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Solutions to Problem Set 4

Exercise 1 - Small vs. large collision angles

a) For the collisions with small deflection angle, the momentum transfer cross-section is:
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The cross-section o, has to be compared with the cross-section for the collisions with
a deflection angle 6 > 90°:
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and for my > m; (ie electrons colliding with nucleus of deuterium or tritium):
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If T, = T; = 10 keV the coulomb logarithm is (formulary NRL, page 34)
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Therefore Ir ~ 68> 1.
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b) In general, for my > m; and a typical temperature of a plasma used in thermonuclear
o
fusion applications, we have — > 1. We can then conclude that it is possible to

090
neglect the effects of the collisions with 6 > 90°.

Exercise 2 - Alpha particle thermalisation in a burning plasma

The « particles will collide with the three species (electrons, deuterium ions and tritium
ions) losing their energy and therefore their velocity. The estimated relaxation time is
necessarily a function of the a’s velocity.



Using the given parameters, we can obtain the relevant thermal speeds:
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The a’s velocity is obtained from their energy:
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At birth, £, = 3.5 MeV, v, = 1.3 x 10" m/s and therefore:

Vthp < Vthr < Va < Vth

The last relation is valid for E, > 10keV. For 7TkeV < E, < 10keV, v thr < <, < Uth.p
and for £, < 7keV, we have v, < vy, T When E, ~ 5keV, the o’s are decelerated to a
velocity corresponding to T,, = 10keV (complete thermalization).

The three collision frequencies taking part in the energy transfer process are:
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where we have used the relations:
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Strictly speaking, the velocity in the denominator is relative to the centre-of-mass reference
frame. Usually, this relative velocity is dominated by the velocity of one particle (target
particle or on-coming particle). That is the case for the three interactions studied and
that is why the electron thermal speed (target particles) is present in the expression of

l/gie (Ve > va).

At the beginning of the relaxation process (F, = 3.5 MeV), the frequencies are equal to:
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therefore I/gi D,l/gli "« V%i © ~ 20.4 s7!: the « particles transmit their energy to the

electrons.

In this case, the relaxation time is given by:
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We can conclude that:

e At the beginning the electrons are more effective in the « thermalisation process.
Only when E, < 10keV, the deuterium ions are more effective than the electrons
(the tritium ions play an important role in the thermalisation process for lower
energies).

e Since the energy transfer due to the collisions between « particles and electrons
during the transition £, = 3.5 MeV — 10keV is more important than the transition
E, =10keV — 5keV, the electrons are heated more than the ions.

Exercise 3 - Runaway electrons

a) We suppose to have uniform parameters (density, temperature, ...) in the considered
volume. The relation between the electric field £ and the current density j is £ = nj.
Having I = j5- A, we can write [ = %E, where A = ma? is the section of the cylinder.
The potential difference between the extremities of the cylinder is AVpjasme = E - L,
therefore:
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Using the numerical values, we find:
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where the Spitzer resistivity has been used.

Finally we have:

AVPlasma =F-L=193mV

If we consider a stainless steel cylinder with resistivity ninee ~ 7 x 1077 Q- m, we find:
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b) What is the behaviour of the electrons in the “tail” of the distribution function
(suprathermal electrons)?

For these electrons, we can no longer consider the value of the collision frequency
averaged on the Maxwellian distribution function. Moreover, the collisions between
these electrons and the ones having a velocity of the order of the thermal velocity (bulk
electrons) are not negligible. That’s why we need a more complex expression for the
collision frequency (v, oc v73).

The momentum equation for this electron population at the velocity v is:
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Consider the sign of the right hand side of this equation. If the friction force due to the
collisions is bigger than the acceleration force due to the electric field (F.(v) > e|E|),
there is a deceleration until the thermal velocity is reached.

On the other hand, if e|E| > F.(v) there is an acceleration. When the velocity v
increases, the friction force decreases (F.(v) oc v™2) and the acceleration is amplified
(run-away regime).

The expression for the minimum electric field necessary to be in the run-away regime
is:
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If we relate this kinetic energy to the electron temperature, given in eV, we get
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If we then define the critical field as:
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This electric field E,.; is called the Dreicer field. This expression is particularly useful
since it can be calculated from the plasma parameters (7., n.,Z). Since the electric
field is known from the parameters of the device (e.g. Tokamak), we immediately
obtain the portion of electrons that can be in the runaway regime.

The E field in ITER is calculated as Vipop/L = Vipop/ (20 R) = 0.58mV /m The value of
the critical kinetic energy then is:
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5~ 3.7 x 1071 ~ 230 MeV

Be careful with the notation: E,,; is the critical electric field and Ej .+ is the critical
kinetic energy.

force F
- -

force collisionnelle, m vv,

force electrostatique

run-away

Y

eE

vitesse v,

Figure 1: Force due to the electric field £ and force due to the collisions for an electron
with velocity v,.



