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1 Magnetic Confinement

Magnetic confinement is a method used in fusion reactors to confine hot plasma using
magnetic fields. This method is essential in maintaining the plasma stability and achieving
the necessary conditions for nuclear fusion.

1.1 The Tokamak

The tokamak is a type of magnetic confinement device that is axi-symmetric, meaning it has
symmetry around its central axis. The tokamak design incorporates several key features:

e Large Toroidal Magnetic Field: This is the primary magnetic field in a tokamak,
which is generated by the toroidal field (TF) coils. This field runs in the direction of
the torus (doughnut-shaped) and is crucial for confining the plasma.

e Small Poloidal Magnetic Field: A secondary magnetic field that runs in small loops
around the plasma. This field is essential for maintaining the plasma shape and stability.

e Large Pressure: The high pressure within the plasma is necessary to achieve the
conditions for nuclear fusion.

The tokamak has four main components:

1. Toroidal Field (TF) Coils: These coils generate the large toroidal magnetic field that
is the primary means of confining the plasma.

2. Ohmic Heating (OH) Transformer: This component induces a current in the plasma,
providing heating and contributing to the equilibrium. The current also helps in main-
taining the plasma’s shape.

3. Vertical Field System: This system generates a vertical magnetic field, which is
necessary for maintaining the toroidal force balance within the tokamak.

4. Shaping Coils: hese coils are used to improve MagnetoHydroDynamic (MHD) stability
and alleviate interactions between the plasma and the reactor walls. Proper shaping of
the plasma helps in achieving better confinement and reducing instabilities.

1.2 The Stellarator

The stellarator is another type of magnetic confinement device, which achieves the rotational
transform from external coils only. Unlike the tokamak, the stellarator does not rely on a
plasma current for confinement.

e No need for plasma current: The stellarator is designed to maintain plasma con-
finement purely through the external magnetic fields generated by its complex coil
configurations, eliminating the need for a plasma current that is necessary for toka-
maks.



e Steady-state: Since there is no reliance on a plasma current, which in tokamaks is
typically pulsed, stellarators can operate in a steady-state manner, offering the poten-
tial for continuous operation without the disruptions associated with plasma current
instabilities.

= See viewgraphs for a qualitative discussion.

2 Waves in plasmas

All plasma particles are "sources" for Maxwell's equations. Therefore most dynamical pro-
cesses in plasmas are related to electromagnetic waves and oscillations. Waves are used to
heat plasmas, and to drive current non—inductively. Another example of the importance of
waves is the role that microscopic electromagnetic waves and instabilities play in the transport
of particles and energy in plasmas well above the levels due to collisional effects.

2.1 Mathematical technique

We will use normal mode (or plane wave) analysis. This corresponds to considering all
quantities in Fourier space, using the Fourier transform defined for any quantity g as

gk, w) = (271r)4 / Px / dtg(x, t)e~ikx—wD), (2.1)

with the inverse transform given by

g(x, t) = / P / dw(k, w)eltx—wt) (2.2)

This will lead to complex quantities. Naturally, all physical quantities are real, and we will
need to consider the real part at the end of all calculations.

The Fourier transformation is a linear operation. Its use comes from the fact that by using
it we can split a complicated problem into small pieces, solve it for these small pieces, and
combine the pieces to form the complete solution. This implies that the system of equations
to be solved is linear.

When the system of equations to be solved is non-linear, we linearise it considering small per-
turbations to an existing equilibrium. Take for example the continuity equation (a differential
equation) for the mass density p and the fluid velocity u:

ap

Y + V- (pu) =0, (2.3)

where p = p(x, t) and u = u(x, t).

1. Choose an equilibrium — no time dependence — steady state:

po(x) = po  (uniform equilibrium), uo(x) =0 (static equilibrium) (2.4)
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2. Consider small perturbations to this equilibrium

p = po + p1(x, t), ‘%’ < 1 (expansion parameter) (2.5)
0

3. Linearise by retaining first order terms only to get the linearised continuity equation

O(po + p1)
AP0 FL V- =0
ot + (o +p1)( ug +uy)
=0
dpo 9p
Bt + 871 +  Ve(pu) + V-(pum) =0
t t —_——— —_——
Order 0; — 0 by definition Ord~er 1 Order 1 and pp=cte  Order 2; neglected
Op1
— -up = 0. 2.6
ot + poV-u (2.6)
4. Now we consider normal modes, i.e. we consider the perturbed quantities as Fourier
transforms:
p1(x, t) :/d3k/dw51(k,w)e’(k'x“’t) (2.7)

and the same for u;. Thus

E 3 ~ i(k-x—wt)
T {/d k/dw p1(k, w)e
+ poV- {/d3k/dw ﬁl(k,w)e’(k'x_‘”t)} =0

- / @3k / duw [—/wﬁl(k,w)} el(kx-wt)

+ po / d3k/dw [/k i (k, w)} el(kx-wt) — o (2.8)
In general we can make the following formal substitutions:
. 0 .
V — ik and — — —iw. (2.9)
ot
In our example the linearised continuity equation becomes in Fourier space an algebraic
equation:
—iwpy + ipok -uy = 0. (2.10)

In the following we will drop the tilde symbol to simplify the notation.

Note 7.2.1: It is important to refer to the equilibrium, with respect to which the lineari-
sation is done.

2.2 Phase and group velocities

Phase velocity

wk
Vph = ——.
Pk k
It can be |vph| > ¢, as vpp does not carry information.

(2.11)
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Group velocity

Ow
Vg = 5 (2.12)
It cannot be |vg| > ¢, as vg does carry information.
2.3 Ideal MHD waves
The ideal MHD system can be reduced by combining its equations, obtaining
op du 1
— . = — = — B) xB 2.1
6t+v (pu) =0 P Vp—i—MO(Vx ) X (2.13)
oB d _ 1
i V x (u x B) d—t(pp 7Y =0 (see footnote') (2.14)

This is a system of 8 equations with 8 unknowns: p, p, u, B. We now consider small
perturbations to a uniform and static (no flow) equilibrium

B(x,t) = Bp + Bi(x, t) u(x, t) =ui(x, t) (2.15)
p(x, t) = po + p1(x, t) p(x, t) = po + p1(x, t) (2.16)

and linearize the original system of equations concerning the equilibrium

8p1 B 6u1 N 1
E"‘POV'Ul =0 'OOW = VPl‘i‘%(VX B1) x Bo (2.17)
oB
a—tl =V x (u; x Bp) p1 = %pl =c2p; (see footnote?) (2.18)
0

Here cs = \/7YPo/po is the sound speed. After the elimination of p; and Fourier transforma-
tion, this becomes

—wp1 + pok-up =0 (2.19)
1
—wpouy = —kpy 2 + M—(k x B1) x By (2.20)
0
—(JJBl =k x (ul X Bo) (221)
'Rewriting the continuity equation as % = —pV - u, we have another form of the equation of state:
dp _
at +ypV -u=0.

*From eq.(2.14) and eq.(2.16) we have (po + p1)(po + p1) " = popy” = (po + p1)(1 — ’Y%) = po. At
0
the 'zero’ order (i.e. neglecting all the perturbation terms labeled as ‘1") we simply have py = po, while at the
first order we obtain p; = Wpo&.
0
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The shear Alfvén wave

Without loss of generality we can choose By = Bpz and
k, = 0 (see figure 1). Let us now consider the particular

. k,”
case of a transverse wave vy = u1z; =0, i.e. N o B,
k= (ks 0, k;) (2.22)
| y
u; = (0, uyy, 0) (2.23) |
We will treat the case u1x # 0 # up later. X
K 0 Figure 1: Notation for the
X
Eq.(2.19) gives 0 N P study of MHD waves.
K 0

Therefore p; = 0, i.e. there is no variation of the mass density and we can conclude that
the wave is of non—compressional type.

The component along the y-axis of eq.(2.20) becomes

1 1 X y z
wpoty = ——|[(kxB1) xBy| =——1| (kxB1)x (kxBi), (kxBi), | =
Ho y Ho
0 0 Bo y
Xy 2
B B B
= M*O(k XxBi)x=—| k& 0 k& | = _;TO k,B1y
0 0 le Bly B1z x 0
Eq.(2.21) gives
~wBi, = |k x (up x BO)} - [k X QBOuly} = Bokuy, (2.24)
y y
Then the system of eq.(2.19), eq.(2.20) and eq.(2.21) can be written as:
p1 =0, (2.25)
k,B
wpoty + ; °B,, =0, (2.26)
0
kZBouly + (UBly =0, (2.27)
where eq.(2.26) and eq.(2.27) can be written as a homogeneous linear system
ks Bg
Uiy Wwpo T
A- =0, h A= Ko ) 2.28
() 0 e 2= (258 @2

To have a non—trivial solution (uyy, # 0 # Biy), we must have det A = 0. Thus, we obtain
the following dispersion relation
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2
2 _ BO

w: =
Potko

k2 = cak? = cak? cos? 6, (2.29)

where ca = Bo/+/lopo is the Alfvén speed. Typical values are

Magnetosphere:
B~5><108T} 5x 1078 6
n~10°m-3 A V1.7 x 1027 - 106 - 47 - 107 /
Tokamak:
B~3T 3 6
B = Ca ~ ~ 6 x 10° m/s.
n~ 102 m-3 } A V17 %1027 1090 47107 /

The solution given by eq.(2.29) is called shear Alfvén wave or non—compressional Alfvén
wave, as there is no density perturbation:

=0, (2.30)

This is different from sound waves, for example. Note that

e The velocity of a particles born with energies 3.5 MeV is > ca, so the a's become
resonant3 with Alfvén waves during slowing down in a fusion reactor.

e Alfvén waves are equivalent to waves on a string with tension S and mass per unit
length M
0%y 0%y S
M—%=S5S_—= — w? = k2 2.31
ot2 0z2 M ( )
In the exercise, you will show the analogy between a wave travelling along a magnetic
field line and a chord.

The compressional Alfvén waves (fast waves) and the magneto—sonic waves

Now we consider the other case uix # 0, u1y, = 0, ui, # 0, where the perturbation has a
longitudinal component. Choosing By, = 0 we get with our previous choices By = Bpe, and
k, = 0 from eq.(2.21)
u1x B

B, = 1XT°(k % 9). (2.32)
By inserting p; from eq.(2.19) and By from eq.(2.32) in eq.(2.20), we get a linear system for
t1x and w1z, which again has a non—trivial solution only if the determinant of the coefficient
matrix vanishes. After some algebra one finds the dispersion relation

w* — w?k?(c3 + c2) + k2k?cac2 = 0, (2.33)

3As we will see later in the kinetic model, the condition Vparice ~ Von Makes it possible that a strong
interaction between waves and particles with exchange of energy may occur. This may lead to instabilities,
and the particle motion may be affected by the wave.
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which has the solutions

1 1
w? = E(C%\ + )k + \/4 (2 + c2)%Kk* — 2 c2k2K2. (2.34)

Note that

cs)2 YPo koPo Y Po Y

=) == == =13, 2.35

(CA po B3 2% Qﬁ ( )
0

The pressure ratio 3 is an important parameter to characterize a plasma*. For many plasmas

of interest we have B < 1, so ¢s < ca. In this limit the “+" branch of eq.(2.34) becomes

w? ~ k?c3. (2.36)

This solution is called fast wave or compressional Alfvén wave®. For the “—" branch we find

the so-called slow wave or magneto—sonic wave

w? =~ c2k2 = k?c2 cos? 6. (2.37)

These are all possible modes of oscillation that an (unbounded) “MHD plasma” can sustain.
As we relax the assumptions that lead to the MHD model many other modes appear, for
example separating ions and electrons in their oscillatory motion. To describe these modes
we need a more detailed plasma model, as the multi—fluid or the kinetic models.

“B3/2u0 is often referred to as “magnetic pressure”.
*p1#0¢— V -u #0
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=PrL The Tokamak

Inner Poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer Poloidal field coils
(for plasma positioning and shaping)

Resulting Helical Magnetic field Toroidal field coils

. gg':; . Plasma electric current Toroidal magnetic field
Center (secondary transformer circuit)



Z“P~L Main features of Tokamaks

AXi-symmetric torus, large toroidal magnetic field, small poloidal
magnetic field, large pressure

Four main features/components
Toroidal field colls
main confinement field

‘Ohmic’ transformer
current for equilibrium, heating

Vertical field system
toroidal force balance, contrasts hoop force

Shaping colls
W Swiss to improve MHD stability and alleviate plasma-wall interactions

Plasma
Center



cPrL Plasma equilibrium  JxB =Vp

Nested magnetic surfaces on
which p is constant and current lies

M Swiss
Plasma
Center



cPrL Plasma equilibrium

Nested magnetic surfaces on
which p is constant and current lies

Ex. of TCV plasma evolution

M Swiss
Plasma
Center

JxB =Vp

=)
wn

l_,_l|_§,._|

>

I_§_II_§_II§II§II§H_E_|

LIUQE.M 62934 t=1.300s

0.2kA;

0.3kA

0.4kA

0.3KA;

0.4kA

0.4KA

0.3kA

0.2kA




cPrL Plasma equilibrium  JxB =Vp

Nested magnetic surfaces on
which p is constant and current lies

Tokamak equilibrium characterised by

Safety factor g = toroidal turns / poloidal
turns (pitch of field lines)

Normalised pressure § = nT/(B%/2p,)

M Swiss
Plasma
Center
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=PrL Plasma stability
Stability

Destablilising: gradients of current and pressure

Stabilising: B-field line bending and compression

Instabilities
ldeal (n=0): fast, no change in B-field topology

Resistive (n=0): slower, possibility of feedback control,
change in B-field topology (magnetic islands)

M Swiss
Plasma
Center



=PrL MHD stability imposes limits on
optimisation of fusion parameters

Current limit
Limits energy confinement time
e o« 1/g~I, for fixed B-field
Can be improved by shaping the plasma
Limit in normalised pressure 3 oc NT/B?
Limits fusion power for given B (cost!)
P, . oc B2 B*
Can be improved by shaping the plasma
Density limit
Limits fusion power
P;,s o N%(cV)
Can be improved by peaked radial profiles

M Swiss
Plasma
Center



cPiL

ldeal limit in 3 and current
IS generally understood

The need to optimise
fusion power (Py,s o p?)
pushes operation close to
limits

ldeal plasma stability
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Violation of linear stability results in

rapid loss of plasma: disruptions

|
2 3
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Toroidal E-field can lead to runaway electrons, damaging wall

Plasma currents intercepted by conducting surfaces and fast
variation of flux lead to large thermal loads and e.m. forces
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cPrL Tokamak physics challenges

Large power density and gradients (10MW/m3), &
anisotropy, no thermal equilibrium s
Macro-instabilities and relaxation processes

solar flares, substorms

Dual fluid/particle nature
Wave-particle interaction (resonant, nonlinear)

coronal heating

Turbulent medium
Non-collisional transport and losses
accretion disks

Plasma-neutral transition, wall interaction
plasma manufacturing

M Swiss
cever Huge range in temporal (10103105 s) and spatial scales (1062104 m)


http://antwrp.gsfc.nasa.gov/apod/image/0009/coronaloop_trace_big.jpg

2.3 MW neutral beam injection (NBI) heating
3.9 MW electron cyclotron resonance heating (ECRH)




cPFL Tokamak a Conflguratlon Varlable
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=PFL Unique TCV feature: flexible plasma shapes
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=P-L Unique TCV feature:

EC heating and current drive systems
Second harmonic (X2) Third harmonic (X3)

W Swiss Plasma temperatures up to 12keV = 100 millions degrees K

Plasma
Center



cPrL TCV is in excellent shape today

New shielding for higher-
performance operation

B i MW I / ‘

M Swiss
Plasma
Center

Powerful and versatile heating system

Modern control system

it | D
Actuators @ Diagnostics
. 1\)]‘"“.")
-~
( Ea—h
Actuator Plasma and actuator
interface state reconstruction
| layer
l Pulse
schedule
| and
Configuration
Plasma state parameters
Actuator le— monitor and
Controllers TAgE supervisory
controller | || Userinterface
Task layer
\ Plasma control system (PPCS

15



cPrL Tokamak vs stellarator

Need helical field lines to
confine particle orbits

Tokamak - record nt, T = 1.5 X 102* keV s m~3 (JT60, Japan, 1996) Stellarator - record nt T = 6.4 X 10'% keV s m~3 (W7-X, Germany, 2018)

M Swiss
Plasma
Center



cPrL W7-X stellarator in Germany
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