, ta + T) [Y(t1)) =~ ( 8 Bz ) (

question d (/ points)
(2 points) Matrix:

(2 points) Vector:

|¢(2t1 + T)) == U(tl + T, 2t1 + T) |'¢(t1 + T)> ~

question e (8 points)
(Check Notes)

T
ZEA:g ng = o(1) n, ~1

Uty t, +T) ~ ( 6 0 >

—1

Sl

L /14
U@“LT’%JFT)_ﬁ(i 1)

(1) (1)

(75)

(77)

S-Sl
N———
=
x



